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Abstract: Two types of canonical forms of ordinary linear differential equations were known,
the so-called Halphen and Laguerre— Forsyth forms. Already in 1910 G. D. Birkhoff showed
that the Laguerre — Forsyth form is local for the third order equﬁtions. The same is true for an
arbitrary order as well as for the Halphen canonical forms. Recently global canonical forms
of linear differential equations were intruduced and a criterion of global equivalence of those
equations was derived. On the basis of this criterion we establish in this paper sufficient and
necessary conditions that guarantee that an ordinary linear differential equation of an arbitrary
order can be globally transformed (i.e. on its whole interval of definition) into the Halphen or
the Laguerre— Forsyth canonical form.
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I. INTRODUCTION

In the mathematical literature two special forms of ordinary homogeneous linear
differential equations aré known, the so-called Halphen and Laguerre —Forsyth
canonical forms, see e.g. [14]. Already in 1910 G. D. Bitkhoff [2] pointed out
that the Laguerre —Forsyth canonical form is only local for the,third order equa-
tions in the sense that not every third order linear differential equation can be
transformed on its whole interval of definition into an equation of that form.
In [10] it was shown that the Halphen canonical form is local as well. A global
canonical form was introduced in 1972 [9], and another type of a.global form
was derived in 1983 [10], see also a survey paper [12]. From a local point of view
canonical forms of ordinary linear differential equations have recently been studled
alsoin [1]. - 3 : :
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. Here we derive sufficient and necessary conditions that guarentee that an
ordinary linear differential equation of an arbitrary order can be transformed
on its whole interval of definition into the Halphen or the Laguerre —Forsyth
" canonical form. The proofs are based on a criterion of global equivalence of linear
différential equations, derived for the second order in 1967 by O. Boravka [3],
and established for an arbitrary order in 1984 in [11].

II. NOTATION AND DEFINITIONS

Consider a linear homogeneous differential equation of the n-th order, n = 2
Y™ 4 P i(X) ™D 4+ .. + po(x)y =0  on an open interval I = R

with continuous coefficients p; € Co(I), i = 0, ..., n — 1, that we shortly denote
as P,(y, x; I); P2y, x;I) means P,(y, x;I) with p,_,(x) = 0 on I. We say (see
also [9]) that the equation P,(y, x;I) is globally (pointwise) transformable into
an equation Q,(z, t; J)

2™ 4+ g (D" + ..+ g()z=0  onopenJ cR,
' 7:€C(J), i=0,..,n-1,
if tﬁere exist functions fand A, '
| fI-R, feC'U),  fO)#0onl,
~ h being a C"-diffeomorphism of J onto 1, such that H
(¢)) 2(f) = [ yh(D), ted

is a solution of Q,(z, t; J) whenever y is a solution of P,(y, x; I).

Let us note that this form of the transformation is the most general form of
pointwise transformations between equations of the mentioned form (see [13],
[14] and [4]); the global character of the transformation is guaranteed by the
requirement A(J) = I that expresses that solutions are transformed on their whole
intervals of definition. .

Consider. an equation of the second order P(u, x; I)

U+ po(x)u=0 " onl

In accordance with O. Boriivka [3], this equation is

either both-side oscillatory on I, . '

- or one-side oscillatory on I, '

or. of type k, k being an integer denoting the maximal number of zeros of each
noqtnvxal solution on 7 in the nonoscillatory case. Moreover, in this last case
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when the equation is of a type k, it is of general or special kind regarding to the
existence or nonexistence of two linearly independent solutions having k-1
zeros on 1.

Suppose that p, e C"~%(I) in equation PJ(u, x;I) for an integer n > 2. Let
u; and u, be two linearly independent solutions of the equation and define

.« g n—1 e B2 . -1
Vii=uy Ly, i=uy CUpy ., Yai=uj .

