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ARCHIVUM MATHEMATICUM (BRNO)Tomus 30 (1994), 29 { 43WEIGHTED ESTIMATES FOR THEHANKEL{, K{ AND Y{TRANSFORMATIONSSalah A. A. EmaraAbstract. We give conditions on pairs of non-negative functions u and v whichare su�cient that, for 0 < q < p, p > 1�Z 10 ju(x)(Tf)(x)jq dx�1q � C �Z 10 jv(x)f(x)jp dx� 1p ;where T is the Hankel-, K-, or the Y-transformations.1. IntroductionThe weighted Lebesgue spaces Lpw(R+) consist of those functions f for whichkfkLpW (R+) = �

Z R+ jf(x)w(x)jp dx�

1p <1 :A continuous non-decreasing function w : R+ ! R+ belongs to the class BK [12]if
Z 10 min(1; 1=t) ~w(t)t�1dt <1 ;where ~w(s) = supy>0w(s)w(y) and ~w(s) <1 for s > 0.Clearly, if 0 < � < 1 then w(t) = t� 2 BK . Also Gustavsson [6] has shown, thefunction t�= log(1 + t�) 2 BK if 0 < � < � < 1.Let w 2 BK , then the weighted Lorentz spaces Lp;w, 0 < p � 1 consist of allmeasurable functions f on R+ such thatkfkw;p = �

Z 10 [tf�(t)=w(t)]pt�1 dt�

1p ; 0 < p <1ess supt>0 tf�(t)=w(t) ; p =1 :1991 Mathematics Subject Classi�cation : Primary 26D10; Secondary 42B10, 46E30.Key words and phrases: weighted inequalities, Hankel, K- and Y-transformations.Received February 18, 1993Research supported in part by the American University in Cairo.



30 SALAH A. A. EMARAHere f� is the equimeasurable decreasing rearrangement of f (with respect toLebesgue measure).Note that if w(t) = t1�(1q ), 0 < q � 1 these spaces reduce to Lorentz spacesL(p; q).The weight class B consists of all non-negative continuously di�erentiable func-tions w on R+ such thatsupt>0 tw0(t)=w(t) = � < 1 and inft>0 tw0(t)=w(t) = � > 0 :It is not di�cult to see that B � BK .Again w(t) = t�, 0 < � < 1 is in B and also w(t) = t�(log(1+t
 ))�, 0 < � < 1,� real and 
 is a su�ciently small neighbourhood of zero (Gustavsson [6]).Let [X;Y ] denote the collections of bounded operators from the Banach spaceX to the Banach space Y . An operator T is bounded from Lpv(R+) to Lqu(R+),written T"[Lpv(R+); Lqu(R+)], provided there exists a constant C such thatkTfkLqu(R+) � C kfkLpv(R+) ; for all f � 0 :Throughout, constants are denoted by C and may be di�erent at di�erent ap-perances but are always independent of the function f in question. The indices p0,q0 and r are de�ned by 1p + 1p0 = 1, 1q + 1q0 = 1 and 1q � 1p = 1r .The purpose of this paper is to establish a norm inequality for the Hankeltransformation(H�f)(x) = Z 10 (xt) 12 J�(xt)f(t) dt; x > 0; � � �12 ;where J� is the Bessel function of order �, which for 0 < q < p, p > 1 is new. If1 < p, q < 1, the result was proved in [2], in fact, for 1 < p � q < 1 the resultwas similar to a weighted estimate of Heywood and Rooney [10], but with di�erentweight conditions. We also prove a corresponding weighted norm inequalities forthe K- and Y-transformations to the case 0 < q < p, p > 1. Our weight conditionsof these transformations are described in the following de�nitions:De�nition 1. Let u and v be non-negative functions de�ned on R+ and let u� and(1=v)� be the equimeasurable rearrangements of u and 1=v. We write (u; v) 2 F �p;q,0 < q < p, p > 1, if
(
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1x0 u�(t)q dt!

1q �

Z x0 (1=v)�(t)p0 dt�

1q0 3
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r (1=v)�(x)p0 dx)

1r <1 ;
(
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Z 11=x[t�12u�(t)]q dt!

