
Acta Mathematica et Informatica Universitatis Ostraviensis

Michal Bulant
On the parity of the class number of the field Q(

√
p,
√
q,
√
r)

Acta Mathematica et Informatica Universitatis Ostraviensis, Vol. 6 (1998), No. 1, 41--52

Persistent URL: http://dml.cz/dmlcz/120539

Terms of use:
© University of Ostrava, 1998

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz

http://dml.cz/dmlcz/120539
http://project.dml.cz


Acta Mathematica et Informatica Universitatis Ostraviensis 6 (1998) 41-52 41 

On the Parity of the Class Number 
of the Field Q(<s/p<> V ^ V^) 

Michal Bulant 

Abstract: As the computation of the class number of an algebraic number field is usually 
a very time-consuming process, we are interested in any information about class numbers, 
which can be easily determined. Especially, sometimes it is useful to know the parity of 
the class number. This paper describes the solution of this problem in the case of the field 
Q (VPf v7?* y/r), where ,qand are different primes either congruent to 1 modulo 4 or equal 
to 2. 
Key Words: class number, cyclotomic unit, crossed homomorphism 

Mathematics Subject Classification: 11R29 (primary), 11R20 

1. Introduction 
In the paper [2] R. Kucera determines the parity of the class number of any bi­
quadratic field Q ( \ / P ) \ / q ) a r-d Q ( V P > \ / 2 ) , where p and q are different primes, 
p = q = 1 (mod 4). In the paper [1] we applied his method and computed the par­
ity of the class number of the field Q (\/p, \fq, y/r), where p, q and r are different 
primes, all congruent to 1 modulo 4. 

Here we present that result together with the case i = 2. 

Theorem. Letp,q and r be different primes either congruent to 1 modulo 4 or 
equal to 2. Let us denote by (a/b) the Kronecker symbol. Further, denote for any 
prime I = 1 (mod 4) by xi one of the Dirichlet characters modulo I of order 4 o,nd 
by X2 one of the Dirichlet characters modulo 16 of order 4- Let h denote the class 
number of Q (x/p, \/q, \fr). 
1- / / (P/Q) = (p/r) = (q/r) = —1, then h is even if and only if Xp(Qr) ' Xq(w) ' 

Xr(pq) = - 1 . 
2. If (p/q) = 1, (p/r) = (q/r) = — 1, then the parity of h is the same as the parity 

of the class number of the biquadratic field Q ( \ / p , \/q). 
3. If (p/q) = (q/r) = 1, (p/r) = — 1, then h is even. 
4- If (p/q) = (p/r) = (q/r) = 1, then h is even. (Moreover, if we denote by vpq, 

vpr, vqr, vpqr the highest exponents of 2 dividing the class number o/Q(%/p> \/q), 

The author was financially supported by the Grant Agency of the Czech Republic, grant "Algebraic 
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Q (\/.P, yfr) > Q {\/g> v^") > Q {y/Pi >/?. \ft) > respectively, then vpqr ^ 1 + vpq + vpr + 
Vqr) 

The proof of the theorem in the case p, q,r = 1 (mod 4) can be found in [1]. In 
this paper we prove the theorem in the case when exactly one of primes p, q, r is 
equal to 2. 

2. Cyclotornic units 
We now fix for the rest of this paper two different primes p, q, both congruent to 
1 modulo 4. We denote by E the group of units in the field Q(\/2> %/P> \/Q)- Let 
us denote £n = e27r t/n for any positive integer n, and fn = £n

 + for any positive 
odd integer n. By Frob(/,K) we mean the Frobenius automorphism of prime / on 
a field K. For any prime / congruent to 1 modulo 4 let 6/,cj be such integers that 
/ — 1 = 2 6 / Q , where 2 \ ci, and 6 / ^ 2 . For this prime / fix a Dirichlet character 
modulo I of order 26 ' , and denote it by tpi. Let Rt = {pj | 0 <: j < 26 '"*2}, and 
R\ = <2*i #/> where pt = c4irici/(/-i) t = £2bj_.) i s a primitive 26<-1th root of unity. 
Then #i?/ = #JRJ = (/ — 1 ) / ( 4 Q ) (where # 5 denotes the number of elements of 
the set 5 ) . Further, for each /, where / = 1 (mod 4) or / = 2, we fix one of the 
characters xi as defined in the theorem. Note that for any integer a satisfying 
{a 11) = 1 the value x/( a ) does not depend on the choice of the character xi-

