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Several important properties of a lattice L can be described by the reflexive, sym-
metric, compatible binary relations of L which are called tolerances. The tolerances
can be also considered as sublattices of I? which contain the diagonal relation
4 = {(a, a) a € L} (identity relation) and are symmetric. A lattice Lis called simple
if besides 4 and L x L there exist no transitive tolerances i.e. congruence relations
of L. Of course congruence relations have been studied to a great extent in order
to develope the structure theory of lattices. But already the theorem of Baker-
Pixley points out that the other binary compatible relations of Lmay play an important
role. In this paper we study central relations which are tolerances having a center Z,
0 ¢ Z ¢ L, such that (a, z) € ¢ for every a e Lif and only if ze Z. In [5] it was
proved that a maximal tolerance of a lattice of finite height is either a central relation
or a congruence relation. In this paper we characterize the existence of central
relations by filters and ideals under the hypothesis that the sublattices of I? are
complete and L is distributive. We give some illustrations to this result and show
that a modular lattice L of finite height is a projective geometry if and only if Lis
simple and has no central relation. We like to thank the referee for his suggestions.

Proposition 1. Let ¢ be a central relation of the complete lattice L. Furthermore
let ¢ be a complete sublattice of I? and a = sup {x| (0, x) e ¢}, b = inf {x| (1, x) € ¢,
xeL}. Then the following holds:

1) If Z is the center of ¢ then Z = {x|b < x < a, xe L} where 0 < b <a < L.

2. If {a;| i €l} is the set of atoms of Lthen a = sup {a;|iel}.
3) If {b;|i€l} is the set of coatoms of Lthen b < inf {b,|iel}.

Proof. As g is a central relation with the center Z we have for z € Z that (1, z) ]
and (0, z) e ¢. Hence we have b < z and z < a and hence Z < {x|b < x Z a,
xeL} = [b,a]. If ue[b,a] then (1, u) e g because b < u and (0, u) € ¢ because
u < a. We conclude that (x, u) € ¢ for all x € L and hence Z = [b, a]. Because of
0E Z s Lwehave 0 < b < a < 1. If g; is an atom of Land a; £ a then we have
a A a; = 0. Considering (a;, a;) € ¢ and (a, a;) € ¢ we have (0, a;) € ¢ and hence
a; < a, a contradiction. :

3) is proved in a similar way. []
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Proposition 2. Let g be a tolerance of the complete lattice L and let ¢ be a complete
sublattice of I? such that

a=sup{x|(0,x)eg, xeL} and b=inf{x|(l,x)eo, xeL}.
0 is a central relation if and only if 0 < b < a < 1.

Proof. We have only to show that Z = [b, a] is a center of ¢. If z € [b, a] then
(1, z) € ¢ because of b < z and (0, z) € g because z < a. We have (w, z) = [(w, w) A
A (1,2)] v (0,z) e g for every we L. Obviously we have 0 ¢ Z ¢ L. [J

Proposition 3. Let L be a lattice with 0, 1. Assume that there are elements a, b e
€ L\{0, 1}, b < a, such that from b £ x it follows x < a. Then L has a central
relation.

Proof. We consider the sublattice ¢ of I* which is generated by {(c, ¢); ce L},
(b, 0),(0, b), (b, 1),(1, b). ¢ is a reflexive and symmetric relation because of its
generators. Furthermore ¢ is compatible with the lattice operations and b is an
element of the center of ¢. g is a central relation if ¢ + I?. We show that the condition
(%) “If b £ k then I < a” holds for every pair (k, ) € 0. At first we show that (x)
holds for the generators of ¢ and then for all elements of ¢ using induction for v
and A. Obviously () holds for (e, ¢) because of the hypothesis that from b £ ¢
it follows ¢ < a. Similarly we have for (0, b) that b £ 0 but b < a.

Consider (e, g) v (s,f) = (e v s, g v t)and assume b £ e v s. It follows b X e
and b £s and hence g v ¢ < a. Consider (e,g) A (s,f) =(e A's, g A f) and
assume b £ e A s. Then there is b £ e or b £ 5. For b £ e we have g < a and
hence g A t < a. Now by the condition () it follows that ¢ + I*. [J

In [2] Chajda, Niederle and Zelinka showed that the existence of certain ideals
and filters is connected to the existence of intransitive tolerances. Following this line
we prove

Lemma 4. Let L be a complete lattice with complete ideals and filters. If I is
a non-trivial ideal and F a non-trivial filter, such that
)INnF*9,
2)IVF =1L,
then L has a central relation.

Proof. We consider the elements a = sup {x|xel} and b = inf {x | x e F}.
AsINnF +Qwehave b < a.IfceL=1u Fwithb £ citfollowscelandc¢ = a.
By proposition 3 follows that L has a central relation. [

A function d: L— Lis called a v -preserving subjectionif d(x) < xandd(x v y) =
= d(x) v d(y). We use this concept which was introduced by Wille [7] to show the
reverse direction of lemma 4 for distributive lattices. For the convenience of the
reader we prove

Theorem 5. Let L be a lattice such that every sublattice of I? is complete. Then
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there is a Galois connection between the lattice T(L) of the tolerances of Land the
lattice D(L) of the v -preserving subjections of L.

