Archivum Mathematicum

Ivan Kolar
On the infinitesimal geometric objects of submanifolds

Archivum Mathematicum, Vol. 9 (1973), No. 4, 203--211

Persistent URL: http://dml.cz/dmlcz/104810

Terms of use:
© Masaryk University, 1973
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to

digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/104810
http://project.dml.cz

ARCH. MATH. 4, SCRIPTA FAC. SCI. NAT. UJEP BRUNENSIS,
IX: 203—212, 1973

ON THE INFINITESIMAL GEOMETRIC OBJECTS
OF SUBMANIFOLDS

IVAN KOLAR, Brno
(Received January 1, 1973)

As a further development of the invariant method of investigation for submanifolds
of homogeneous spaces by E. Cartan, some authors (in particular S. P. Finikov
and his disciples) have applied a natural modification of this method for finding
of infinitesimal invariants and infinitesimal relative invariants of submanifolds.
Though they have investigated only concrete situations, we can observe that their
evaluations have the following general form. Besides the “‘variations with respet to
the secondary parameters” of some functions, one also finds the corresponding
variations of a basis of the principal forms and then proceeds in the same way as
in the case of the usual (or “finite’’) invariants. Since we feel such a “classical”
approach to be unsatisfactory from theoretical point of view, we present an intrinsic
explanation of this algorithm. Moreover, the present state of the theory of geometric
objects of submanifolds, [10], [3], [7], enables us to treat arbitrary infinitesimal
geometric objects of submanifolds. We conclude with a detailed discussion of a clas-
sical example from our point of view. Since we use a specialization of frames in the
example, we also add a general remark to an aspect of this procedure.

Our considerations are in the category C*. The standard terminology of the theory
of jets is used throughout the paper, cf. [3], [6].

1. Consider the fibre bundle K.(M) of all regular contact m'-elements on a diffe-
rentiable manifold M, m < n = dim M. Taking into account that every ¢ € K, (M)
is naturally identified with an m-dimensional subspace t(£) of T, (M), we define

(1) VELM) = {(v, &) e T(M) @ Kp(M); ve t()},

where @ means the fibre product over M. The space VKA(M) can be considered
either as a vector bundle over K(M) of fibre dimension m or as an associated fibre
bundle of the symbol (M, yh, L\, H'(M)), where y!, = VK o (R") (i.e. the fibre of
VKL(R™ over 0 € R"), cf. [1]. Further, let K5(M) be the fibre bundle of all contact
m'-elements on M and let p} : K (M) —» K}(M), s < r, be the jet projection. Then
we set

@ VKL (M) = {(v, &) e T(M) & Ki(M); ve 1(p; )}
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Even this space can be considered either as a vector bundle over K, (M) of fibre
dimension m or as an associated fibre bundle of the symbol (M, VK,; o(R"), L;, H'(M)).
If S is an m-dimensional submanifold of M, then we have a natural injection 7(S) =
c VK (M), v = (v, ky(,,S), where n : T(M)— M is the bundle projection and k7S
means the contact m"-element determined by S at a point x € S.

Remark 1. Quite analogously, one can treat the tangent vectors of higher order.
Let T"(M) be the bundle of all tangent vectors of order » on M. (In particular, we
recall the exact sequence

3) 0 T Y(M) > T"(M) > S'T(M) - 0

established by Pohl, [12].) Let ¢ = XL, € K,, (M), where X is an m'-velocity on M
at x. Since X is an r-jet of R™ into M with source 0 and target x, it determines a linear
mapping X, : T4(R™) - TI(M). One sees directly that the subspace X, (T§R™) <
< Ti(M) is well determined by ¢&, i.e. it does not depend on the choice of a represen-
tative X of £; we shall denote this subspace by t,(£). Then we define

VK (M) = {(v, §) € T*(M) @ K.(M); v er(pp(O)}.

Obviously, it is VK'(M) = V'K (M). In the differential geometry of submanifolds,
the higher order tangent vectors are sometimes investigated in such a way, that the
vectors of T"(M) are transformed by (3) into the elements of S"T(M). In this special
case, the following method of investigation can be applied. However, we do not see
any “natural” invariant algorithm for the higher order tangent vectors in the general
case.

