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THE LATTICE OF TOPOLOGIES OF TOPOLOGICAL L-GROUPS

BOHUMIL SMARDA, Brno

(Received June 6, 1974)

On a lattice ordered group G (I-group G) we can consider lattices §(G) of all
topologies (?(G) of all topologies where the group operation in G is continuous, £(G)
of all topologies where the group and lattice operations in G are continuous) with
the same underlying set |G|. If all topologies in FG) (D(G), £(G)) are To-topologies,
then we use the notation &o(G) (Do(G), Lo(G), respectively). In this paper relations
and properties of those lattices, namely complementarity, modularity and distri-
butivity are investigated. The main results are restricted to abelian groups.

Topological lattice ordered group (notation: tl-group) is an l-group G with
a topology in which both group and lattice operations are continuous. In this paper
every topology is considered in the sense of Bourbaki and is usually given by a basis 2*
of open sets (neighbourhood basis). This topology is denoted by t(£*), the topological
space on a set N with the topology 7(£*) is denoted by (N, Z*) and for every M = N
the closure of M in 1(2?*) is denoted by M;.. In case that the group operation in
a group G is continuous in a certain topology we can give this topology by a basis X
of open sets containing zero in G (neighbourhood basis of zero). This topology is
denoted by 7(Z), the topological group G with the topology 7(Z) is denoted by (G, X)
and for every M < G the closure of M in 7(Z) is denoted by M. The next two theo-
rems are fundamental for our work (see [3]):

Theorem A. Let (G, £) be a tl-group. Then X fulfils the following conditions:

1. The intersection of two arbitrary sets of X contains a set of Z.

2. For any set U € X there exists a set Ve X such that V — V < U.

3. For any set U e X and any element u € U there exists a set Ve X such that
V+ucU.

4. For any set U € X and any element g € G there exists a set Ve X such that
—g+V+gcU. '

5. For any set U € X and any element g € G there exists a set Ve X such that
V-g)v(V+g)cuU.
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Theorem B. Let G be an I-group. Let X be a system of subsets of G fulfilling the
conditions 1—5 of Theorem A. Then (G, X)is a tl-group.

Remark. NZ = N{U:UeZ}.

1.

1.1. Definition. Let 7, 7, € §(G). Then we shall say that t, is stronger than t,
(t is weaker than t,) if there exist neighbourhood bases X7 in 7.'1 and X3 in 1, such
that ZF o X%, We shall write 7, = 7,.

Remark. The relation =" introduced in Definition 1.1 is a partial order on the set

8(G)-

1.2. Let 1(Z,), 1(Z,) € D(G). Then the following assertions are equivalent:

1 (2, 2 1(Z,).
2..For any set M < G it holds My, = Mj,.

3. For any neighbourhood U € X, there exists a neighbourhood Ve X, such
that U 2 V.

4. For systems X' and X* of all open sets containing zero in G in t(X,) and
7(Z,) it holds X' 2 X2,

1.3. Theorem. The set Q(G) of all topologies of tl-groups on IGI is a complete
lattice with the greatest element 1(2°), where 2° = {X < G : 0 € X} and the smallest
element 1(Z,), where £, = {G}.

Proof. If 1(X;) € £(G), i eI, then 7(2°) = 1(Z,) = ©(Z,). Let Q = {NU,:U;e %,
iel, card{iel : U, + G} < N,} and let us prove by virtue of Theorem B that
Ve {t(Z) s iel} = 1(Q):

Let W, = N U}, W, = () U?, where only for finite number of indices i € I, U} and

iel iel

U? are different from G. Hence W, n W, = ﬂ (Ul nU})>NU, where U; = G

iel

for such iel that Ul nU? =G and U; < U,l N U?, U;eX; for such iel that
U! nU? £ G. Then NU,;e Q.
iel
Now, let W= U, e Q. Then there exists a set I, < I, card I, < N, such that
iel

