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A note on the existence of solution for semilinear
heat equations with polynomial growth nonlinearity*
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Abstract. The existence of weak solution for periodic-Dirichlet problem to semilinear heat
equations with superlinear growth non-linear term is treated.
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1. Introduction.

Let ZT, Z and R be the set of all positive integers, integers and real numbers,
respectively, and let = [0,27] x [0, 7] and T = [0, 7]. Let p € [1,00); by LP(Q) we
denote the space of all measurable real valued functions u(¢, z) for which |u(t, )P
is Lebesgue integrable.

The norm is given by

1T o = [//Qm(t,x)v’dtdx]””.

In particular, L2(2) is a Hilbert space having the usual inner product (,) and
the usual norm ||| ;2. Let C*(Q2) be the space of all continuous functions u(t, z)
such that the partial derivatives up to order k& with respect to both variables exist
and are continuous on €2, while C() is used for C°(Q) with the usual norm | -||
and we write C(Q) = N2, C*(Q).

Consider the periodic-Dirichlet problem

(1.1) ut(t, x) — ugy(t, ) + g(x, u(t,x)) = h(t,z) in Q

u(0,2) — u(2m, z) = ug(0,2) —w(2m,2) =0 forall z el

1.2
(12) u| oI =0,

where g : I Xx R — R is a Carathéodory function, that is, g(-,u) is measurable on [
for each v € R and g¢(z,-) is continuous on R with the continuity uniform with
respect to a.e. x € I. This holds, for example, if g is continuous on I x R, but
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it holds in many other cases; e.g. g(x,u) = p(x)F(u), where p € L°°(I) and F
is continuous. Moreover, we assume that for each d > 0 there exists a constant
My > 0 such that |g(x,u)| < My for all (z,u) € I x R with |u| < d and h € L?(Q).
Let H1(Q) be the completion of the space C°° () with respect to the norm given
by

(13) Julld = [ [ [0 + )2+ s, )] e

and H12(Q) be the completion of the space C°° () with respect to the norm given
by

() Nulfa = [ [ a0 + o) + st ) + st 0)2] deda

Note that H1(Q) (H'2(Q)) has distributional derivatives wus,u, € L2(Q)
(ut, Uz, uzz € L?(R)) and these derivatives can be obtained as limit in L2(2) of
the corresponding derivatives of a sequence of C*°(f2) functions which tend to v in
HY(Q) (H'2(Q)). Moreover if derivatives are interpreted in distributional sense,
the norms in H'(Q) and H'2?(Q) are given by (1.3) and (1.4), respectively, and
HY2(Q) C C(Q), and the imbedding of H'?(Q) in C(Q) is continuous. Let H%1(Q)
be the closure in H1(Q) of all functions u(t,z) in C°°(£).

A weak solution to the periodic-Dirichlet problem (1.1), (1.2) on Q will be
u € H'2(Q)N HO1(Q) which satisfies the equation (1.1) a.e. on © and the boundary
condition (1.2).

Several authors deal with the periodic-Dirichlet problem for semilinear heat equa-
tions. For example, Brezis and Nirenberg [1], Fu¢ik [2], Nkashama and Willem [3],
Stastnové and Fucik [5] and the references in [6]. In particular, Sanchez [4] shows
the existence of solutions for some power-like behavior of g by using Leray-Schauder
principle.

In this note, we will investigate the existence of weak solution of the problem
(1.1) (1.2) when g has polynomial growth and satisfies a sign condition. The rate of
growth allowed in g is any polynomial growth; i.e. there exist a(x),b(z) in L°°(Q)
such that

(Hyp) lg(z,u)| < a(z)|ul? +b(z) for =€ l,|ul>dy and p > 0.

The sign condition on g used here is that there exists a function ¢ : R — R such
that lim supy,| o ¥ (u)/u = ag exists with ug(z,u) > —¢(|u) for all (z,u) € I x R.
We do not need any restriction on h except h € L? (©) and our proof is based on

the use of Fourier series and Leray-Schauder’s continuation theorem by finding an
a priori bound for all possible solutions of the associated equations.

