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Časopis pro pěstováni matematiky, roč. 106 (1981), Praha 

FINITE SPHERICAL GEOMETRIES 

BOHDAN ZELINKA, Liberec 

(Received June 25, 1979) 

The concept of a finite projective geometry is well-known (see e.g. [1]). A projective 
geometry is an ordered triple (P, L, a), where P and L are two disjoint sets and a 
is a binary relation which is a subset of P x L such that the following conditions are 
satisfied: 

(i) to any two elements a, b of P there exists exactly one element ce L such that 
(a9 c)ea, (b9 c)ea; 

(ii) to any two elements x9 y of L there exists exactly one element z e P such that 
(z, x) e a, (z, y) e a; 

(iii) there exist four elements a9 b9 c of P such that no three of them are in the rela
tion a with the same element of L. 

The elements of the set P are called points, the elements of the set L are called 
lines, the relation a is called the relation of incidence. 

If the sets P, Lare finite, the projective geometry (P, L, a) is called finite. It is well-
known that for a finite projective geometry there exists a positive integer n such that 
each point is incident with exactly n + 1 lines and each line is incident with exactly 
n + 1 points. Such a projective geometry will be denoted by P G(n). The total 
number of points of P G(n) is equal to n2 + n + 1 and the total number of lines is 
also equal to this number. 

It is advantageous to consider P G(n) as a bipartite graph on the sets P and L in 
which a vertex x e P is adjacent to a vertex ye Lit and only if (x, y) e a. 

Choose a vertex / e L and denote the set of all vertices x of P such that (x, /) e a 
by r(l). By A G(n) denote the subgraph of P G(n) induced by the set (P \ F(Z)) u 
u (L\{/}). The graph A G(n) will be called an affine geometry. The construction 
of A G(n) corresponds to the interrelation between the projective geometry and the 
affine one in the plane. The vertex (line) / is an improper line, the vertices (points) 
from r(l) are improper points, the vertices (points and lines) of A G(n) are proper 
points and proper lines. In the affine geometry A G(n) each point is incident with 
exactly n + 1 lines and each line is incident with exactly n vertices. The total number 
of points is equal to n2, the total number of lines is equal to n2 + n. 
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In this paper we shall introduce a new type of finite geometries, namely, finite 
spherical geometries. First we shall mention the characteristic properties of the geo
metry on a sphere. The fundamental concepts of this geometry are points and circles. 
To any three points there exists exactly one circle which contains all of them. Now 
choose a point s on a sphere. (We denote it by a lowercase letter, because we do so 
also for all other points considered in this paper.) Consider a stereographical projec
tion of the sphere with s deleted onto a plane (not containing s) with the centre of 
projection s. Such a projection gives a one-to-one correspondence between the set 
of all circles on the sphere which contain s and the set of all lines in the plane. The 
incidence of points and circles on the sphere corresponds to the incidence of their 
images in the projection. Hence we can say that the set of all points of the sphere 
except s and the set of all circles on the sphere which contain s form an affine geometry 
isomorphic to the affine geometry in the Euclidean plane. 

This leads us to a general definition of a spherical geometry. For the sake of sim
plicity we shall express this definition in the terminology of the graph theory. 

A spherical geometry is a bipartite graph on the sets P, C such that the following 
conditions are satisfied: 

(1) to any three distinct vertices of P there exists exactly one vertex of C which is 
adjacent to all of them; 

(2) for each vertex se P, the subgraph induced by the set (P \ {s}) u F(s), where 
F(s) is the set of vertices which are adjacent to s, is isomorphic to an affine geometry, 
while the elements of P \ {s} correspond to the points and the elements of F(s) cor
respond to the lines of this affine geometry. The vertices of P are called points, the 
vertices of C are called circles of the spherical geometry. 

If a spherical geometry is a finite graph, we call it a finite spherical geometry. 
If p is the number of points of a finite spherical geometry, then the set P \ {s} for each 
seP has p — 1 elements. This number must be equal to the number of points of 
a finite affine geometry A G(n), hence p = n2 + 1 for some n. Then F(s) has n2 + n 
elements and thus the degree of each vertex of P is equal to n2 + n. We shall denote 
a finite spherical geometry by *S G(n), where n is the number introduced above. 

Hence each point is adjacent to n2 + n circles. Each circle is adjacent to n + 1 
points, because in the affine geometry induced by the set (P \ {s}) u F(s) in which 
it is contained it is adjacent to n vertices and moreover it is adjacent to s. We shall 
compute the total number of circles in S G(n). As each point has the degree n2 + n 
and the number of points is n2 + 1, the number of edges of S G(n) is (n2 + l)(n2 + n). 
As each circle has the degree n + 1, the total number of circles is equal to (n2 + 1) . 
. (n2 + n)j(n + 1) = n3 + n. 

It is evident that S G(n) exists only for such n for which A G(n) and also P G(n) 
exists. Now let n be a number for which A G(n) exists. We shall construct the spherical 
geometry S G(n). Take the point set P = {pl9..., pq}> where q = n2 + 1. Construct 
an affine geometry Hi £ A G(n) with the set of points p2,..., pq; its lines will be the 
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circles of the required S G(n) which are adjacent to px. Add pt to H[ and join pt 

with all the lines of H\\ denote the graph thus obtained by Ht. Now construct an 
affine geometry H'^mth the points set {pi9 p39..., pq} such that the subgraph of Ht 

induced by the union of P \ {p2} and the set of all lines adjacent to both pt and p2 

is its subgraph and the other lines of H2 are not contained in Ht. By H2 denote the 
graph obtained from H'2 by adding p2 and joining it with all the lines of H2. Construct 
an affine geometry H'3 with the point set {pl9 pl9 p49..., pq} such that the subgraph 
of Hi u H2 induced by the union of P \ {p3} and the set of all lines adjacent to p3 

and simultaneously either to pt or p2 is its subgraph and the other lines of H'3 are 
not contained in Ht u H2. By H3 denote the graph obtained from H3 by adding p3 

and joining it with all lines of H'3. We continue in the same way; at each step we have 
some bundles of lines of an affine geometry prescribed and we add new lines to com
plete this geometry, which is always possible. In the end we obtain the required finite 
spherical geometry S G(n). 

We have proved the following theorem: 

Theorem. The finite spherical geometry S G(n) exists if and only if the projective 
geometry P G(n) exists. Each circle of S G(n) is adjacent to n + 1 points, each point 
is adjacent to n2 + n circles. The total number of points of S G(n) is n2 + 1, the 
total number of circles is n3 + n. 

A spherical geometry is isomorphic to the so-called conform geometry in the 
plane (see eg. [2]). In the conform geometry one improper point is added to the plane 
and all lines are considered as circles containing this improper point. Hence if we 
delete one point from S G(n) (considered as corresponding to the improper point)., 
we obtain a geometry in the plane whose elements are points, lines and circles, i.e. an 
affine geometry enriched by circles. 

The simplest finite spherical geometry is S G(2). We obtain it by taking five points 
and assigning a circle to each triple of these points in a one-to-one manner. 
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