U, =+ G for iel, and U; = G for i eI \I,. For arbitrary elements we W, g € G,
iel, there exists a neighbourhood V;e X; with the property V; — V; < U; (or
VitweU, —g+Vi+gcsU, (Vi+g )v(Vi—g")<cU)foriel, — see
Theorem A. For i e I \ I, these relations hold for V; = G. It means NV, — N V;

iel iel

129



gn(VwV-) N, (nV+w—n(V+w)cnU,, -g+NVi+g=

iel iel

=n(—g+V+g) nU,, (nV—g+)v(nV +g) ﬂ[(V——g
vVi+g)]enu, respectlvely) where only for iel,, I, _I card [, < N,

iel
itis ¥; # G and thus ) ¥; € Q. With regard to Theorem B, 7(Q) € £(G).
iel
Finally, UZ; = Q and 7(Q) = «(Z;) for i e I. If there exists 7(Z) € £(G) such that
iel
1(Z) 2 ©(Z)), iel, then ¥ 2 UZ; and also X 2 Q, i.e., ©(Z) = 1(Q).
iel

1.4. Corollary. If ©(2;) € £(G), i €1, then it holds Vgy(Z:) (i €I) = Vy)1(Z))
(iel) = Veeu(Z) (iel)=1(Q), where Q ={NU; (iel):U;eZX;, card {iel:
:U; #+ G} < N}

2.

2.1. Definition. Let (X)), 7(Z,) € 9(G). We recall that ©(Z,) and t(Z,) are per-
mutable if for any UeZX,, Ve X, there exist U, U, €2, Vi, V, €Z, such that
U+V2V,+U,V+U2U, + V,.

2.2. Theorem. If 1(Z,),7(2,)e9(G), T ={U + V:UeZ,, VeZ,}, 2 = {V+
+U:UeUeZ,, VeZ,} then the following assertions are equivalent:

1. 1(Z,) and 1(Z,) are permutable topologies.

2. 2) = 1(2).

3. 1UZy) Ay T(Z2) = 1(2).

Proof. 1= 3: First, we prove that the system X fulfils all conditions of the
neighbourhood basis of zero of a topology from 9(G):

1. For any U+ V, U+ VieX it is (U+V)n(U;+V)2UnU,) +
+(VnV)2U, + V,, where U, €2, U, cUNUy, V€2, V, Vv,

2. For any U + VeZX there exist U' eX,, V'€Z, such that U 2U" + U’,
V2V’ 4+ V' and because U’ + V' eX there exist U"e€ZX;, V"e€X, such that
U+V' 2V +U, U +V'ex, U cU, V"<V and (U + V") + (U +
+V)=U+ (V' +U)+ V' U +U +V)+ V' U +U)+ (V' +
+ V') = U + V. Further, V" € Z,, U” € X, exist such that — V" < V", =U” < U”,
U”+V"eX and —(U" +V")= —V" —U" V' +U U +V SU+ V.

3. For any U + VeZX and any u + veU + V there exist U'eX;, V' eX,,
V'eX,suchthat U +uc UV +v<V, —u+V +v<V.HenceU + Ve
e+ V)+u+0o)=U + (V' +u)+vcU +u+V)+0o=U" +u)+
+ (V' +0)sU+V.

4. For any U + Ve Z, g € G there exist U, € X,, V; € 2, such that —g9 + U, +
+9g<SU, —g+V,+gc Vand therefore —g + (U; + V) + g = (-9 + U, +
+9)+(-g+Vi+g)SU+V, U, +V,eZ.
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Together, () € V(G).

Now, we prove that 7(Z;) Ay (Z,) = ©(Z). Clearly () =(2), i=1,2
and if there exists ©(Zy) € 9(G), 1(Z,) < 1(Z;), i = 1, 2, then for any neighbourhood
U, € £, there exists W, € X, such that U, 2 Wo + Wo. Further, there exist U, € 2},
V, €2, Wy2U, UV, and therefore Uy 2 U; + V;, Uy + V€2, ie., 1(Zp) £
< 7(Z) — see 1.2.