2. Preliminaries.

Let Dom L = {u € H*2(Q) N H"Y(Q) | u satisfies (1.2)} and define the linear
operator

L:DomL C C(Q) — L*(Q) by
(2.1) Lu = ut — Ugy -
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Then Ker L = {0} and I'm L = L?(Q). Hence L™! : L?(Q) — Dom L exists. Since
we may expand function u and h satisfying (1.2) on Q in the following form:

u(t,x) = Z Upy exp(ilt) sin(mez)
(Im)ezZxz+

h(t,z) = Z him exp(ilt) sin(mzx)
(Im)ezZxz+

with g, = u_j_,, and hy,, = h_j_,, since u and h are real, the abstract actions
of L and L~ are determined as follows.

(2.2) Lu(t,z) = Z [li + m2]ulm exp(ilt) sin(mz)
(Im)eZx 2+

and

(2.3) L u(t, z) = Z [li + m2] _lhlm exp(ilt) sin(mx).
(I, m)eZx 2+

Since

1
Ry = 52 // h(s,y) exp(—ilt) sin(mz) dt dz,
m Q

we can represent L~ as a convolution product.

(2.4) L h(t2) = / / K(t, 5,2, y)h(s, ) ds dy,
Q
where

k(t, s, xy) = # Z [li + m2] explil(t — s)] sin(maz) sin(my).
(I,m)eZx Z+

Lemma. The operator L' : L2(Q) — C(RQ) is a compact operator and || L™} ||oc <
C||h||12 for some constant C' > 0 independently of h.

PRrOOF: Using (2.4) and the convergence Z(l m)eZxZ+ (12 +m* ™! and Arzela-

Ascoli theorem, we can prove our assertion.
O
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3. Main results.

Theorem. Let h € L?(Q) and suppose that (Hy) is satisfied and
(Hag) for all (z,u) € I x R, ug(zx,u) > —(|u|), where ¢ : R — R is a function
such that
limsup ¥ (u)/u = g, g € R,

|u| =00

exists, then the periodic-Dirichlet problem on € for the equation (1.1) has at least
one weak solution.

PROOF: Now we see that L™! : L?(Q2) — C(f) is continuous and compact operator
as a mapping from L?(Q) into C(2). Define a substitution operator N : C(Q) —
L?(Q) by Nu(t,z) = —g(z,u(t,x)) + h(t,z) for all u € C(Q) and (t,z) € Q. These
definitions have a meaning because H12(Q) N H1(Q) are continuously imbedded in
C(€). Then u is weak solution of the periodic-Dirichlet problem for (1.1) if and
only if uw € Dom L and satisfies

(3.1) Lu = Nu, or equivalently

(3.2) u= L 'Nu.

If u € C(Q) solves the operator equation (3.2), then u € C(Q) is a weak solution
to the periodic-Dirichlet problem. Since L 1is compact, and N is continuous and
maps bounded sets into set bounded sets, the composition L~IN : C(Q) — C(9) is

continuous and compact. By using Leray-Schauder theory if all solutions u to the
family of equations

(3.3) w=AL" Nu, 0<A<1

are bounded in C'(2) independently of A € [0,1], then (3.1) has a solution.
If (u, A) solves (3.3), then (u, A) solves

(3.4) Lu = ANu
and u is a weak solution to the periodic-Dirichlet problem of the equation
ug — Ugg + Ag(x,u) = Ah(t,z) on €.

Thus the proof will be completed if we show that the solutions to (3.4) for 0 < A <1
are bounded in C'(Q?) independently of A € [0,1]. Since, if A = 0, we have only the
trivial solution u = 0, it suffices to show our assertion for 0 < A < 1.

To this end, let (u,\) be any solution to (3.4) with 0 < A < 1. By taking the
inner product with u; on both sides of (3.4), we obtain

(Lu,ug) + Mgz, w),ug) = Mh, ug).