Let J = {2} U {a € Z | a is a prime congruent to 1 modulo 4}. We let n{2} = 8 
and n/j} = / for any other element of J. For any finite subset 5 of J we let (by 
convention, an empty product is 1) 

ns = l[n{lh Cs = e 2 - / " s , Q S = Q ( C s ) , KS = Q({y/~l\l € s}) . 
l€S 

For any I 6 5 we denote by 07 the nontrivial automorphism in the group 
Gal (Ks/Ks\{i})- Let us further define 

( 1 if 5 = 0, 

£ns = ) - ^ N Q S / K S ( 1 - C S ) i f S = {/}, 

I N Q 5 / K s ( l - C s ) if # S > 1, 

where TTS = Yiies '• ^ *s e a s y t o s e e t n a t £*s a r e units in Ifs (in particular, e2 = 
- 1 -I- y/T). Let C be the group generated by - 1 and by all conjugates of ens, where 
S C {2,p,q}. It can be shown (see [3]) that units {-\)e2,ep,eq,e2q,e2q>epq,e2Pq} 
form a basis of C, and that [E : C) = 24 • /i, where /i is the class number of 
Q(v / 2,v / P,v / q ) . 

We shall study the structure of C in order to find the subgroup of E of the 
sufficiently low index in E. Then we will be able to discuss the parity of h. We know 
from the results in [2] that for units €2p,£2q, and epq there exist units f52p,&2q, and 
ppq in Q ( v

/ 2 , \/p, \/q) respectively, such that e2p = Plp,e*q = &\q, and epq = 0* 

ß*v= n ( Q p - C i V and /3P, = n ( & - i w ° ) 
0<a<16p 0<a<pg 

a = l (mod 16) ^P(a)6RP 

(a/p) = l (o/o) = l 



On the Parity of the Class Number of the Field Q(y/p, y/q, s/r) 43 

and the definition of f32q is analogical to the definition of 02p. Here we show that for 
£2pg there also exists a unit /32pq in E, such that £2pg = 02pq- When we show this, we 
will have the subgroup of E generated by the units { - 1 , e2, ep, eq, (32p, P2q, 0pq, P2pq} 
of the index h. 

We have directly from the definition 

^2pg ~ 11(1 — Cspg) = Cl6pg ' Hv(l6pg ~ Cl6pg)> 
a a 

where s = J2Q
 a w - t n a m t n e products and the sum running through the set of 

all positive integers a < Spq satisfying a = ±1 (mod 8) and (a/p) = (a/q) = 1. It 
is easy to see that Spq \ Yl,aa- Further if a = ±9 (mod 16), then a + Spq = ± 1 
(mod 16), therefore 

£2pg = =-- 1 1 (Cl6pg ~~ Cl6pg) = ^ \ \ (Cl6pg "" Cl6pg) • 
0<a<16pg 0<a<16pg 

a~rkl (mod 16) a=l (mod 16) 
(a/p)=(a/g) = l (a/p)=(a/g) = l 

Now, if we define /32pq by the formula 

P2pg = 1 1 (Cl6pg ~ Cl6pg)> 
0<a<16pg 

a=l (mod 16) 
(a/p)=(a/g) = l 

we get £2pg = ±02Pq- We will prove that (32pq € Q (x/2, x/p, x/q). Let us take any 
r GGal (Q(Ci6pg) /Q( \ /2 ,v / P, \ /q ) ) . Then thereis t £ Zsatisfying t = ± 1 (mod 8) 
and (t/p) = (t/q) = 1 such that Q6pq = Ciepg- W e w i n s h o w t h a t &2Vq = / W 
This fact is easy to see in the case t = 1 (mod 16). If t = 9 (mod 16), then 
tf = t + 8pq = 1 (mod 16), Cf6pg = -Ci6P*> and 

KP* = IÎ CiTpg " C?2M) = (- l) ( p-1 ) (^1 ) / 4 ntCfeS ~ Ci^g) = &«• 
a a 

In the remaining case t = - 1 (mod 8) let £' = - t . Then £' = 1 (mod 8) and 
the same equation as above yields again 02pq = f32pq, therefore indeed (32pq 6 
Q (y/2, yfp, y/q). Finally, as £2Pg is a positive real number (it is a norm from an 
imaginary abelian field to a real one), we have £2pg = +/32pq> 