3=1:ForanyUeZX,, VeZ, thereexist Uy X, Vi €2,, U, c U, £V, &V,
U+V=2(U, +V,)+ (U, + V)2V, + U;. Neighbourhoods U,eZX;, V, €%,
exist such that U, + V, 2 —(U, + V,) and V+U=2 -V, - U, = —(U, +
+ V;) 2 U, + V,. It means that 7(X) and t(Z") are permutable.

1 <> 2 follows from Definition 2.1 and from 1.2.

2.3. Corollary. If G is an abelian group, (Z,), ©(Z,) € 9(G), then ©(Z,) Ay,
Ay T(2,) = 1(Z), where T = {U + V:UeZX, VeX,}.

2.4. Definition (see [6]). Let (M, =, 1) be a partially ordered set with a topology
© = 7(2*). We shall call the partial order = continuous with respect to the topology t
if it holds: If a, b € M, a non £ b then there exist U, Ve X*, a e U, b € V such that
foranyueU,ve Vitis unon < v.

2.5. Let (G, <, X) be a partially ordered topological group. Then the partial
order < is continuous with respect to 1(%) if and only if for any g € G, g non < 0
there exists a neighbourhood U € X with the property g non < u for any ueU.

Proof. If < is continuous with respect to 7(X), then U € X exists such that for any
u,uleUitisgj + uy; non < u and also g non £ u.

On the contrary, if a, b € G, a non < b exist and for any U € X there exist elements
uy,u, € Usuchthata + u; > b + u,,theng = —b + a > u, — u,. But according
to the condition from the proposition U, € X exists such that g non < n for any
# € U,. If we choose U € X such that U, = U — U, we get a contradiction.

2.6. If (G, %) is a tl-group, then its lattice order is continuous with respect to
©(2) if and only if 1(X) is a Ty-topology.

Proof. =: It follows from [6], L.2.

<:Let gnon < 0and W,,o ={xeG:g v Onon < xnon £ —(g v 0)}. Then
with regard to [6], § 2 the set W, is open in 7(Z) and hence We X exists such that

Wv W< W,,, Now, the existence of an element w € W, g < w leads to a contradic-
tion, because g v 0 S w v 0e Wv W W,,.

2.7. Definition. Let (G, =, %) be a partially ordered topological group. The
topology t(Z) is called locally convex if for any U € X there exists Ve X, Ve U, V

being a convex set in order >.
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The topology 7(Z) is called weakly locally convex if for any U € X there exists
Ve X with the property: v, v, €V, g€ G, v, =2 g = v, =>geU.

2.8. An abelian tl-group (G, X) with a Ty-topology (%) is a uniform ordered
space with a locally convex topology 1(2).

Proof. In order to establish the fact that (G, Z) is a uniform ordered space it is
sufficient to prove the next two assertions (see [2], Prop. 12):1°G* = {ge G : g = 0}
is a closed set in 7(Z); this is evident;

2° For any U € X there exists Ve X with the property 0 < x < y, yeV=xeU.

This assertion is also valid, because the existence of U € X such that forany Ve X
there exist xe G\NU, ye V, 0 < x < y implies the existence of U,, Ve X,V < U, <
SU,+U; + U, cU,x" v (V—x") < U,thevalidityofy —x =0 v (y — x)e
ex”v(V=x*)cU,xe-U, +y< —U, + U; = U and together a contradic-
tion. The local convexity of ©(ZX) follows from [2], Prop. 9.

2.9. Let (G, Y) be an abelian topological group with a Ty-topology and let G
be an I-group. Then (G, X) is a tl-group if and only if it holds:

(i) ©(2) is locally convex,
(i) for any U € X there exists Ve X such that V v 0 = U.

Proof. =: see 2.8.

«<:If geG, UeZ, then V;e X, i = 1,2,3,4 exist such that U =2 V,, V; is
a convex set, +V,c V5 VsV, VyvO0cV, +V, < V,. Hence for any
veV, it is v eV,vO0cV, vv=—-vov0e—-(Vsv0cV, v'=
=0+ (=g"vg)=0"-g) v +g)2(-g)Vvl+g)z( -
—g*)v( +g7)=v".Hence —g* v (V4 + g7) = V; = U and the rest fol-
lows from [4], 1.1.