1q �

Z 1x [t� 12 (1=v)�(t)]p0 dt�

1q0 3

5

r� [x�12 (1=v)�(x)]p0 dx)

1r <1hold, where 1r = 1q � 1p .



WEIGHTED ESTIMATES FOR THE HANKEL{, K{ AND Y{TRANSFORMATIONS 312. Weighted inequalitiesWe require the following lemmas:Lemma 2 ([11]). If f is a non-negative non-increasing function de�ned on R+then for � real and 0 < p � q � 1
(

Z 10 [t�f(t)]qt�1 dt)

1q � C (

Z 10 [t�f(t)]pt�1 dt)

1pholds.Lemma 3 ([13]), ([14]). Suppose 0 < q < p, p > 1 and 1r = 1q � 1p , then(a) �

Z 10 ju(x) Z x0 f(y) dyjq dx�

1q � C �

Z 10 jf(x)v(x)jp dx�

1pholds for all f , if and only if
"

Z 10 "

�

Z 1x u(y)q dy �

1q �

Z x0 v(y)�p0 dy �

1q0 # r v(x)�p0 dx#

1r <1 :For the dual operator(b) �

Z 10 ju(x) Z 1x f(y) dyjq dx�

1q � C �

Z 10 jf(x)v(x)jp dx�

1pholds for all f , if and only if
"

Z 10 "

�

Z x0 u(y)q dy �

1q �

Z 1x v(y)�p0 dy �

1q0 # r v(x)�p0 dx#

1r <1 :Lemma 4 ([6]). If w 2 BK then(i) w�(s) ~w(1=s) = 1, where w�(s) = inft>0 w(st)w(t) .(ii) 0 < w�(s)w(t) � w(st) � ~w(s)w(t) .(iii) ~w and w� are non-decreasing and ~w(1) = w�(1) = 1 .(iv) For any p > 0, fR 10 [min(1; 1=t) ~w(t)]pt�1 dtg 1p <1 ,with the usual modi�cation if p =1 .(v) There exist constants A;B > 0 such that forA � s�1w(s)fR s0 [t=w(t)]pt�1 dtg 1p � B, p > 0 .In fact, A = p� 1p and B = fR 10 [ ~w(t)=t]pt�1 dtg 1p if p <1 .(vi) There are positive constants C, D such that



32 SALAH A. A. EMARAC � w(s)fR 1s [1=w(t)]pt�1 dtg 1p � D, p > 0 .Here,C = fR 11 [1= ~w(t)]pt�1 dtg 1p and D = fR 10 ~w(t)pt�1 dtg 1p if p <1 .Remark 5 ([3]). If wi 2 B , i = 0; 1 and � (t) = w1(t)=w0(t) satisfyingt� 0(t)=� (t) � � > 0 for all t > 0, then � has an inverse and limt!0 � (t) = 0,limt!1 � (t) =1.Holmstedt's K-functional estimate in the context takes the form:Lemma 6. Suppose wi 2 B , i = 0; 1 with � (t) = w1(t)=w0(t) and �(t) = ��1(t)such that(1) t� 0(t)=� (t) � � > 0 ;holds. Then for 1 � q0; q1 � 1.K(t; f : Lq0 ;w0 ; Lq1 ;w1) �(2) C (

Z �(t)0 [f�(s)=w0(s)] ds+ t Z 1�(t)[f�(s)=w1(s)] ds) :Proof. In [8] Heinig showed thatK(t; f ;Lq0;w0 ; Lq1;w1) � (

Z �(t)0 [sf�(s)=w0(s)]q0s�1ds)

1q0(3) + t(

Z 1�(t)[sf�(s)=w1(s)]q1s�1ds)

1q1 :We complete the proof by showing that both summands in (3) are bounded bythe right side of (2). Since f�(s)=w0(s) is non-increasing it follows directly fromLemma 2 that
(

Z t0 [sf�(s)=w0(s)]q0s�1ds)

1q0 � C Z t0 [f�(s)=w0(s)] ds ;(4) 1 � q0 � 1 :Now we de�ne g byg(s) =f�(t)(

Z 1t [1=w1(y)]q1 y�1dy )