These n functions y;, i = 1, ..., n, form an n-tuple of ]mearly independent solutions
of the n-th order linear dlﬂ‘erentlal equation

n +1 _
y® + (n 3 )po(x)y(" 24 2(" : 'l)p{,(x)‘y""” +.=0 onl

called the iterative equation iterated from P)(u, x; I), see e.g. [7]. The operator
on the left-hand side of the iterative equation will be denoted as [po], (> x; I).
The Laguerre — Forsyth canonical forms of equations of the n-th order are
characterized by the vanishing of coefficients of the (n — 1)st and (n — 2)nd
derivatives, i.e. equations of the form
YO 4 sy + o+ p(x)y =0 onl,

see [8], [5] and [14].
G. H. Halphen in [6] Stlldled the 3rd and 4th order equations that for general n-
can be written in the forms

[Pola @, x: 1) + €3y™™ 2 + 1, a(X) Y™ + 1,5y~ + .+ ro(x)y =0,

[Po)s 0, X3 1) + €)™ + 1y s(¥) Y9 + .. + 1(x) y = 0,

[2os O, x; I] + € = 0,
[Po)a 0o x;1) = 0

r,eCo(I)fori=0,1,...,n — 4, ¢; being +1 for odd i and +1 or —1 for even i.

Let us note that each equation P,(y, x; I) with p,—, € C*~(I) and p,_, € C*~*(I)
can be globally transformed into an equation @,(2, x; I) with 4,_; = 0 on I and
' Gn—2 € C""%(I) by means of the transformation

z(x) = exp { j' Dn-1(5) ds} y(x), xo€ L.
Hence denote :
A, (= {P,(y, x; 1); oj)en IcR,p,.,=0onland p,_,eC* ¥},

149



F. NEUMAN

Evidezitly, each equation P,(y, x; I) € A, can be written in the form
[Pl s x5 1) + 1pe3(X) p*=3 4 ... + ry(x)y = 0 on 1
with_ r e do(D, i=0,..,n—3, and

1) = o) ("3 e

II. PRELIMINARY RESULTS

Boriivka’s criterion of global equivalence of the second order equations [3]:

Equation P)(y, x; I) can be globally transformed into Q3(z, #; J) if and only if
both equations are either both-side oscillatory, or one-side oscillatory, or of the
same type k and, in this case, moreover, if they are of the same kind, i.e. both
general or both special.

Criterion of global equivalence of equations for general n23[11]:

Equation P,(y, x; I) € A,:

(PO, %D + res(x) Y™ + .+ 1(x)y =0 onl,
can be globally transformed into equation Q,(z, t; J) € A,: |

[qa @ 5 D) + $,oa() 2D + L +5()z2=0 onJ
by means of a global transformation (1) if and only if

G  heC*'(J), f=c.|k|?"™2  for a nonzero constant c,
i - U+ p(x)u = "on I with p= p,,-z/(n ;- 1)
is globally transformable mto
' 1
v"+q(t)v=0" on J wthg = q,,_z/(n ;- ),
)

by means of a global transformauon ” ’
, o) = | K () I"’ 2u(h()), and
(iii) the differential expression ‘ ’

o ‘ a3 Y™ + o+ RN y
B ol_)tained from :

(53 2079 4 .. + 5o(0) ) | K@) |+ V72 (sign 'Y
by means of the substitution z(1) = | K'(9) | ~"2y(h(n)), h() = x.
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Corollary: Condition (jii) implies
ra-3(A(?) . (W(1)* = 5,_3()  on J,

Ta-s(B(®0) . (W(D)* = 5,4(1)  on{te J;5,.5() = 0},

ra-sh(®) . (W(D)° = 5,-5(1)  on {te ;5,50 = 5,-4()) = 0},
etc.

IV. MAIN RESULTS

Theorem 1.

Equation P,(y, x; I) € A,, n = 2, can be globally transformed into the Laguerre—
Forsyth form if and only if the second order equation

) u" + p,—(x)u /(n ;- 1>='0 on I,

Pu-2€C" (1) is of type 1, or equivalently, if this second order equation is dis-
.conjugate on 1.