Remark. If (G, X) is a topological group, then for any u € U there exists V, € X
such that ¥V, + u = U and therefore N + U < U{V, + u:ueU} = U.

2.10. If (G, %) is an abelian tl-group, then t(Z) is locally convex.

Proof. For 7(X) € 24(G) the proposition follows from 2.8. If () € £(G) \ £,(G),
then NZ = {0} is a closed l-ideal in G (see [4], 1.4) and G/NZ is an abelian tl-group
with a Ty-topology 1(2/NX), where Z/NZ = {(U + NZ)/NZ :U e X} and «(Z/NZ)
is locally convex (see 2.8). It means that for any U € X there exists Ve X such that
(V + NZ)/NZ is a convex set in an I-factorgroup G/NZ. If vy, v, € V,xe G, v, = x =
20, then v, + NZ2x+NE=v, +NZ in G/NZ and x + N = V+ NZ.
Consequently x € V + NZ = V(see Remark) and ¥V is a convex set.

2.11. If (G, %)) are tl-groups with locally convex topologies ©(Z;), i = 1,2,
then 1(Z) is weakly locally convex, where £ = {U + V:UeZ,, VeZ,}.
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Proof. If Ue X, Ve X, are arbitrary neighbourhoods, then there exist convex
neighbourhoods U, €2, V,€ZXZ,, U; + U, =€ U, V; + V¥V, € V and neighbour-
hoods U,, U’ €%, V,,V'€ZX, such that +U' + U < U,,U, v U, c U,, V' &+
+ V' eV, Vo,AnV,<c V. For any u,u,eU’, v,,v,€V’, geG, u; + v,
ZgZu,+v, it is —u,+u; = —uy+g—vy 20, —0y, —u; +uel,,
v, — v, €V, and if we denote m = —u, + g — vy, it is (—u, +u))* 2 m* =
2w, —v) 20, 02(—uy+u)" 2m” 2, —v)7, (—up+u)* €Uy,
(v, = vy)” €V;, too. Together m*eU,, m™ eV, m=m* + m~ eU, + V; and
geu, +U +V,+0,c (U +U)+(V, + V) SU+ W

2.12. Theorem. If G is an abelian I-group, then the lattice 2(G) is a sublattice
in the lattice V(G).

Proof. With regard to 1.4, 2.3 and [4], 1.1 it is sufficient to prove the fact that
for any ©(Z;) e £(G), i = 1,2, the system X = {U + V:U € X,, Ve X,} fulfils the
property: For any g € G, U + Ve X there exists Uy + V, € X such that — g* v
VU +Vo+g )sU+ W

To this aim, let g € G, U + Ve X be arbitrarily chosen. Then there exists U’ +
+ V'eX such that U+ V=2 U’ + V' and for any u;,u,eU’, v;,v,eV’, geG
from u; + vy = g 2 u, + v, it follows g e U + V (see 2.11). Further, there exist
UseZ, Vo€Z,, Uy S U, VoSV, VovO0SV, VoAa0SV, —g* v (U, +
4+ g7) < U’ and therefore for any u, e U,, vy €V, there exist ueU’, v,v' eV’
suchthatu + v =[—g" v (ug + g7)] + (o v 0) = (—=g* + vo) v (—=9%) v (uo
V(e +9g  +v0)Vi(ug+9)Z(=g") Vv (uo+vo+97)=[(—g% +v0) v
V(ug+vo+g )] A(=9") v @o+vo+9g )] Al(uo+97)v(—g* +vo)] A
Ao+ 97) v (=90 = [(=0" + v0) A (Zg")] v [(ug + v0 + 97 A (g +
+9 )] =[(=9") + (0 A O] v [uo + g + (0o A 0)] =[—g" v (4o + ¢7)] +
+ (vo A 0)=u + v'. It means that —g* v (ug + v, + g")eU + ¥, for any
ug € Uy, vo € Vy and 1(2) € £(G), 1(2) = 1(Z,) A g ©o(Z2)-

2.13. If G is an abelian fully ordered group, then it holds: 1. 2(G) is a chain.

2. If 1 € £y(G),  is no discrete topology, then t is the interval topology.
3. The interval topology in G is a dual atom in £(G).