1q1 ; if 0 < s � tf�(s)(

Z 1s [1=w1(y)]q1y�1dy )

1q1 ; if s > t;



WEIGHTED ESTIMATES FOR THE HANKEL{, K{ AND Y{TRANSFORMATIONS 33where t > 0 is �xed. Then g is non-increasing and from (vi) of Lemma 4 andLemma 2, we obtain for �xed t > 0, 1 � q1 �1,
(

Z 1t [sf�(s)=w1(s)]q1s�1ds)

1q1� C (

Z 1t sq1f�(s)q1 �

Z 1s [1=w1(y)]q1 y�1dy � s�1ds)

1q1� C (

Z t0 sq1f�(t)q1 �

Z 1t [1=w1(y)]q1 y�1dy � s�1ds+ Z 1t sq1f�(s)q1 �

Z 1s [1=w1(y)]q1 y�1dy � s�1ds)

1q1= C (

Z 10 [sg(s)]q1 s�1ds)

1q1 � C Z 10 g(s) ds� C (

Z t0 f�(t)�

Z 1t [1=w1(y)]q1y�1dy �

1q1 ds+ Z 1t f�(s)�

Z 1s [1=w1(y)]q1y�1dy �

1q1 ds)� C (

Z t0 f�(s)�

Z 1t [1=w1(y)]q1 y�1dy �

1q1 ds+ Z 1t f�(s)�

Z 1s [1=w1(y)]q1y�1dy �

1q 1ds) :Here the second inequality is obtained by adding the �rst integral term. On apply-ing (vi) of Lemma 4, then the right side of the previous inequality is dominatedby C ( w1(t)�1 Z t0 f�(s) ds + Z 1t [f�(s)=w1(s)] ds)� C ( [1=� (t)] Z t0 [f�(s)=w0(s)] ds+ Z 1t [f�(s)=w1(s)] ds) :Therefore
(

Z 1t [sf�(s)=w1(s)]q1s�1 ds)

1q1(5) � C ( [1=� (t)] Z t0 [f�(s)=w0(s)] ds+ Z 1t [f�(s)=w1(s)] ds) :



34 SALAH A. A. EMARAFrom (3), (4), and (5) one gets the desired result, which proves the lemma.We now prove the following interpolation theorem:Theorem 7. Suppose wi, �wi 2 B , i = 0; 1 with � = w1=w0, �� = �w1= �w0 and� = ��1, �� = ���1 satisfy t� 0(t)=� (t) � � > 0 and jt�� 0(t)=�� (t)j � �� > 0. Let� = ��o� and T : Lqi;wi ! L�qi; �wi , 1 � qi, �qi � 1, i = 0; 1 be quasilinear operator.If t�� 0(t)=�� (t) � �� > 0, 0 < q < p, p > 1, 1r = 1q � 1p ; u and w are non-negativeweight functions satisfying
(

Z 10 [�

Z 1�(s)[u�(t) �w0(t)=t]q dt�

1q(6) � �

Z s0 [1=(1=v)�(t)w0(t)]�p0 dt�

1q0 ]r[1=(1=v)�(s)w0(s)]�p0 ds)

1r <1and
(

Z 10 ��

Z �(s)0 [u�(t) �w1(t)=t]q dt�

1q(7) � �

Z 1s [1=(1=v)�(t)w1(t)]�p0 dt) 1q0 ]r[1=(1=v)�(s)w1(s)]�p0 ds)

1r <1then for all simple functions f(8) T 2 [Lpv(R+); Lqu(R+)] :If �t�� 0(t)=�� (t) � �� > 0, (8) still holds provided the ranges of the �srt innerintegrals in (6) and (7) are interchanged.Proof. For the case t�� 0(t)=�� (t) � �� > 0 we apply Lemma 4 (v) with s, w and preplaced by ��, �w0 and �q0, respectively and use (3) to obtain(Tf)�(��(t))��(t)= �w0(��(t)) � C(Tf)�(��(t))n

Z ��(t)0 [s= �w0(s)]�q0s�1 dso

1�q0� C (

Z ��(t)0 [s(Tf)�(s)=w0(s)]�q0s�1 ds)