2. To clear some fundamental ideas up, we shall start with an auxiliary consider-
ation. The tangent bundle T(M) of M is an associated fibre bundle of the symbol
(M, R", L}, H'(M)), so that one has a relative image map u: H'(M) @ T(M) - R",
see [5]. This mapping is in the following close relation to the canonical form @ of
H'(M), [2], [4). Let = : H'(M) —» M be the bundle projection. Then its differential
n, : T(H'(M)) = T(M) together with the bundle projection v : T(H(M)) - H'(M)
determine a mapping 4 : T(H'(M)) » H' (M) @ T(M), A(v) = (w(v), m,(v)).

Lemma 1. The following diagram commutes

e
R" ~——— T(H'(M)) -
4 A
@ ‘ V,l\\ l

H'(M) @ T(M)

Proof. If ue H'(M) and ve T,(H'(M)), then O(v) = u”'(n,(v)) by definition
of ©. On the other hand, if we T (M), then pu(u, w) = u~'(w) by definition of p.
Hence p(A(v)) = p(u, my(v)) = 4™~ (14(v)) = O(v), QED.
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Let K, = K} o(R") and let K., = K, be the subspace of all elements trans-
versal with respeé:t to the canonical projection p :R"— R"™. On K!,, there are
natural coordinates y;, see [6]. Further, let 3% < y7, be the subspace of all pairs
(v, &), such that £ € 12,,1_,,,. On 9", we introduce the coordinates y; , y? by y:(v, & =

= /() and by
5) Y8 = ) = yw), P Ee T e

LK, ...=m+1,...,n

where x? are the canonical coordinates on R™. Obviously, v is completely determined
by p(v) € R™ and by ¢ (the coordinates of v € R" are y?(v), y(&) ¥?(v)).

Consider an m-dimensional submanifold S < M. According to [6], we denote
by Q'(S) the restriction of H'(M) over S and we set

0'(S) = {ue Q'(S); u™ " (kyS) € Ky m» x = m(w)}.

Every u e Q.(S) carries T,(S) into an m-dimensional subspace u~!(T,(S)) of R",
so that it plays a role of a frame for T,(S). Ifu e Q;(S), then u~}(T,(S)) is transversal
with respect to p : R" - R™ Consequently, we obtain the natural coordinate
functions 47 on Q'(S) @ T(S) defined by A”(u, v) = xP(p(u~*(v))). Let

6=0), ij...=1,..,n

be the restriction of the canonical form of H'(M) to Q'(S). By (4) and (5), we deduce
the commutativity of the diagram
er
R < T(0'(S)

©) N 1 A
A" N\ L,
0'(S) ® T(S)

where Ag = 4| T(Q'(S)). Hence the differential forms @7 : T(Q'(S)) » R can be
considered as a special kind of some ‘‘coordinate functions” for 7°(S) in the following
sense. If ve T,(S), ue QXS) and we T,(Q'(S)) is a vector such that m,(w) = v,
then it is @P(w) = AP(u, v). In addition, if a", : 0'(S) - R are the coordinate functions
of the fundamental field of the first order of S, then the coordinates of the vector
u™'(v) € R" are O7(w), al(u) @’ (w).

We shall now deduce the equations of the fundamental distribution on L! x y7,
with respect to the coordinates y; , yP. Though it is not complicated to use direct
evaluations, we shall proceed in an indirect way. For the sake of simplicity, we shall
assume that S is homotopically trivial. Take a vector field { : S — 7(S) and denote
by a” : 0'(S) -» R its coordinate functions, i.e. a?(u) = A*(u, {(n(u))). Consider a
fundamental vector field ¥ on Q!(S) = Q'(S) and choose a vector field Z on Q'(S)
such that Z is n-related with ¢ and satisfies [ Y, Z] = 0. (Such a vector field can be
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constructed easily be means of a trivialization of principal fibre bundle Q'(S).)
According to (6), it holds a” = @”(Z). To evaluate da”(Y) = YOP(Z), we use, on
the one hand, the well known formula for exterior derivative

g 48°(Y, 2) =  (Y8"(2) - 26°(v) - (¥, 2]}

and, on the other hand, the structure equatiqns of O

(8) de' = 6'A67,

where (@', @) is an admissible extension of ©, [4]. Using the relation 6’ = aié‘;;
[6], we obtain

©® . - dOP = @'A(O + aloy).