Proof. If 7(X)e 84(G), 1(2) € &(G)\ £,(G), then NI = {0}, there exists an
element 5, 0 < se N2’ and N2’ # {0} is an l-ideal in G (see [4], 1.2). Clearly,
UeZ, s¢U exists and according to [4], 2.2 Ve X exists such that for any ve V
it is s > |v|. It means that ¥ = X’ and ¢(Z) > 7(2") — see 1.2.

Let now 1(Z,), 1(Z,) € 2(G)\ 24(G), 1(Z,) | (Z2). If NZ, & NZ,, then there
exists 5, € 12, \ NZ}, 0 < s, and according to [4], 2.2 there exists Ve X, such that
for any ve Vit is s, > |v], i.e., ¥ < NZ,. Hence and from 1.2 it is 1(Z,) £ ©(Z,),
a contradiction. Similarly we prove that the case 2, & (Z, is impossible. Therefore
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s;ENZNNZ,, 0 < sy, s€NZ,NNZ;, 0 <s, exist and again [4], 2.2 implies
the existence of neighbourhoods V; € Z,, V, € Z, such that for any v, e V, v, € V, it
holds s; > |vz‘, 5, > |v1|. It means that V; < NZ,, V, < NZ; and 1(Z,) = o(Z,).

Finally, if ©(Z) € £4(G), ©(Z) is no discrete topology, then the sets W, = {xe G :
: Igl > x> —|g|} are open in 1(Z) for any g € G. Hence 7(Z) = ¢, where ¢ is the
interval topology in G. On the other hand, for any U € X there exists Ve X, V< U,V
being a convex set in G (see 2.8) and there exists an element veV, 0 < v, —veV
(see [4], 2.1). Then the set W, ={xeG:v>x> —v} € V< U and ¢ = (%),
ie, 1(2) =«

Remark. In [1] an example is given with the property that a set ‘Dé(G) is no lattice
but only a v -semilattice in 9(G). In that case G is a fully ordered abelian group.

3.

In the end of this paper let us deal with the complementarity of topologies on
groups in lattices &, 9 and £ and modularity and distributivity of lattices ¥) and £.

3.1. Theorem. If G is an abelian group, then 9(G) is a modular lattice.

Proof. Let 7(Z;)e 9(G), i =1,2,3, 1(2,) < 1(Z,). We can suppose that X,
are formed by all open sets in t(X;) containing zero in G (i = 1,2, 3).
Let us denote 7' = 1(2') = ©(Z,) Vg [1(Z2) Ay 1(Z3)], 7 = «(2") = [(2)) v
V9 U(Z3)] Ay 1(Z,)- According to Theorems 1.3 and 22 X ={U,n
Nn(U, +Uy):U;ez, i=1,23 and 2" ={(U, nU;)+U,:U,eX, i=
= 1,2,3}. If U" € 2" is an arbitrary neighbourhood, then U” = (U, n Us) + U,,
U;eZ;, i=1,2,3 and there exist U} € X,, U e X, such that — U? 4+ U9 < U,,
Uj < U] N U, because UJe X, < X,. Hence for any u' e U’ = U n (U5 + U,),
U'eX, it holds u’ = u, + u; e UY, where u, € U, u; € U,. It means that u, =
=—u,+u'e-Uy+Ujc Ul +U)cU,, ie, weU,+ (U, nU;), U <=
c U”, 7" = 1" (see 1.2). It is clear that ¢’ < 7" and together 9(G) is a modular lattice.

Example. If G is an abelian group, G = 4, X A, = A; X Aj; are direct products,
A, + As, A, + {0} = A;, then for the topologies 7(Z;), where X, = {X = G :
:A; € X} it holds 7(2;)€ 9(G), i =1,2,3 and (Z,) is a complement to 7(Z,)
and 1(Z;) — see 3.4, 1(2,) * (Z,), i.e., P(G) is no distributive lattice.