Moreover, the definition interval of the Laguerre— Forsyth form is R if and only
if equation (2) 1s of special kind. '

Remark. As Birkhoff [2] has shown in 1910, the Laguerre — Forsyth canonical
form is not global for the third order equations. However we need not go to the
third order. The Laguerre —Forsyth canonical form for the second order linear
differential equations is '

3) y'=0 '»onI'c R.

Since the equation y” + y = 0 on any interval of the length larger than = is not
of type 1, it cannot be globally transformed into the Laguerre — Forsyth form (3)
even if we take the maximal interval 7 = R for which (3) is of type 1 and special.
"Hence also for the second order equations the Laguerre —Forsyth form is only
local.

Theorem 2.

Equation Py, x; )€ A,, n = 3,

[rl. s x; D + r,,_3(x)‘y("l'3) + o+ ro(x)y =0 ~on I,

Wlth P=Pus / (n _;1) can be globally transformed into o_né of -equations in the
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Halphen canonical form if and only if either P(y, x; I) is an iterative equation, or the
Sfunction r,., where i* is the maximal of the indices i € {0, ..., n — 3} for which r; -
is not identically zero on I, satisfies ri € C*(I) and r;(x) # 0 for all x € L

V. PROOFS

Proof of Theorem 1.
If equatien P,(y, x; I) € A,

YO 4 P2 YD+ pusa() YTV + L+ po(x)y = 0
on I, p,_,eC" %(I), n = 2, can be globally transformed into an equation of the
Laguerre —Forsyth form, i.e. into
2™+ g3 3+ ... +g(Dz=0 onlJ,

then condition (ii) of the criterion for » = 3 implies that the second order equation
(2)is globally transformable into the equation

v =0 on J,

since g,-,(f) = 0 on J. This implication is of course trivial for » = 2. Since v" = 0
is always of type 1, and special if and only if J = R, Boruvka’s criterion asserts
that equation (2) is also of type 1 and, moreover, it is special just when J = R.

Conversely, let equation (2) with p,_, € C"~*(I) be of type 1. Due to Bortivka’s
_criterion there exists a global transfoimation

@ , ot) = | B'(8) |72 u(h(n)),

that converts equation (2) into
k v"=0 on J,

becauée the last equation is always of type' 1. Moreo?er, J = R if and only if
requation (2) is of special kind. Hence for n = 2 Theorem 1 is proved. For n = 3

solutions of (2) are of the class C"(I) (and solutions of v” = 0 are C°(J)), and rela-
tion (4) guarantees that h e C"*1(J).

According to criterion for general n 2 3, the global transformation
z2(f) = | K@ |2 y(h(),  te J,

“converts equation P,(y, x; I) into an equation whose first three coeficients are 1, 0, 0,
that means, into an equation.of the Laguerre—Forsyth form on the interval J.
Proof of Theorem 2. '

If equation P,(y, x; I) € A,, n Z 3, can be globally transformed into the Halphen
form introduced as the last in paragraph II then, according to criterion for general
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n = 3, this equation is iterative. Hence, let P,(y, x; I),

n— 'n+1
(P10, %3 D) + 13y 70+ o+ o)y =0, p= p,,-Z/( 3 )

i

can be globally transformed into
[4], @ 65 1) + ey-s2® + 501D 2" + . + 56(H)z =0
for some i*, 0 < i* < n — 3, by means of transformation
) LK@ AP y(h(D) = z(),  te .
Condition (iii) of criterion for general n = 3 gives
rh@®). (W@®)'"=0. onJ
for i =n —3,...,i* + 1, that means r,(x) = 0 on I for those i. For r;s we get
ruh(®) . HOY™ = 50(8) = £0ie on .

Since h is a C"*!-diffeomorphism of J onto I and ¢,_,. is a nonzero constant, we
have r;«(x) # 0 on [ and r;. € C"(I), i* being the maximal index i = 0, ...,n — 3,
for which r; is not identically zero.