Proof. For every tolerance ¢ we define the map d(x) = inf {y | (», x) € ¢}. The
map d has the property d(x) < x and is order preserving. Hence we have d{x) v
vd(y) < d(xvy). If we put u = inf {z|(z, x) € ¢} and v = inf {z| (z, y) € ¢} then
we have (u,x)e¢ and (v, y)e¢ and hence (u v v, x v y)eo. Therefore we have
dx v y) Su v v=d(x) v d(y). We conclude that d is a v -preserving subjection.

On the other hand for every v -preserving subjection d we define the reflexive
and symmetric relation 6 by (u, v) € 0 if and only if d(u v v) < u A v. Considering
(u,v)€ 0 and (r,s)e 0 we have du vrvov s)=duvo)vdrvs) <
(uAav)yv(ras)ys(uvr)a(vvs). Hence (uvw, rvs)el Considering
(wuar,oansywehave d(u Ar) v (v As) Zduvo)adrvs)<(unanov)a
A (r A s)and hence (u A 7, v A s) € 0. We conclude that 0 is a tolerance.

If we have (u,v)eg then we have (u A v, v v u)eg and hence d(u v v) =
= inf{y|(y,u v v) €0, yeL} < u A v. Therefore we have ¢ < 0. Now let (u, v) €
€0. We have (u,u v v)e0 and (d(u v v), u v v)e@ by the definition of d. As
d(u v v) S u Avwehave (u A v,u v v)eg. It follows (u A v,u)eg,(u A v)eg
and hence (u, v) € o. Therefore we have 6 = ¢. We have shown 6 = ¢ and conclude
there is a bijective function from T(L) to D(L). If ¢; < @, then d;(x) = inf {y| (y, x) €
€gy, yeL} 2 inf{y|(y,x) €0y, yeL} = d,(x). O

Theerem 6. Let L be a distributive lattice such that every sublattice of I? is
complete. L has a central relation if and only if there exists a non-trivial ideal 1
and a non-trivial filter F on Lsuch that

1) InF +0,
2) L=TUF.

Proof. Let 0 be a central relation of L. If ¢ is a (non-trivial) maximal tolerance
with 6 < g then g is a central relation. We consider ¢ with the center Z = [b, a] =
={z|b<z<a}and putl =[0,a] and F = [b, 1]. Obviously we have I n F
+ 0. Itremainstoshow L=Tu F.Ifce L,c¢ I U Fthen b £ cand ¢ £ a. Further-
more we have from (0, a) € ¢, (¢, ¢) € ¢ that (¢, ¢ v a) € ¢ and from (b, 1) € ¢ that
(eAb, cva)eo If ¢ Ab=0 then ¢ v a £ a because a = sup x\(O x) € g,
xeL}. Hence b > c A b > 0. By theorem 5 a v -preserving subjection d cor-
responds to the tolerance ¢. We consider d(x) = d(x) A c. d has the properties
dx)£d(x)sxand dxvy)=dxvy)ac=[dx)vdy)]ac=T[dx)rc] v
v [d(y) A ¢] = d(x) v d(y). Hence d is a v -preserving subjection and by theorem 5
we have a tolerance g corresponding to d. @ is not trivial because d(1) = d(1) A ¢ =
=b Ac>0. We have d < d and by theorem 5 ¢ & @ which contradicts the
maximality of ¢. [

We conclude the paper with examples demonstrating the role of central relations.
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Theorem 7. Let L be a simple modular lattice of finite length. Lis a projective
geometry if and only if L has no central relation.

This result is implied by theorem 5 in [4] and theorem 4 in [5]. As Fig. 1 shows,

Fig. 1.

one can separate finite simple modular lattices in those without non-trivial tolerances
and those having a central relation.

Theorem 8. Let L be a lattice such that every sublattice of I? is complete.

8.1. If the greatest element 1 of L is the join of atoms then L has no central rela-
tions (see also Wille [7] Satz 7).

8.2. If Lis orthocomplemented then L has no central relation.

Proof. 8.1 follows from Proposition 1 property 2).

8.2. If g is a central relation of L with the center Z and z e Z then we have (z, 0) € ¢
and (1,z)eo. It is (z,0) v (z',2') = (1, 2’) e ¢ for the orthocomplement z’ of z
and hence (1, z) A (1, z") = (1, 0) e ¢, a contradiction. [J

8.1 and 8.2 does not imply that there are no intransitive tolerances on Las Fig. 2
shows.

O
0.

Fig. 2.
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Remark. Theorem 6 does not hold for arbitrary lattices. Consider the lattice L
of Fig. 3 for which every non-trivial ideal I and non-trivial filter F have the property
I'UF ¢ Lif InF % (. On the other hand L has a central relation ¢ with the center
[, a]. To show that g is not the allrelation we use the technique of Proposition 3.
We verify that the condition “If x < ¢ then y < ¢ v a” holds for every pair (x, y)eg.
As in Proposition 3 we show that this condition holds for the generators (g, 0), (0, a),
(a, 1), (1, a), (b, 0), (0, b), (b, 1), (1, b) of ¢ and then by induction for v and A.
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