Now we can conclude that the class number h of the field Q (\/2, \/p, y/q) is even 
if and only if there are x2,xp,xq,x2p,x2q,xpq,x2pq £ {0,1}, such that 

is a square in E. The set of all such possible t] can be restricted using the next 
statement, which is taken from [3]: 
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Proposition 1. Let S C J finite and I € S arbitrary. Then 

- 1 ifS = {l}, 

(l/k)-el-Fr°h{ltK{k}) if S = {l,k},l?k, 

£l-Kob{l,K,w) if # 5 > 2 

From this proposition it follows that 

(±e2)
l+** = (±ep)

l+*> = ( ± ^ ) 1 + a « = - 1 , 

hence none of ±e2, ±ep, ±eq could be a square in E. Since 

(±e2ep)
l+ff* = - 4 , (±e2eq)

1^ = - e j , (±eP£9)1 + c r p = - e ? , 

none of ±£2£P, -t£2£<?, ±epeq could be a square, and finally nor ±S2epeq could be a 
square in E, because 

(±e2epeq)l+a> = -e\e\ 

3. Crossed homomorphisms and units 
Let us preserve the terminology of the previous section and put G = Gal( .Ks/Q). 
By a crossed homomorphism we mean a function / : G -4 Ks such that for all 
o,r eG, 

f(*T) = f(o)f(T)a. 

The following proposition, which is taken from [3], represents the essential con­
dition which will be used to test whether given unit is a square in Ks-

Proposition 2. Let e E Es be such that there is a crossed homomorphism 
f : G -» Ks satisfying el~a = f(o)2 for any o G G. Then e or —e is a square in 
Ks-

On the other hand, it is easy to see that if e = ±r\2 for suitable 77 G Ks, then 
there is a crossed homomorphism / : G —> Ks satisfying el~a = f(o)2 (we can put 

f(°) = v1-")-
The proof of this proposition (which can be found in [3]) leads to Hilbert the­

orem 90. In the paper [1] we formulated a weaker condition, which will be more 
appropriate for our purposes than one of the Proposition 2. This weaker condition 
is stated in the following proposition. 

Proposition 3. If there exists a function g : {01 \ I G 5} -~» K$, which satisfies 
el~ai = g(oi)2 for any I G 5 and conditions 

\/leS: 9(oi)l+a<=l (1) 
\fpuP2 G 5 : g(oPl)

l-a»>=g(oP2y~a<» (2) 

then e or —e is a square in Ks-

In the next section we shall discuss whether a given unit 77 G C is a square in E or 
not. For this purpose we shall use Proposition 3. We have in our case S = {2,p,q} 
and thus we want to know how automorphisms 02, op and oq act on arbitrary unit 77 
which can be generated by {-I,£2,£p,£q,f32p,l32q,f3pq,(32pq}- First, we recall result 
of this type proved in [2]. 
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Proposition 4. If p, q are distinct primes either even or congruent to 1 modulo 
4, and (p/q) = 1, then 

fit" = Xpfa). 
In the paper [1] there is proved an analogy to Proposition 4 in the case where 

p and q are primes, p,q = 1 (mod 4) and (p/q) = - 1 . We will present that result 
together with the case when one of primes is equal to 2. For the presentation of 
that result we should first define an auxiliary function a (in the same way as in [1]) 
using notation introduced in the previous section. We define 

a(l s) _(_l)#{o<^<H^(a5 )€R / , t / '» (a )€R i } 

. / 1 \#{0<a^ ( / - l ) /2 |^(a )^R /URI } 

for any prime / = 1 (mod 4) and any integer s, which is a nonresidue modulo /. 
We- also define the function a in the case I = 2 and s = 5 (mod 8) by the formula 

f - 1 if s = 5 (mod 16), 
a (2 , s ) = < v ; \ 1 if s = 13 (mod 16). 

The result mentioned above is stated in the following proposition. 

Proposition 5. If p and q are distinct primes either even or congruent to 1 
modulo 4, and (p/q) = — 1, then 

01
p+

<r<=a(p,q)ep. 

Proof. The case when both primes are odd is proved in [1], here we assume that 
q = 2 and p is an odd prime congruent to 1 modulo 4. From here on to the end of 
this section we let ip = t/>p, R = i?p , and R' = R'p, 

First, we prove the formula fi\*a2 = a(p,2)ep. We have 

A - = n (cr6P-cf6P) = (-i)(p-1)/4- n (dYp-CiV 
0<a<16p 0<a<16p 
(a/p)=l a=±l (mod 16) 

a=l (mod 16) t/>(a)€R =±cr6
rp- n ( i-c8

a
P) . 

