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HEREDITARY PROPERTIES OF ALGEBRAS 
WITH RESPECT TO INDUCTIVE LIMITS 

J O S E F MOLNAR 
(Received April 30, 1980) 

Dedicated to Prof. Miroslav Laitoch on his 60th birthday 

In this paper, there is shown, that any property of any member of the inductive 
set of universal algebras characterized by fulfilling some identity is hereditary 
with respect to inductive limit of this set, i.e. that the mentioned identity is also 
for the inductive limit true. The inductive system of algebras and the inductive 
limits of this system will be introduced in a natural way. 

Theorem I. Let E = lim (Ea,fpa) be the inductive limit of an inductive system 

(Ea,fPa) of algebras of the type A and let 

h = h (*) 

be any identity of the type A. If V a e I the identity (*) holds in Ea, then it holds 
also in algebra E. 

Proof: Let X = {xj, ..., x„} be a set of all variables which occur in one of the 
terms tt, t2 at least. Let us put tx = tl(yl, ..., yr), t2 = t2(zx, ..., zs), where yt, z} 

(i = 1, 2, ..., r; j = 1, 2, ..., s; r9 s :g n) are variables from X. 
Let us choose any interpretation H in E, e.g. let H(y{) = a±; ...; H(yr) = ar 

and H(zJ = Bt; ...;H(zs) = BS9 where (ai9 ...,ar}eEr, <b1? ...,b s>eE ' s and £ 
is the support of algebra E. 

Let us denote 

t[ = H(tx) = tx(el9 ...,a r), 

t^H(t2) = t2(B1,...,Bs). 

Let V i = 1, 2, ..., r; Vj = 1, 2, ..., s be a\ and b) respectively, any elements 
of at and Bj9 and let a\ e £a., b) e £Pj9 oci9 P} e I, i.e. fa.(a\) = ai9 fh(b

rj) = B}. 
Then (from the properties of an inductive system of sets) 3 yr e I: yr ^ af and 



/W-/) e K> l = -• 2- • ' r> 3 5 S € / : 5, ^ /?,- and / , , , / f i ;) e £ , , , 7 = 1, 2, . . . ,5 
and 3 y e 7 . y ^ yr, y = ds and 

/«.(#;) = a. e Ey, i = 1, 2, . . . , r, 

fyHj(b'j) ~ bj e Ey, j = 1, 2, . . . , s. 

Then 

/("*) = fyifycid'i)) = /«.(«.) = «. ' 

f?<bi)=fy(fyfj(b'j))=fllj(b
,j) = Bj 

V i = 1, 2, ..., r and Vy = 1, 2, ..., 5 and 

tl' = tl(/y(«l), - , / ( « r ) ) , 

t2' = t2(flA), ...,fy(bs)). 

Sincef, is homomorphism, 

t\ =fy(ti(ai> . ^ r ) ) , 

^ = / 7 ( ^ l , . . . , b s ) ) . 

Since in Fy 

t ^ a j , . . . , a r ) = t 2 (b 1 ? . . . , b s ) 

and fy is a mapping, then necessarily 

fyOifai, . . . ,a r)) = fy( l2(b l 5 . . . ,b s)), 

i.e. H(lO = H(l2) and since the interpretation H has been chosen arbitrabily in F, 
the identity (*) holds in E. 

Corollary: If V a e I are Fa algebras of the variety N, then E = iim (Ea,fpa) is 
an algebra of the same variety N. ~~^ 

Note: Hereditary properties may be even those which are expressed by the validity 
of some formulas, e.g. the inductive limit of an inductive system of domains of 
integrity the domain of integrity ([6]). 

Theorem II. Let (Ea,fpa) be an inductive system of algebras of the type A. For 
every a e I letfa be a homomorphism of algebra Ea in to algebra E' of the type A 
such thatf; =fpofPa for a g j8. 

Then 3! a homomorphism f algebra E = lim (Ea,fPa) -» E' that V a e I :fa = 

=/°f-
P r o o f : The existence and unicity of such a mapping f follows from the 

properties of an inductive system of sets. Let us prove thatf ' is homomorphism. 



Let us choose any operation F of the type A, any (Kal, . . ., an} e £ and let at = 
= /«<(«/) w h e r e a'i£Eai, ctiEl, i = 1, 2, ...,ra. Then 3 y e I, 7 = cct : fyoLi(a[) =- ate 
eEy, i = 1,2, ...,w, i.e. FEy(al9 ,.., an) e E7, fy(at) = ai9 i = 1, 2, ..., « and 

fy(FEv(ai> ••-, «„) = FE(fyifll)> •••> /y(«n)) = -^0*1 > •> «n)- It follows then 
/ W * i , ..-, 5B» = f(fy(FEy(ax, ..., flj)) = /;(F £ y (a 1 ? ..., a,)) = F^(/;(ax), 
- . , / > „ ) ) = FE,(f'(fy(ax% . . . / ' (//«„))) = F^/Xai), . . . ,/ '(*„)). 
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Souhrn 

D Ě D I Č N É VLASTNOSTI ALGEBER 
V Z H L E D E M K I N D U K T I V N Í M LIMITÁM 

J O S E F M O L N Á R 

V článku jsou studovány některé dědičné vlastnosti algeber téhož typu vzhledem 
k induktivním limitám, přičemž dědičnými jsou nazývány ty vlastnosti algeber, 
které se při přechodu k induktivní limitě zachovají. Induktivní systém algeber 
a induktivní limita tohoto systému jsou zavedeny přirozeným způsobem. Nej
důležitějším výsledkem je následující tvrzení: 

Nechť E = lim (Ea,fpa) je induktivní limita induktivního systému (Ea,fpa) 

algeber typu A a nechť 
ti = h (*) 

je libovolná identita typu A. Jestliže V a e I platí v Ea identita (*), pak platí 
i v algebře E. 



Резюме 

Н А С Л Е Д С Т В Е Н Н Ы Е СВОЙСТВА А Л Г Е Б Р 
В ОТНОШЕНИИ К И Н Д У К Т И В Н Ы М П Р Е Д Е Л А М 

ИОСИФ МОЛНАР 

В статье рассматриваются некоторые свойства индуктивных пределов 
индуктивных систем алгебр. Самый полезный результат выражается следу
ющей теоремой: 

Пусть Е = Ит(Еа,/ра) — индуктивный предел индуктивной системы 

(Еа,/ра) алгебр типа А и пусть 

Н = *2 (*) 

— любое тождество типа Л. Если У а е / формула (*) справедлива на Еа, то 
она справедлива на алгебре Е. 
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