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Abstract

B. Y. Chen (2] and L. Huafei [5] have studied pseudo-umbilical sub-
manifolds. In this paper, we have generalized the compact pseudo-um-
bilical space-like submanifolds with parallel mean curvature in a pseudo-
Riemannian space.
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1 Introduction

In a pseudo-Riemannian space form, space-like submanifolds with parallel mean
curvature have been studied by many mathematians. Q. M. Cheng and Choi (3]
proved the A complete space-like submanifold with parallel mean curvature
vector of an indefinite space form M}*? (c). If the one following conditions is

satisfied:

1. ¢ <0,
2. ¢>0and n?H?2 > 4(n—1)c, then S < S + K(p) where K(p)
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is a constant. Later, R. Aiyama [1] proved a space-like submanifold in a Semi-
Riemannian space form N with parallel non-null mean curvature vector H if
M is neither minimal (i.e. maximal) nor pseudo-umbilical, then the normal
connection of M in N is flat. L. Haizhong [4] discover a new theorem in the
complete space-like submanifolds in de Sitter-Space with parallel mean curva-
ture. B. Y. Chen [2] proved: -

1. Let M be an n-dimensional compact pseudo-umbilical submanifold in
N™*?(¢). Then

/ [nHAH+n((’+H2)S— (2—1—1)) 52—n2H2cj| dv<0
M

where S, H and dv denote the square of the length of h, the mean curvature
of M and volume element of M, respectively.

2. Let M be an n-dimensional compact pseudo-umbilical submanifold in
N™P(c). If

]. * >
nHAH +n(c+ H?) S - (2—;)) S?2 —n*H?<0
then the second fundamental form is parallel and S constant.

Thus, we obtain the following generalizations of (1) and (2).

Theorem 1 Let M be an n-dimensional compact pseudo-umbilical space-like
submanifold in N. Then

/[n(c—5H2)5+n2H2c+%S2+n2H4}dv§0, forp>1
M
and
2 22, oo 3 9r4
n(c—2H)S+an+§S—§nH dv <0, forp>2.
M

Theorem 2 Let M be an n-dimensional compact pseudo-umbilical space-like
submanifold in N. Then

nHAH +n(c—5H?) S+ n’H?c+ %52 +n?H* >0, forp>1
or
2 27172 1 2 3 2174
nHAH+n(c——2H)S+an+§S —-—2—nH >0, forp>2

then the second fundamental form is parallel and S is constant.
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2 Local formulas

Let N be an (n + p)-dimensional pseudo-Riemannian manifold of constant cur-
vature ¢, whose index is p. Let M be an n-dimensional Riemannian manifold is
isometrically immersed in N. As the pseudo-Riemannian metric of N induces
the Riemannian metric of M, the immersioan is called space-like. We choose a
local field of pseudo-Riemannian orthonormal frames ey, es, ..., €54, in N such
that, at each point of M ej,e,,..., e, spans the tangent space of M and forms
an orthonormal frame there. We make use of the following convention on the
ranges of indices:

ISAaBanDS'"'FP; ISZ,J,k’l,mSn, n+15aaﬂ77§n+p

We shall agree that repeated indices are summed over the respective ranges.
Let wi,ws, ...,wn4+p be its dual frame field so that the pseudo-Riemannian met-
ric of N is given by

2 2 2 2
ay =30t - Yt = Y e
i a A

where ¢; = 1 for1 <1 <nande, = —-1forn+1< a < n+p Then the
structure equations of N are given by

dwy = E €BwaB A\wg, waB +wpa =0,
B

1 .
dwap = Z €cwac NweB — 3 Z ecepKapcpwe Nwp, (2.1)
I cD

Kapcp = ¢(8acdpp — dapdsc) -
The restrict these forms to M. Then
wq =0, for n+1<a<n+p (2.2)

and the Riemannian metric of M is written as
2 Z 2
dSM = Wi .

i

We may put
wia = Y _hGw;, kY =h (2.3)
J

Then h; are the components of the second fundamental form of M. From (2.1),
we obtain the structure equations of M

dw; = Zwij ANwj,

J
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1
dw;j = Zwik ANwij — 3 Z Rijriwi A wy, (2.4)
k ki
and the Gauss formula

Rijir = ¢ (8udjn — 6adsk) — Y (h§hg — hGhS:) ,

a

Ropij = Z ( :ihfj - ?jhfi) : (2:5)
k

We also have the structure equations of the normal bundle of M:

dw, = —Zwag/\wg
3

1
dwaﬂ = — Zwm, A Wyp — 5 E Ragijw,- A wj . (26)
Y 1j
Let h{;, denote the covariant derivative of A{; so that
S hSwk =dh + Y hGwi; + Y hfwki — . b iwsa - (2.7)
k k k B
Then we have hly, = h;. Next take the exterior derivative of (2.7) and define

the second covariant derivative of h{; by
S hSwn = dhg+ D h&wn+ > hSw+ Y b — Y hjiwsa - (2.8)
1 1 1 !