0<a<8p 
a=± l (mod 8) 

t/>(a)€Я 

where r = Yla

 a w * t n a r i i n n m g through the same set as in the last product. It is 
easy to see that 8 | r (hence ( [ 6 p € Q(Cp)), and that 

r = 2 22 a (mod p). 
0<a<p 
ip{a)£R 
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Let t be an integer satisfying t = 1 (mod p), and t = 3 (mod 16), and r € 
Gal(Q(Ci6P) /Q) be the automorphism determined by Cf6p = C!6p.

 T h e n °2 is the 
restriction of r on the field Q (\/2, y/p). Then 

(cr6
rp)1+r = cr6

2r= n (Cp1-^4)-0-
0<a<p 
t/^(a)€R 

Hence 
ß\f* = (cr6

rp)1+T n (i-c8°p)1 + T 

0<a<8p 
a = ± l (mod 8) 

rþ(a)ЄR 

= n (Cp1-̂ 4)-0 • n (!-«P)-
0<a<p 0<a<8p 
tl>(a)eR 2ta,t/»(a)€R 

As it can be easily seen, we have for a fixed integer b 

n (i-c8°p)=(i-cp) i-Frob(2'Q^)" ,
1 

0<a<8p 
2fa, a=6 (mod p) 

and therefore we can continue our calculations as follows: 

£l+<r2 __ TT ^ ( l - p ) / 4 N - a ( 1 _ ^a\ l-Frob(2,Q(v
/p))"1 

0<a<p 
t/>(a)€R 

TT (£"" _ ^aNl-Frob(2,Q(CP))- l 

0<a<p 
iþ(a)ЄR 

= П (íp"°-Cp) П (^''-Cp00')-1, 
0<a<p 0<a<p 
^(a)€R i/'(a)€R 

where g' € Z is an inverse of 2 modulo p. Now multiply both sides of this equation 
by 

n (s-s-r1. 
0<a<p 

(a/p) = - l 
V(a)fÉ/ť 
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and an easy calculation yields (in all following products we assume also 0 < a < p) 

#ra n (Cp-cr1 n (c'-c?,)= 
(a/p) = - l *P(a)eR 
tp(a)<ZR' 

- n («-«-•) n ( « - o " i s 
^(a)£R (a/p) = - l 

V(a)gR' 

= n (̂ -c-p-0)-1 n (Cpa-cP-
a)= 

tp(a)<£RuR' (a/p) = l 

= n (c-c)-1 n «,-•-«)= 
^(a)GRUR' (a/p) = l 

=cp"E°a- n ( c - s r 1 n d-cP
a)= 

xjj(a)eRuR' (a/p) = l 

= n ^;a-ePrl-^-eP, 
tp(a)€RuR' 

where a in the sum is running over all quadratic residues modulo p satisfying 
0 < a < p. If we recall that for any prime I congruent to 1 modulo 4 

( / - l ) /2 

Vi= n «rfl-ff). 
a=l 

we finally get 
(Sl+a*-ep-a{p,2). 

Now we prove the second assertion of the proposition, namely /32_
 p = a(2,p)£2 . 

We have 

&vr- n (Gp-civ^e/p- n tt-Gp), 
0<a<16p 0<a<16p 

pfa=l (mod 16) pfa=l (mod 16) 

where s = ~Za
 a w * t n a running through the same set as in the previous products. 

Again, it is easy to see that p \ s and that s = p ~ 1 (mod 16). Therefore 

.gi+'P _ (c-i _ , f iu-Frob(p,Q«:,6))-' _ f 1 - V2 if P 55 5 (mod 16), 
P2p _ i C i a C l 6 ' _ I - 1 + V5 if p 55 13 (mod 16), 

which is by the definition equal to -£2 in the former case and to £2 in the latter 
one. The proposition is proved. • 

Now we present a relation between function a defined above and Dirichlet char­
acters. 
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Proposition 6. If p is a prime such that either p = 2 or p = 1 (mod 4) and m,n 
are integers satisfying m,n ^ 3 (mod 8), (m/p) = (n/p) = — 1, then 

a(p,m) • a(p,n) = -xP(mn). 

