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Some remarks on the discrepancy
of the sequence (a\/n)

Christoph Baza

Abstract: Let o > 0 and a® € Q. We describe a way of calculating lim, _,  N~!/2Df (a)
where D/+v (@) is a quantity related to the discrepancy of the uniformly distributed sequence
(a\/;i)nZI .

Key Words: Uniformly distributed sequence, discrepancy

Mathematics Subject Classification: 11K31, 11K38

For any a > 0 the sequence (ay/n)n>1 is uniformly distributed modulo 1. The
discrepancies

Di(a) = up }cho:) ({av/n}) - ‘

and

Dn(e) = sup |Zc[zy ({ava}) - :c)|

0<z<y<1!s
are used to study this fact from a quantitative point of view. (Here c4 denotes the
characteristic function of the set A and {z} = = — [z] is the fractional part of the
real number z.) They are related to the auxiliary quantities

N
D}(a) = 021:2 (; co,z) ({av/n}) - Nx)
and N
Di(@) = sup, (= —;qo,z)({a\/ﬁ}))
via Dy (@) = max{D};,(a), Dy(a)} and Dy(a) = D} (a) + Dy(e). If o® ¢ Q

J. Schoilengeier [4] proved
T 4oDh(e) = i oDy(e) = Jm JrDi(a) = lim JeDw(a) =

N—-oo
. - 1
11m 7==D (o) = hjmoo ﬁDN(a) =0 and /\}TMTDN(G) = 2o
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The much more difficult case a® € Q was tackled recently by C. Baxa and J. Schoi-
Bengeier (2] who described a way of calculating

-y -1/2 n+ T -1/2 - P Tirr ~1/2 =
A}L{nm N D3 (a) and IJgnoo N Dy(a) and thus Nh_r)n00 N D3 (a).
An analogous result for L
lim N~Y?Dy(a)
N -0

was proved by C. Baxa in a follow-up paper [1].
It is the purpose of this note to describe an analogous result for

lim N~Y2D}(e)

N—o00

and to discuss the limitations of the method used.
We need a few notations which will be in force throughout the paper: Let a? =
q/p where p, q are positive integers and gcd(p,q) = 1, ¢ = g?¢2 and g2 squarefree,

f@z,B8) =B801-8)—-|z-8+(x-B)? for 0<z,8<1,
By (z) = {z} - 1/2, By(z) = {z}? - {z} + 1/6,
M = {(a,u,v) €2Z3|0<a<2p, 0<u<w, ged(y,v)=1}
v

1 u
z(a,u,v) = 55(0 + =)

and

S*(a,u,v) =% sup %2(32(%’2(16-0-1‘(0,,11,1)))2)—Bz(gf(k-{-x(a,u,v))z-}—n))
0<|x|<1 k=1

for (a,u,v) € M.

Lemmal. As N - o

q—1
ZeDk(a) = o=+ ﬁlgBl(skz)
+ sup (\/gf(z(a,u,v),{a\/ﬁ}) + u\}ﬁsﬂa, u,v)) +O(N~Y410g? N).

(a,u,v)eM

Proof. This is part of Lemma 5 of [2). o
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Lemma 2.

lim 7=D+( )"\/xthE

N-—voo
q-1 2

+\/%ZBI(’% f sup (zau,v)(z(a,u,v)—l)+vaS+(a’u),U))'
k=0 (a,u,v)EM

Proof. Set N, = pqu? for p > 1. Then {ay/N,} =0 and by Lemma 1

lim —=DR(a) < Jim 7gv_FD;t,“(a)

N—roo
a-1
. Z k2
= uli’n;o(ﬁ‘*'\/l_p_& k=0 BI(PT) * \/g(a,fjg)em(f(m(a’ w ), 0)+;’1—”S+(a’ u,v)))

q-—1
_ 1 1 pk?
- Vra2 + \/p_qZB‘( q )
k=0
+ \/E sup (z(a,u,v) (z(a,u,v) = 1) + %Sﬂa,u,v)).
(a,u,v)éEM P

It is easy to check that f(z,3) > f(z,0) for 0 < z,8 < 1 and the converse inequality
follows from Lemma 1. 0

Theorem.

lim 7-D+( a)

Nooo

q—1
+-= Y By ﬂ—z- [ su z(a,u,v)(z(a,u,v)-1)+ L S*(a,u,v
mg (B (m;;w( )(2(a,u,0)-1)+ £ 5% (a,u,v))
where B = { (a,u,v) € Z*|0<a<2p, 0<u<v<16pg®, ged(u,v)=1}.
Proof. Suppose that

z(a,u,v)(z(a,u,v) = 1) + f;S*’(a,u,v)

where we made use of a way of calculating S*(0,1,2q) described in [2] Using
the trivial estimate S*(0,1,29) < q/2 yields 3(1 — 2t¥)? — L 4 0 > T
and therefore (1 — 2z(a,u,v)) + —1 > 1+ g3 As|l - 22:(a,u,v)| <1 we get

p2g
v < 8p%q? - 2q/p = 16pq®. Finally note that (0,1,2q) € B. O

Remark. The sum °¢Z¢ B1(pk®/q) was studied by M. Lerch (3] in the case 2 { ¢.
If q is an odd prime his result is reduced to

ZB(‘ﬁ) {—%—(g)"’"w"" if ¢ =3 (mod 4)
pard 3 if g =1 (mod 4).

2

Here h(—g) denotes the class number and w the order of the unit group of the
imaginary quadratic field Q(v/—9).
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Corollary.
——\}—5 ifg=1
im o D3(/B =] TR e ety
Neroo e ifg=3 andp=1 (mod 3)
(%4—#)-\713-; ifg=3 and p =2 (mod 3).

Proof. Only the case ¢ = 1 will be proved. The other assumptions can be proved
along the same lines. If

z(a,u,v)(z(a,u,v)~1) + 355" (a,u,v) > z(0,0,1)(z(0,0,1)— 1)+ $5%(0,0,1) = 3
then 5 < }(1 - 2¥t¥)? — 2 4 ;Lo < oo and thus v < 1, which is impossible. O
Remarks.

1. The papers (2] and [1] contain tables of values of limy— o0 N~Y/2D% (1/4/p),
my 0o N™Y/2D5(1/q/p) and imy— o N™1/2Dp(1/a/p) which exhibit
very little regularity.

In comparison the Corollar suggests that the values of

lim N~V2D}(Va/p)

N—oo
should obey a fairly simple law. However, the method used so far seems to
be unsuitable to prove a respective theorem. This is due to the heavily in-
creasing amount of computation necessary for larger values of g, one reason
for which is that the estimate S*(a,u,v) < q/2 is rather weak for larger q.

2. Lemma 5 of [2] also contains a description of N“l/zD;,(\/q/p) analogous to

that of Lemma 1. Therefore, the reader might be surprised by the absence
of a formula for limy_, . N~Y/2Dy(1/q/p), but there is no easy way of
replacing Lemma 2 as there is no 8y € [0, 1) such that f(z,8) < f(z,Bo)
for all z € [0,1).
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