Since w € Dom L, there exists a sequence u, € C*®(Q), up satisfy (1.2), such
that the distributional derivatives u¢, uy, Uz can be obtained as limits in L2(Q) of
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the corresponding derivatives of u, which tend to u in H2?(2). Now integration of
these smooth functions, using the boundary conditions, shows that for each n € Z,
(Lup, unt) = ||unt| 2. Letting n — +o00, we obtain (Lu, us) = ||unt|/f2-

Moreover, since for each n € Z7T, the periodicity of uy(t,z) in ¢ implies
(9(x,un), unt) = 0, we also have (g(x,u),us) = 0. Thus

(3.5) lutll g2 < [RllL2 -

Next we prove that ||u|z2 < M; for some M; > 0 independently of [0,1]. Since
lim sup|,| o0 P(u)/u = ag, for « > 0 with a > «g, there exists rg > 0 such that
¥(u)/u < o with |u] > rg. So ¢¥(u) < au for all |u| < rg. Thus

// ug(z,u) dt de > —21/2a7r||u||L2 .
|u|>ro

Since g is a Carathéodory function on I x R, there exists a constant M, > 0 such
that |g(z,u)| < My, for v with |u| < rg for € I. Hence

’// ug(z,u)dt d:v’ < 27210 My, .
lul<ro

Thus

<9($7U)=U>=//|u>r0 ug(:zc,u)dtd:zc—i—//|uSTO ug(x,u) dt dx

> —21/2047THUHL2 — 27%rg My, .

By taking the inner product with « on both sides of (3.4), we have, by the similar
argument

Since
<ut,u> - O a:Ild <u;p;p, LL> - Hurnx” 2 .
L

Thus

(3.6) luzlF2 < —(g(,u),u) + (hyu)
< [27Y2am + |0 2] llull 2 + 27270 My -

But since [|u|| ;2 < ¢1luz||f2 for all u € Dom L and for some ¢; > 0,

lulfz < CF[272am + |[bl| 2] ull 2 + 27*ro My -

Therefore, there exists a constant M independently of A € (0,1] such that

(3.7) ||u||L2 < M.
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Hence, by (3.6), there exists a constant My independently of A € (0, 1] such that
(3.8) llullz2 < Ms.

Hence, we have u € H'(Q) and |lu||;;1 < Ly for some constant independently of
A € (0,1]. Since L2(Q) C L9(Q) where 1 < ¢ < 2 and since H(2) is embedded in
L1(Q) where 2 < ¢ < oo (see e.g. [2], [6]), ||u|lre < L2(q) where La(g) may depend
on L1 and ¢ > 1 but is independent of A € (0, 1].

Next, we will estimate the L?-bound for g(-,u). For |u| < dg + 1, z € I, we have

lg(z,u)] < sup |g(x,u)| < Ms

zel
|u|<do+1

for some M3 > 0 since g is a Carathéodory function. For |u| > dy+ 1, z € I, we
have, by (H1),

lg(z,u)| = (1/[ul) lug(z, w)| < (1/do)[a(z)[ulPT + b(a)[u]].
Therefore, we have

lg(z,u)| < sup  [g(z,u)[+ sup (1/|u])|ug(z,u)]
zel zel
|u|<dp+1 |u|>do+1

< (1/do)[a(@)ulP T + b(z)|u|| + Ms.
Hence
2p+2 +2
lg(,u)l32 < Myllul| 57 + Mslull 2,
1
+ Mellull? 3y + Mr|ul3 2 + Msllull 2 + Mo

for some appropriate constants My, My.

Since ||u|lpe < La(q) for ¢ > 1, |lg(-,w)||r2 < Lo for some Lg independently of
A €[0,1].

So if (u, A) is any solution to (3.3), then, by Lemma,

lullso < IL7 Nulloo < Cllg( )l 2 + 1Rl 2 < C(Lo + [IR] £2)

and this completes our proof. O

Corollary. For any h € L?() and F € L°(I) the boundary value problem

ut — Ugy + F(z)sgn (u)|ulP = h(t,z), p>0
u(0,z) — u(2m, z) = u(0,2) — ug(2m,2) =0 forall xe€l
ul 0l =0

has at least one weak solution.
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