1�q0� CK(t; T f ;L�q0; �w0 ; L�q1; �w1) :Now, by hypothesis(Tf)�(��(t))��(t)= �w0(��(t)) � CK(tM1=M0; f ;Lq0;w0 ; Lq1;w1)



WEIGHTED ESTIMATES FOR THE HANKEL{, K{ AND Y{TRANSFORMATIONS 35and since K(t; f) is increasing whereas t�1K(t; f) is decreasing we may take with-out loss of generality M1=M0 = 1. Therefore,(Tf)�(��(t)) � C[ �w0(��(t))=��(t)]K(t; f ;Lq0 ;w0 ; Lq1;w1) :Hence, it follows from (2) of Lemma 6 that(Tf)�(��(t)) � C[ �w0(��(t))=��(t)](

Z �(t)0 [f�(s)=w0(s)] ds+ t Z 1�(t)[f�(s)=w1(s)] ds) :Now, let ��(t) = y, then t = �� (y) and(Tf)�(y) � C[ �w0(y)=y](

Z ��(y)0 [f�(s)w0(s)] ds+ �� (y) Z 1��(y)[f�(s)=w1(s)] ds) ;where ��(y) = �(�� (y)). Utilizing properties of rearrangenent of functions andMinkowski's inequality one obtains from this estimate
(

Z 10 ju(x)(Tf)(x)jqdx)

1q � (

Z 10 [u�(y)(Tf)�(y)]q dy )

1q� C (

Z 10 u�(y)q �w0(y)qy�q [Z ��(y)0 [f�(s)=w0(s)] ds+ �� (y) Z 1��(y)[f�(s)=w1(y)] ds]q dy )

1q� C ( [Z 10 u�(y)q �w0(y)qy�q(Z ��(y)0 [f�(s)=w1(s)] ds)q dy] 1q+ [Z 10 u�(y)q �w1(y)qy�q (Z 1��(y)[f�(s)=w1(s)] ds)q dy] 1q )(9)� CfZ1 + Z2g, respectively. Here we used in the second inequality the as-sumption that �� (t) �w0(y) = �w1(y). We complete the proof by showing that bothsummands Z1 and Z2 in (9) are bounded by CfR 10 jv(x)f(x)jp dxg 1p .Now, let ��(y) = t, then by de�nition of ��, �(�� (y)) = t or y = ���1(��1(t)). Butsince ��(t) = ���1(t) and � (t) = ��1(t) one obtains y = ��(n�1(t)) = ��(� (t)) = �(t),and similarly �� (y) = � (t). Also by Remark 5, � (t), �� (t) tend to zero and in�nityas t ! 0, respectively t ! 1. Also t�� 0(t)=�� (t) � �� > 0 implies �� 0(t) > 0 and� (t) = �� (�(t)) we obtain � 0(t) = �� 0(�(t))�0(t), which implies �0(t) > 0. Therefore,the �rst summand yieldsZ1 = C (

Z 10 (u�(�(t)) �w0(�(t))�(t)�1 Z t0 [f�(s)=w0(s)] ds)q�0(t) dt)

1q� C (

Z 10 [1=(1=v)�(s)f�(s)]p ds)

1p ;



36 SALAH A. A. EMARAwhere the above inequality holds by Lemma 3 (a) provided (6) holds.The bound of the second summand of (9) follows from condition (7) in exactlythe same way. We omit the details. Therefore,
(

Z 10 ju(x)(Tf)(x)jq dx)

1q � C ( [1=(1=v)�(x)f�(x)]p dx)

1p� C (

Z 10 jv(x)f(x)jp dx)

1p ;where the second inequality follows the integral analogue of [7, Theorem 368]obtained by approximating v by appropriate simple function and using Lebesgue'stheorem of monotone convergence.The rest of the proof is similar to the case t�� 0(t)=�� (t) � �� > 0 and thereforeomitted. This completes the proof of the theorem. �The following corollary is a consequence of Theorem 7 with wi(t) = t1�( 1pi ) and�wi(t) = t1�(1=�pi), i = 0; 1.Corollary 8. Let 0 < pi, �pi � 1, 1 � qi, �qi � 1, i = 0; 1 and T : L(pi; qi) !L(�pi; �qi) be a quasi-linear operator and� = 1p0 � 1p1 > 0; �� = 1=�p0 � 1=�p1 6= 0 :If �� > 0, 0 < q < p, p > 1, 1r = 1q � 1p ; u; v satisfying
(