Proof The proposition is proved in [1] if p is an odd prime. If p = 2 then the 
assertion is trivial. • 

In the paper [1] it is shown how automorphisms from the Galois group of the 
field extension Q (y/p, \/q, \/r) / Q act on the unit (3pqr in the case when all primes 
are congruent to 1 modulo 4. Here we state this result together with the case when 
one of them is equal to 2 and the other are congruent to 1 modulo 4. 

Proposition 7. Letp,q, and r are distinct primes either congruent to 1 modulo 
4 or equal to 2. Then 

Rl+<rP _ . l - F r o b ( p , Q ( v ^ , x / ^ ) ) 
Ppqr ~ Pqr 

Proof. The case when all primes are odd is proved in [1]. Now we can assume 
without loss of generality that p and q are odd primes congruent to 1 modulo 4, 
and r = 2. We must prove two equalities: 

pt+°v _ / . l - F r o b ( p , Q ( v ^ , v ^ ) ) , Ri+„2 _ . l - F r o b ( 2 ) Q ( v ^ , v ^ g ) ) 
^2pg — P2q a n a t°2pg ~ PpQ 

Let us prove the first equality: 

@2P<1 P = 1 1 (Cl6pg ~" Cl6pg) = Ci6pg ' H (* ~~ Cspg)> 
0<a<16pg 0<a<16pg 

pfa=l (mod 16) pfa=l (mod 16) 
(a/g) = l (a/g) = l 

where s = £ a a with a running through the same set as in the previous products. 
By the suitable reorganization of the terms in this sum we can easily see that p \ s, 
q | s, and that 

s = (p-i) • ^2 a ( m o d 16<9r)* 
0<a<16g 

a = l (mod 16) 
( a / g ) = l 

Now we can continue our computation of (32pq
 p as follows: 

nl+(rp r-s/p T T t i /•<- \ l -Frob(p ,Q(Ci6q))~ 1 

P2pq = Cl6g • l l ( 1 - S 8 g ; 
a 

= ^ - E a ^ l - F r o b C p . Q t O e , ) ) - 1 . T J ( 1 _ ^ j l -F robfp .QfCe , ) ) " 1 

a 
l -Frob(p,Q(Ci6 9 ) )~ 1 

= n ( c r 4 - c 1 % ) 1 - F r o b ( p ' Q ( < 1 6 ' ) r I = ^ 
__ l -Frob(p,Q(v / 2.v / ; ?)) 
~ #2g 
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where the last equation holds because (32q G Q ( \ / 2 , \/g)- All the products and the 
sum in the previous paragraph are taken over all positive integers a < 16q satisfying 
a = 1 (mod 16), and (a/q) = 1. 

Now, let us consider the second equality (recall that by the convention introduced 
earlier we have ijj — tpp and R = Rp). First, we write the unit /32pq in another form: 

02M= n (cr6
a

P,-c1
a

6P,) = ( - i ) ( p - 1 ) ( ? "- 1 ) / 8 - n (cr6
Q

P,-CiQ
6p,) 

0<a<16pg 0<a<16pg 
a=l (mod 16) a = ±l (mod 16) 
(a/p) = (a/g) = l i/>(a)eR, (a /g)- l 

= Cl6pg ' 1 1 U ~~ C8pg)' 
0<a<8pg 

a=± l (mod 8) 
t/;(a)eR,(a/g) = l 

where r = ]jT)a a with a running through the same set as in the last but one product. 
It is easy to see that 16 | r, that 

r = 2 y^ a (m°d p), 
0<a<pg 

t/»(o)€H,(o/g)=l 

and that the same congruence holds also modulo q. 
Let t be an integer satisfying t = 1 (mod p), t = 1 (mod q), and t = 3 (mod 16), 

and r G Gal (Q(Ci6pg) /Q) be the automorphism determined by C^pg = Ci6Pg- Then 
o2 is the restriction of r on the field Q (\ /2, y/p, y/q). Hence we have 

P2pq 2 = (Cl6pg) * 1 1 v* ~~ C8pg) 
0<a<8pg 

a = ± l (mod 8) 
xP(a)eRt(a/q) = l 

= <£• n ( - - « = « • II d-CpV1-^2,0^"1 

0<a<8pg 0<a<pg 
2|a, (a/g) = l t/>(a)6R, (a/g) = l 

^(a)€R 
• Nl-Frob(2,Q(Cpq))-1 . 