As Y is a vertical vector field, it is @(Y) = 0. Hence (7) is simplified to

(10) de"(Y, Z) = -12— Yo" (2)

and (9) implies

1 5

an d6*(Y, Z) = —5-0%(2)[6(Y) + a,07(Y)]

Comparing (10) and (11), we obtain finally
(12) da?(Y) + a?'0}(Y) + a’a}0(Y) = 0.
In [6], we have deduced the equations of the fundamental distribution on L, < K,
in the form
(13) dy; — yind — yuyank + ying + @y = 0,
where nj is the natural basis of the Maurer — Cartan forms of L. Applying Lemma
- 2 of [5] to (12), we prove

Proposition 1. The equations of the fundamental distribution on L} < y" are (13) and
(14) ' dy” + y'n? + y'yin = 0.

Remark 2. Our previous consideration gives a precise explanation:
of the “classical” manipulation with two “exchangeable symbols of differentiation
d, 6, where & means the differentiation with respect to the secondary parameters”
according to E. Cartan, see e.g. [11].

Assume now that M is a homogeneous space with fundamental group G. Fix
a point ¢ € M and denote by H its stability group. Then G has a natural structure of
a principal fibre bundle over M with structure group H and VK.(M) can be consid-

206



ered as an associated fibre bundle of the symbol (M, VK,:, M), H, G). Fix a local
coordinate system x on M at c, so that VK, (M) is identified with y" | Let

1. . .
do' = Tc},‘w’/\w" + ' awt,  Ap,..=n+1..,dimgG,

(15)

i A
do* = = c}0” A 0, a B, ...

, ..., dim G,
3 1 mG

Il

be the corresponding structure equations. By means of the homomorphism of H
into L, investigated in [6], we find directly the equations of the fundamental distribu-
tion on H x 7, in the form

(16) dy) — (Vich, + yiyKed, — yEexi — ¢l =0,

(17 dy? + yich,n* + ylyielnt =0,

where 7* is the restriction of w” to H. From the practical point of view it is remarkable
that these equations can be deduced directly from (15) as follows.

Consider an m-dimensional submanifold S = M, denote by Q(S) the restrition
of principal fibre bundle G(M, H) over S and introduce Q(S) < Q(S) in the same
way as in [6]. Then every u € Q,(S) plays a role of a frame for T,(S), since it caries
T(S) into an m-dimensional subspace u~!(T,(S)) of T.(M). If ue Q(S), then this
subspace is transversal with respect to p : R" — R™, provided the local identification
of M and R" determined by x is applied. Hence we can define some coordinate
functions 4” on Q(S) @ T(S) by AP(u, v) = x"(p(u'(v))). We also have a mapping
A:T(G)-» G® T(M), v— (v(v), ng(v)), where v : T(G) - G and 7 : G - M are the
bundle projections. Let A = 4 | T(Q(S)) and let &* be the restriction of w* to Q(S).
According to (6) and [6], we obtain a commutative diagram

(Z')P

R «—— T(Q(S)
(18) | 1 i
AVP\\ . ’
Q(S) ® T(S)

Taking into account the relations @’ = a;d)”, where a: : Q(S) — R are the coordinate
functions of the fundamental field of the first order of S, we can deduce (17) analo-
gously to (7) and (11), provided the structure equations (15) are used instead of (8).

If we now consider the fibre bundle VK], (M) for an arbitrary differentiable manifold
M, we obtain the equations of the fundamental distribution on L] x VK; o(R")
immediately as the equations (21) of [6] together with (14). Analogously, if M is-
a homogeneous space, then VK;(M) should be considered as an associated fibre
bundle of the symbol (M, VK., (M), H, G) and the equations of the fundamental
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distribution on H x VK], (M) consist of the equations of the fundamental distribu-
tion on H x K;, (M), [6], and of (17).