Then we have obtain the Ricci formula

ek — B = 3 heuRmjit + > ho i Rmikt + 3 s Ragia - (2.9)
m m B

We call
h= Z hf‘jwiwjea

ija

the second fundamental form of the immersed manifold M.
1
¢ = - Z trH. e,

and

H= %Z (b1 Ho)?
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denote the mean curvature vector and the mean curvature of M, respectively.
Here tr is trace of the matrix H, = (h{j). The square of the length of the
second fundamental form of M in N is given by

5= (h5)".

ijao
Now, let e,,4p be parallel to (. Then we get
tr Hypqp = nH, tr Hy, =0, a#En+p. (2.10)

The Laplacian Ahg; of second fundamental form h{; is defined by
ARG =" h.
k

Using the same method as in [6], we have

ARG = hiy; + Z e Ronkjt + ) B Rmiji + > b Ragpj -
k

mk aBk

By a simple calculation we have

%AS: 3 (hg)* + 3 (hS) ARG

ijka ija
or
1 9
gAs = Y (h5e)™ + > h§hiks + D ki R
ijka ijka ijkma
+ Z h” mkRmuk‘+‘ Z h,] ik aﬂjk
ijkma ijkap

> ,‘,"j,c)2 +nHAH +n(c—H?) S+n*H%

ijhka
+ > (tr HoHg)* + > tr (HaHg — HgHa)? . (2.11)
af af

Definition 1 A space-like submanifold M is said pseudc-umbilic, if it is umbilic
with respect to direction of mean curvature vector h, that is

h?fp = H{;j (2.12)

In order to prove our Theorems, we need following lemmas.
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3 Proofs of Theorems

Lemma 1 [5] Let H; (¢ > 2) be symetric (n x n)-matrices, s; = tr H? and
=3 ,i. Then

> tr(HH; - HiH;)* = (trH;H;)* > —-352 (3.1)
ij ij
and the equality holds if and only if all H; = 0 or there exist two of H; different
from zero. Morever, if H # 0, Hy # 0, H; =0, (i # 1,2) then s; # s2 and
there ezists on ortogonal (n x n)-matrix T such that

1 0 ... 0 0 1 0

, 0o -1 ... 0 , 1 0 0
THT=\2. . U |, rHT=2 :

21 S 21

o 0 ... 0 00 ... 0

Lemma 2 [5] When p > 2,
2 2 3 27174

S tr(HoHs — HgHa)® =Y (tr HoHp)® >--s +3nH®S — on*H'. (3.2)
af af

Lemma 3 Whenp > 1,
> tr(HoHs — HsHa)® + Y (tr HoHp)® > —-52 4nH?S +n*H*. (3.3)
af af

Proof From (3.1), we have
> tr(HoHp — HgHo)® + Y (tr HoHp)® > ——52+2Z(trH Hz)?. (3.4)
af af af

On the other hand, by a simple calculation we have

2> (tr HoHp)? > 25” — 4nH*S + n*H*. (3.5)
apB
Using (3.5) in (3.4), we obtain (3.3). O

Lemma 4 When p > 2,
2 2 3 2704
> tr(HoHs — HgHa)® + Y (tr HoHpg)® >+ Loz np2g SnPHY. (3.6)
af af
Proof From Lemma 2 and (3.5), it can seen easily (3.6). m]

Using (2.12) we can get

Z z]k > Z h:;tp . (37)

ijko
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It is obvious that
—nAH2 —nHAH + Y (h27)”. (3.8)
ik

Therefore, using Lemma 3, (3.7) and (3.8) when p > 1 by (2.11) we have

%AS > Z (h;’;—k)2 +nHAH +n(c—H?)S+n*H’c+ %52
ijk
—4nH?S + n?H*
1
> (RHP)? 4 nHAH +n (c - 5H?) S + 552 +n?H?%c + n?H*
ik

v

= %nAHZ+n(c—5H2)S+n2Hzc+%S2+n2H4. (3.9)
Since M is compact, form (3.9) we have
/M [n (c—5H?)S+n*H?c+ %52 +n?H*| dv <0.
On the other hand, from the first inequality of (3.9), we have that if
nHAH+n(c—5H2)S+n2Hzc+%S2+n2H420 (3.10)

and M is compact, then the second fundamental from h{; is parallel and S is
constant.

On the other hand, when p > 2 using Lemma 4, (3.7) and (3.8) from (2.11)
we get

. . 1 .
—AS > Z JL +nHAH+n(c——H2)S+n2H2c+ 552

ijka
2 72 3 9,4
—-n*H*S — —n*H
2
. 1 .
> %nAHZ +n(c—2H?)S+n’H>S + 552 - gnzH“. (3.11)
Thus, when M is compact by (3.11) we obtain
2 Leo ogo . 3 2p
n(c—2H?)S+ 5% +n*H?*c— -n’H*| dv < 0.
M 2 2
From the first inequality of (3.11), we see that if
nHAH +n (c—2H2)S+n2Hzc+%52— %nzH4 >0 (3.12)

then the second fundamental form h{; is parallel and S is constant.
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