Z 10 [(Z 1s�=�� [u�(t)t�1=�p0 ]q dt) 1q (Z s0 [1=(1=v)�t 1p� 1p0 ]�p0t�1 dt) 1q0 ]r� [1=(1=v)�(s)s 1p� 1p0 ]�p0s�1 ds)

1r <1(10)and
(

Z 10 [(Z s�=��0 [u�(t)t�1=�p1 ]q dt) 1q (Z 1s [1=(1=v)�(t)t 1p� 1p1 ]�p0 t�1 dt) 1q0 ]r� [1=(1=v)�(s)s 1p� 1p1 ]�p0s�1 ds)

1r <1 ;(11)then (8) holds.If � < 0, (8) still holds provided the ranges of the �rst inner integrals in (10)and (11) are interchanged.Our next corollary extends and complets these results obtained in [1, Theorem1.1] and [9, Corollary 2.5 and Proposition 2.6] for the range 0 < q < p, p > 1,when p0 = 1, �p0 =1, �p1 = p1 = 2; � = 12 , �� = �12 .



WEIGHTED ESTIMATES FOR THE HANKEL{, K{ AND Y{TRANSFORMATIONS 37Corollary 9. If T 2 [L1(R+); L1(R+)] \ [L2(R+); L2(R+)] and (u; v) 2 F �p;q,0 < q < p, p > 1, then (8) holds.A consequence of this result is the following:Corollary 10. Let T be as in Corollary 9 and B de�ned by(Bf)(x) = w(x)(Tg)(x); where g(x) = w(x)f(x) :If (uw; v=w) 2 F �p;q, then B 2 [Lpv(R+); Lqu(R+)].Now, we state and prove the weighted inequality for the Hankel-transformation.Theorem 11. Let � � �12 , � 6= 0, u and v be non-negative functions de�ned onR+ and u�(x) = x�+ 12u(x), v�(x) = x���12 v(x). If (u�; v�) 2 F �p;q, 0 < q < p,p > 1, then H� 2 [Lpv(R+); Lqu(R+)].Proof. If � = �12 , the result reduces to a weighted estimate for the Fourier sine-and cosine transformations.Let � � �12 and suppose f is simple. Since the Bessel function has an integralrepresentation ([5, 952 (4)]),J�(x) = 21��x�� 12�(�+ 12) Z
�20 cos(x cos y) sin2� y dy ;(H�f)(x) = 21��x�+ 12� 12�(�+ 12) Z 10 t�+ 12 f(t)(Z

�20 cos(xt cos y) sin2� y dy) dt= 21��x�+ 12� 12�(�+ 12) Z
�20 sin2� y(Z 10 cos(xt cos y)t�+ 12 f(t) dt) dy� x�+12 (T�g)(x) ;where g(t) = t�+ 12 f(t) and(T�g)(x) = 21��� 12�(�+ 12) Z

�20 sin2� y(Z 10 cos(xt cos y)g(t) dt) dy :The interchange of order of integration is justi�ed by Fubini's theorem. It is nothard to check that T� 2 [L1(R+); L1(R+)] \ [L2(R+); L2(R+)], [2, Theorem 3].Now if (u�; v�) 2 F �p;q, then by Corollary 10 with (Bf)(x) � (H�f)(x), w(x) =x�+ 12 and (Tg)(x) = (T�g)(x) we obtain H� 2 [Lpv(R+); Lgu(R+)], which provesthe theorem. �



38 SALAH A. A. EMARA3. The K and Y-transformationsSince the K-transformation of f of order � is de�ned formally by(12) (K�f)(x) = Z 10 (xy) 12K�(xy)f(y) dy; x > 0; � � �12 ;where K� is the modi�ed Bessel function of the third kind ([4, Chapter X]).If � = �12 , the transformation reduces to the Laplace transform(K� 12 )(x) = (�2 ) 12 Z 10 e�xyf(y) dy :If � � �12 the kernel K� can be written as:K�(x) = 2���(12 )x��(�+ 12) Z 11 e�xt(t2 � 1)�� 12 dt; x > 0; [5, p. 958 (3)]or K�(x) = 2��(�+ 12 )x���(12 ) Z 10 cosxt dt(1 + t2)�+ 12 ; x > 0 [5, p. 959 (5)] :It follows that (12) has the representations(K�f)(x) = 2���(12 )x�+ 12�(�+ 12) Z 10 y�+ 12 f(y) �

Z 11 e�xyt(t2 � 1)�� 12 dt� dy ;(13) (K�f)(x) = 2��(�+ 12 )x��+12�(12) Z 10 y��+ 12 f(y)�

Z 10 cosxyt dt(1 + t2)�+ 12 � dy ;(14)which are needed to prove the weighted norm inequality for K�.Theorem 12. Let � � �12 , � 6= 0, u, v be non-negative functions de�ned onR+ and u�(x) = x 12�j�ju(x); v�(x) = x�12+j�jv(x). If (u�; v�) 2 F �p;g, 0 < q < p,p > 1, then K� 2 [Lpv(R+); Lqu(R+)].Proof. Consider �rst the case �12 < � < 0, ([2, Theorem 4]), then by (13)(K�f)(x) = 2��+1�(12)x�+ 12�(�+ 12) Z 11 (t2 � 1)��12 [Z 10 e�xyty�+ 12 f(y) dy] dt= x�+ 12 (T 0�g)(x) ;



WEIGHTED ESTIMATES FOR THE HANKEL{, K{ AND Y{TRANSFORMATIONS 39where g(y) = y�+ 12 f(y) and(T 0�g)(x) = 2���(12)�(�+ 12 ) Z 11 (t2 � 1)��12 [Z 10 e�xytg(y) dy] dt :Hence T 0� 2 [L1(R+); L1(R+)]\[L2(R+); L2(R+)], [2, Theorem 4] and if (u�; v�) 2F �p;q, then by Corollary 10 we obtain K� 2 [Lpv(R+); Lqu(R+)], where �12 < � < 0.If � > 0, we use the representation (14) so that(K�f)(x) 2��(�+ 12)x��+ 12�(12 ) Z 10 (1 + t2)��� 12 [Z 10 cos xyty��+ 12 f(y) dy] dt= x��+ 12 (T 00�g)(x) ;where g(y) = y��+ 12 f(y) and(T 00�g)(x) = 2��(�+ 12)�(12) Z 10 (1 + t2)��� 12 [Z 10 cos xytg(y) dy] dt :Again T 00� 2 [L1(R+); L1(R+)]\ [L2(R+); L2(R+)], [2, Theorem 4].By applying Corollary 10, we obtain K� 2 [Lpv(R+); Lqu(R+)], � > 0. Thisproves the theorem. �The �nal application involves the Y -transform de�ned for 0 < jaj � 12 by(15) (Y�f)(x) = Z 10 y�(xt)(xt) 12 f(t) dt ; x > 0 ;where y� is the Bessel function of second kind or Neumann's function. If 0 < j�j <12 , the kernel y� can be written asy�(x) = 2(x=2)��(12 + �)�(12)) (

Z �20 sin(x sin �) cos2� � d�� Z 10 [e�xy=(1 + y2)��+ 12 ] dy ) ; ([5, p. 955 (5)])or y�(x) = � 2(x=2)���(12 � �)�(12 ) Z 11 [cosxt=(t2 � 1)�+ 12 ] dt ;([5, p. 955 (2)]). If � = 12, y 12 (x) = �(2=(�x)) 12 cos x, ([5, p. 967 (1)]) and if� = �12 , y� 12 (x) = (2=(�x)) 12 sinx, ([5, p. 967 (2)]).