3. We shall present the definition of the infinitesimal geometric objects of submani-
folds in the most important case, i.e. for submanifolds of a homogeneous space
(the case of a space with a fundamental Lie pseudogroup can be treated quite similarly

to [3], [6D).

Definition 1. An infinitesimal geometric m-object y on a homogeneous space M is
an equivariant mapping of H-space VK}, (M) into another H-space W, { : VK], (M) —
— W. Let Y, be the induced mapping Y, : VK,(M)— (M, W, H, G), see [3]. If Sc M
is an m-dimensional submanifold, then the restriction of ¥, to T(S) = VK.(M) will
be called the value of Y on S. Moreover, taking into account (18), we also introduce
the auxiliary form of the value of  on S as the mapping Y : T(Q(S)) » W defined
by Ps) = Y™ (n @), u™ ' (KoyS))s 4 = ¥(0).

Let y;,..., V), -+ p.» VP be the local coordinates on VK; (M) determined by x,
let z* be some local coordinates on W and let

(19) ' 2=V s Vogrpr YO

be the coordinate expression of . (Since we have the equations of the fundamental
distribution on H x VK], (M), the method of G. F. Laptév, see [10], p. 301 and
Appendix to [6], can be used for local analytic constructions of such equivariant
mappings.)

Proposition 2. Let S be an m-dimesional submanifold of M, let a,, ..., aj, ..., :
: O(S) = R be the coordinate functions of the fundamental field of order r of S, let &°
be the restriction of w® to T(Q(S)) and let (19) be the coordinate expression of an infin-
itesimal geometric m"-object Y on M. Then the coordinate expression of the auxiliary
form g of the value of Y on S is

(20) 2 =y, o> gy, . 5> O)-
Proof. This follows directly from (18) and from our results of [6].

Remark 3. Considering the space K7(M) of all semi-holonomic contact m"-ele-
ments on M, [7], we introduce VK, (M) quite similarly to (2) and we define a semi-
holonomic infinitesimal geometric m"™-object on M as an equivariant mapping ¥
of H-space VK;, (M) into another H-space W. The values of y can be considered on
m-dimensional manifolds with connection of type M, [7], or on non-holonomic
m-dimensional distributions on M, [9].

Remark 4. As mentioned in the introduction, in the ,,classical* differential geo-
metry of submanifolds one meets infinitesimal invariants and relative invariants. -
he propzrty “to bz an invar iant” or “to be a relative invariant” is the following
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general property of equivariant mappings. Let G be a Lie group and let f b€ an equi-
variant mapping of a G-space F into R. If G acts on R by the identity repr¢S€ntation,
then f'is said to be an (absolute) invariant. If G acts on R by a homomorphism into
the group R\ {0} of all homothetic transformations of R, then f will be called a
relative invariant. Finally, if G acts on R by a homomorphism into the Subgroup
R* = R\ {0}, then f will be said to be an oriented relative invariant. Let y* be some
local coordinates on F, let

(#3)) dy* + 20 e =0

be the equations of the fundamental distribution on G x F and let f(»*) be the
coordinate formula for f: F —» R. Taking account of Appendix of [6], we shall
denote by df the expression

(22) df = —(@f1oy*) my (»®) o™
One sees directly that fis an invariant if and only if
(23) df =0,

while fis a relative invariant or an oriented relative invariant if and only if
(24) df + foo = 0,

where w is a linear combination of w* with constant coefficients. Combining this
general remark with the results of § 2 and with Proposition 2, one can treat the
infinitesimal invariants and relative invariants of submanifolds.

Remark 5. A practical inconvenience by the standard use of the so-called Cartan’s
methods consists in the fact that one cannot decide by (24) whether the relative
invariant f is oriented or not. An essential difference between both cases is that an
oriented relative invariant f determines three invariant subspaces f ~!(R*), f"}(R"),
f~1(0) of F, while in the non-oriented case only two invariant subspaces f~!(0)
and f (R \ {0}) are determined by f.