3.2. Lemma. If G is an I-group, a,b,ce G, a, b, c = 0, then

an(b+c)s(anb)+(anc).

Proof.(anb)+(anc)=[anb)+a]laf(anbd)+c]=2an(b+a)n
Aa+c)a(b+c)zan(b+eo).

134



3.3. Theorem. If G is an abelian I-group, then 2(G) is a distributive lattice.

Proof. Let o(Z;)€ £(G), i = 1,2,3 and let us denote ¢’ = 1Z) = uZy) Ve
Ve [122) Age 1E5)] @ = «(2") = [«(Z)) Ve UZ2)] Asw [H(Z1) Ve
V g6y ™(Z3)]- It is clear that ' < 7” and we proceed to prove v = ”:
Theorem 1.3, 2.2 and 2.12 imply 2’ = {U, n (U, + U3):U;e %, i = 1,2,3},
Y ={U;nU,) +(UinUy):U;eX, UjeZX, i=1,23} If U'eX is an
arbitrary neighbourhood, then there exist V, We X" such that +V < W, + W < U”,
W, V are convex sets (see 2.10). Hence V= (U; nU,) + (U nUs), U;e X, i =
=1,2,3, U; € X, and with regard to Theorem A U? € X; exist, U? = U;, U} < U},
U} are convex sets, i = 1,2,3 (see 2.10) and U} e X; exist, U} < U, U} = U]
such that [Uf[ = {Ju| :ueU!} c U} v —U{ < U}. It means that |[Uj| A |U}| =
S Ut n U3, U] A U] = US n US.
Now, if U" = U} n (U} + U3), then U’ € £’ and for any element u € U’ it holds
u =u, + u;eU!, where u, e U}, u; € U} are suitable elements. Hence 0 < {u =
Sl b ) = Ja 2 ]+ JosD = (il i) + ] + i (6]
AU + ([U3] A US)) € U A US) + (UT A US) =V (see L. 32), ie., |u]e
eVe W, —[u] eW, ue Wc U”. Together U' = U”, v 2 v” (see 1.2). Hence
©" = 7" and £(G) is a distributive lattice.

3.4. Theorem. Let G be a group, ©(Z,), 1(2,) € D(G), («(Z,), ©(Z,) are permutable
topologies in 9(G)). Then ©(Z,) and 1(Z,) are complementary topologies in the
lattice F(G) (V(G)) if and only if NZ; €2y, NZ,€ X, and NZ,,NZ, are comple-
mentary direct factors in G.

Proof. «=: If NZ,eX,, NZ,€ZX, then NZ; A NZ, ={0}, NZ, + NI, =G
and thus 7(Z,) v g ©(Z,) is a discrete topology and (Z;) A g ©(Z,) = ©({G}).

=: With regard to [1], Theorem 3.5, the fact that 7(Z,) and 7(Z,) are comple-
mentary in §(G) implies the existence of a neighbourhood basis of zero Nez,
X% < X, such that any U € X9 and any Ve X9 are complementary direct factors in G.
This implies 29 = {NZ}} = {NZ,}, 2% = {NZ3} = {NZ,} and NZ, € Z,;, N2, € 2,
NZ,, NZ, are complementary direct factors in G.

The rest for permutable topologies follows from the fact ©(Z,) A g, 1(Z,) =
= 1(%), where Z = {U + V:U e X, Ve X,} (see 2.2).

3.5. Corollary. Let G be an abelian I-group. Then the following assertions are
equivalent:

—

. 1(Z,) and 1(X,) are complementary in the lattice F(G).

!\J

©(Z,) and ©(Z,) are complementary in the lattice Y(G).
©(Z,) and ©(Z,) are complementary in the lattice £(G).

L

.NZeZ,, NZ,eZ, and NZ,, NZ, are complementary direct factors in G.
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Proof. 1 <2 (see 3.2), 2 <> 3 (see 2.12), 4 = 1 follows from Theorem 3.4.

1 = 4: According to [4], 1.2 NZ;, NZ, are l-ideals in G and the rest follows
from Theorem 3.4.
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