40 SALAH A. A. EMARAIt follows that (15) has the two integral representations(Y�f)(x) = 21��x�+ 12�(12 + �)�(12) Z 10 t�+ 12 f(t)(16) �(

Z
�20 sin(xt sin �) cos2� � d� � Z 10 [e�xty=(1 + y2)��+ 12 ] dy ) dtand (Y�f)(x) = � 21+�x 12���(12 � �)�(12 ) Z 10 t 12��f(t)(17) � (

Z 10 [cosxty=(y2 � 1)�+ 12 ] dy ) dtwhich are needed to prove the weighted inequality for Y�. �Theorem 13. Let 0 < j�j � 12 , u, v be non-negative functions de�ned on R+and u�(x) = x 12�j�ju(x) and v�(x) = x� 12+j�jv(x). If (u�; v�) 2 F �p;g, 0 < q < p,p > 1, then Y� 2 [Lpv(R+); Lqu(R+)].Proof. First consider the case �12 < � < 0 then by (16)(Y�f)(x) = 21��x�+ 12�(12 + �)�(12) (

Z
�20 cos2� �[Z 10 sin(xt sin �)� t�+ 12 f(t) dt] d� � Z 10 (1 + y2)�� 12 [Z 10 e�xtyt�+ 12 f(t) dt] dy )� x�+ 12 (F 0�g)(x); where g(t) = t�+ 12 f(t)and (F 0�g)(x) = 21���(�+ 12 )�(12) (

Z
�20 cos2� �[Z 10 sin(xt sin �)� g(t) dt] d� � Z 10 (1 + y2)��12 [Z 10 e�xtyg(t) dt] dy ) :So that the above integchange of order of integrations is justi�ed by Fubini'stheorem since f vanishes outside (0; a) for some a > 0, H�older's inequality shows
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Z 10 jt�+ 12 v�(t)f (t)v�(t)�1j(

Z
�20 j sin(xtsin�) cos2� �j d�+ Z 10 [e�xty=(1 + y2)��+ 12 ] dy ) dt� kfkLpv(R+) (

Z a0 (1=v�)�(t)p0 [Z
�20 j sin(xt sin �) cos2� �j d�+ Z 10 [e�xty=(1 + y2)��+ 12 ] dy]p0 dt)

1p 0 <1 :Since the sum of the two inner integral is dominated byB(� + 12 ; 12) + Z 10 (1� y2)��12 dy = B(� + 12 ; 12) +B(��; 12)=2 <1where B denotes the beta function, it follows thatj(F 0�g)(x)j � 21���(12 + �)�(12 ) Z 10 jg(t)j(

Z
�20 sin(xt sin �)� cos2� � d�j+ Z 10 [e�xty=(1 + y2)��+ 12 ] dy ) dt � CkgkL1(R+) ;which shows that F 0� 2 [L1(R+); L1(R+)]. Also, by Minkowski's integral inequal-ity

(

Z 10 j(F 0�g)(x)j2 dxg 12 � 21���(12 + �)�(12) (

Z
�20 cos2� �� [Z 10 j Z 10 sin(xt sin �)g(t) dtj2 dx] 12 d�+ Z 10 (1 + t2)�� 12 [Z 10 j Z 10 e�xtyg(y) dyj2 dx] 12 dt) :If we let x sin � = z, � 2 (0; �=2) in the �rst inner integral and xt = z in the secondintegral, then the above integrals are dominated byC (

Z
�20 cos2� � sin� 12 � d�[Z 10 j Z 10 sin(tz)g(t) dtj2 dz] 12+ Z 10 (1 + t2)�� 12 t� 12 [Z 10 j Z 10 e�yzg(y) dyj2 dz] 12 dt)� CfB(�+ 12 ; 12) + B(�� + 14 ; 14)=2g kgkL2(R+) ;



42 SALAH A. A. EMARAwhere the last inequality follows from Plancherel's theorem for the Fourier sine-transform and the fact that the Laplace transformmaps L2(R+) to L2(R+). HenceF 0� 2 [L1(R+); L1(R+)]\ [L2(R+); L2(R+)].If 0 < � < 12 we use the integral representation (17) so that(Y�f)(x) = � 21+�x��+ 12�(12 � �)�(12 ) Z 11 (t2 � 1)���12� (
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