Example 1. To illustrate Definition 1 and Proposition 2, we shall discuss a classical
example. To simplify our evaluations, we shall apply a specialization of frames, see
also Remark 6. Consider a surface S of the 3-dimensional affine space 4; and fix
an affine coordinate system on A,. Let H be the stability group of the point
¢ = (0,0, 0) and let

oo, 0. =1,2,3,

be the natural basis of the Maurer — Cartan forms of the fundamental group of A;.
Let k'S be the fundamental field of the first order of S, let ¢, be the subspace x*> = 0
of T(43) considered as an element of K} (4,) and let Q,(S) be the reduction of
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Q(S) determined by the pair (k'S, ¢1), [8]. In particular, the differential equations
of the structure group H, = H of Q,(S) are

(25) o, =0, wf, =0, pgq..=12
Let &', a‘)i be the restrictions of o', w; to Q,(S); then it holds
(26) @ =0,

Introduce p : VK2 (A3) = K} (A43), (v, &) — py(¢), and set N = p~'(c,). On
VK %yc(A;,) we have the coordinates y?, =Y, ysq = Vpg» ¥? and N is characterized
by y, = 0. Applying the previous method, we find the equations of the fundamental
distribution on H, x N in the form

. dy,;; — J’u(z”i - ng) - 2)’127[% = 0.
27 dy, — hz(”i + ”g - ”g) - yn”; - )’22”% =0,
dy;; — y22(2n§ - ”g) - 2}’1275; =0,

dy! + y'n} + yPn; =0,

@) dy? + y'ni + y'n; =0,

where the n’s are the restrictions of the corresponding w’s to H,. (In practice, one
can deduce (28) by the following evaluation, in which the “classical” notation ment-
ioned in Remark 2 is used as a kind of shorthand. On Q,(S), the structure equations
of A5 give

de! = @' A @1 + @ A @3,

A
- ~2 -2
do? = @' A @] + @* A 3.

S

Analogously to (7) and (11) one obtains,

d'@) = —a'(d) n; — &*(d) 13,
$(0*(d) = —@'@d) 7] - @*(d) 3.

By Lemma 2 of [ 5], (29) implies (28).) Using (27) and (28), we deduce that the mapping

(29)

[=ya0") + 900" + (0%
satisfies df + fn3 = 0. Hence f is a relative invariant. Further, let a,, Q:(S)—~ R
be the coordinate functions of the fundamental field of the second order of S. By
Proposition 2, the restriction to Q,(S) of the auxiliary form of the value of f
on Sis

ay (') + 2a,,6'd* + ay,(0%)?,

which is the well known asymptotic form of S.

Remark 6. In Example 1, we have constructed an equivariant mapping f of the
H,-space N, though Definition 1 requires an equivariant mapping of the H-space
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VK3, (A43). But f can be naturally extended to such a mapping as follows. In general,
consider a homogeneous space A with fundamental group H and denote by H, the
stability group of a point p € 4. Let A; be another H-space and let n : 4, — A4 be
an equivariant surjection. Set 4, = n~'(p), which is an H,-space. Consider another
H,-space A, and an H,-equivariant mapping ¢ : 4, —»A4,. Since H has a natural
structure of a principal fibre bundle H(4, H,) over A with structure group H,, we
can construct an associated fibre bundle 4, = 4,(4, 4,, H,;, H). Every element
of A, being an equivalence class {(h, y)} with respect to the equivalence relation
(h,y) ~ (hhi', hyp), hy € H,, we first introduce a left action of H on 4, by h{(h, y)} =
= {(hh, y)}, k € H. This definition is correct, since h{(hh, , h] 'y)} = {(khhy, h]'p)} =
= {(hh, y)}. Then we define an H-equivariant mapping ¢ : 4, = 4, by @(hy) =
= ho(y), he H, y € A,. Even this is a correct definition, since hy = hy, y, y € 4,,
implies h~'h e H,, so that g(hy) = ho(3) = hh™'he(¥) = ho(y). The H-equivariant
mapping ¢ : A, — A, is the above-mentioned natural extension of an H,-equivariant
mapping ¢ : Ao — A,.
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