Conversely, if P,(y, x; I) is an iterative equation then, in fact, it is already in the
Halphen form introduced as the last in par. II. Hence, let us assume that P,(y, x; I}
is not an iterative equation and that it can be written in the form

[2]s 0 x5 D) + 1) ¥ + . 4 ro(x)y = 0,

with nonvanishing 7;. on I and r;« € C"(I). According to criterion for general n = 3,.
a global transformation (5) of P,(y, x; I) into an Q,(z, t; J),

[41. G 6D + 532" P + . +55()z=0 onJ
gives 5,-a(¢) = 0, ..., 50, 4(f) = 0, and
ru(h(D) . (WY~ = 5,4(0),
on the interval J:= h~'(I). For 5;s(f) :=¢,_;» and k := h~! we have
| (@) = gype . KOP", xel

Put ¢,_;» = 1 for odd n — i* and &y -+ = sign (r;+(x)) for even n — i*. Then -

(x) = kg + [ (Epois - (@)@ da,  x0€],
. X0
k, being a constant. Evidently k is a C"*1.diffeomorphism of I onto k(I) = J,
because r;. € C"(I) and ry. is always positive or always negative on the whole 7.
Hence h = k™" is such a C"*'-diffeomorphism of J onto I for which the trans-
formation (5) globally transforms P,(y, x; I) into an equation of the Halphen form.

- 15%



F. NEUMAN
REFERENCES

{1] J. M. Berkovich, Canonical forms of ordinary linear differential equations, Arch. Math.
(Brno) 24'(1988), 25—42.

{21 G. D. Birkhoff, On the solutions of ordinary linear homogeneous differential equations of
the third order, Ann. of Math. 12 (1910/11), 103 —123.

{31 O. Boruvka, Lineare Differentialtransformationen 2. Ordnung, VEB, Berlin 1967; English
edition: Linear Differential Transformations of the Second Order, The English Univ. Press,
London 1971. ’

. 14] M. Cadek, Form of general pointwise transformations of linear differential equations. Czecho-
slovak Math. J. 35 (110) (1985), 617—624.

" {51 A. R. Fotsyth, Invariants, covariants and quotient-derivatives associated with linear
differential equations. Philos. Trans. Roy. Soc. London Ser. A, 179 (1899), 377 —489.

[6] G. H. Halphen, Mémoire sur la réduction des équations différentielles linéaires aux formes
intégrables. Mémoires présentés par divers savants 4 1’Académie des sciences de I’Institut
de France 28 (1884), 1—307.

{71 Z. Husty, Die Iteration homogener linearer Differentialgleichungen. Publ. Fac. Sci. Univ.
J. E. Purkyn€ (Brno) 449 (1964), 23 —56.

{81 E. Laguerre, Sur les équations différentielles linéaires du troisiéme ordre. C. R. Acad. Sci.
Paris 88 (1879), 116—118.

[9] F. Neuman, Geometrical approach to linear differential equations of the n-th order. Rend.
Mat. 5 (1972), 579 — 602. (Abstract: Some results on geometrical approach to linear differentia!
equations of the n-th order. Comment. Math. Univ. Carolin. 12 (1971), 307—315).

{10] F. Neuman, Global canonical forms of linear differential equations, Math. Slovaca 33
(1983), 389-—-394.

{11] F. Neuman, Criterion of global equivalence of linear differential equations. Proc. Roy.
Soc. Edinburgh Sect. A 97 (1984), 217—-221.

{12] F. Neuman, Global theory of ordinary linear homogeneous differential equations in the real
domain, 1 and II, Aequationes Math. 33 and 34 (1987), 123—149 and 1-—22.

{13] P. Stickel, Uber Transformationen von Differentialgleichungen. J. Reine Angew. Math. 111
(1893), 290-302. .

[14] E. J. Wilczynski, Projective differential geometry of curves and ruled surfaces. Teubner,
Leipzig, 1906.

F. Neuman

Mathematical Institute of

the Czechoslovak Academy of Sciences,

branch Brno, Mendlovo nim. 1, Czechoslovakia

L3

154 -



		webmaster@dml.cz
	2012-05-09T20:45:18+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