= ( n «r) • n d-c,)1-^2^"" 
0<a<pg 0<a<pg 

V(o)€R, (o/g) = l t/>(a)GR, (a/g) = l 
= TT ( C - ^ - a ) 1 - F r o b ( 2 ' Q ( C ^ ) ) ~ 1 = /5l-Frob(2,Q(Cpq))-\ 

0<a<pg 
^(a)GR,(o/g)=:l 

o- /o ^ ^ t / " / - \ u /3l-Frob(2,Q(Cpq))"1
 /3l-Frob(2,Q(v

/P,v/9")) n 

Since /3pq € Q (x /p , Vtf), we have /3P„
 V V S p q " = /3 p o

 v D 

Now we have all information about units needed to prove the theorem-



50 Michal Bulant 

4. Proof of the theorem 

Having all the necessary information about the units from the previous section we 
could prove the theorem stated in the beginning of this paper. As we have already 
mentioned, the statement of the theorem in the case when all primes p, q, r are odd 
(and congruent to 1 modulo 4), is proved in [1]. Now we should consider the case 
when exactly one of primes p, O, r is equal to 2 and the others are congruent to 1 
modulo 4. 

However, this proof is rather technical and could be carried out in the very 
similar way as in the paper [1]. Instead, we present main ideas of the proof hoping 
that an interested reader can fill details using that paper. 

First, we state the main result of [2], which will be useful in a further discussion. 

Proposition 8. Let p and q be different primes such that p = 1 (mod 4) and 
either q = 2 or q = 1 (mod 4). Let h be the class number of Q (\/p, \/q). 
-*• U (p/q) = —V then h is odd. 
2. If (p/q) = 1, then h is even if and only if Xq(p) = XP(q)-

As we have already mentioned at the end of the second section, now we shall 
discuss whether there exists a unit 

T) = \pXP F
X<i F

Xr flXP<i flXpr flXqr flXpqr \ / -
'/ l c p c g c r ^pq f^pr t^qr f^pqr I 7" •*•) 

which is a square in E. We have also proved that in order to be 77 a square in E, 
at least one of xpq, xpr, xqr, and xpqr should be nonzero, and there should also 
exist a function g : {crp,aq,crr} —» Q (\/p, y/q, \/r) satisfying n1"0 = g(cr)2 for any 
cr € {ap,crq,crr}, and conditions (1), (2) of Proposition 3. 

For this discussion it is necessary to distinguish the following four cases: 

• (P/q) = (p/r) = (q/r) = 1 
• (P/q) = (P/r) = 1, (q/r) = - 1 
• (p/q) = 1, (P/r) = (q/r) = - 1 
• (P/q) = (p/r) = (q/r) = - 1 

In the first case we have by Proposition 7 f3p^r
p = fipqrq = P^r

ar = 1. Therefore 
we can put 77 = \/3pqr\, satisfying conditions of Proposition 3. Hence \0pqr\ is the 
required square in E and the class number of the field Q (>/p, \/q, \/r) is an even 
number. Moreover, this special form of the unit 77 implies the remaining assertion 
of the theorem in this case. For the details see [1]. 

In the second case, (p/q) = (p/r) = 1, (q/r) = — 1, there is always a unit of 
the required type, which is a square in E. If xP(q) = Xq(p) ° r XP(r) = Xr(p), then 
it is easy to see by Proposition 8 that the required unit 77 exists already in the 
corresponding biquadratic subfield of Q(\/p> VQI >/*")• Otherwise, it can be easily 
shown using Proposition 3 that 77 = \ex

pe\Ex
T^Pq^pr^Pqr\, where ( - l ) x = xP(q)xP(r), 

is a square in E. Therefore the class number h is even in this case too. 
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Let us now consider the third case, (p/q) = 1, (p/r) = (g/r) = - 1 . Let us first 
suppose that xpqr = 0. Then we have by Propositions 4 and 5 

, - - - = (_.£)-•, . ( ^ . X f ( p ) ) ' M . (a(r,P)e^plr)^ 

ri1-"" = (-eq)
x< • (l32

pq-XP(<l))Xpq • ( a ( r . 9 ) £ p - % ) I , r 

, . ! - - , = {_£2r . ( a ( P ) r ) £ ; i ^ ) v . ( a ( 9 ) r ) £ - i / 3 2 r ^ -

If we assume that r? is a square in E, then also r)l~ap,r}X~a<i and r?1-0'7' should be 
squares in E. From this assumption we easily get :rpr = xqr = xr = 0, hence 
rl G Q(\ /P) >/#)• If w e suppose that xP 9 r = 1, then we have 

„!-»- = ( _ £ 2)x p . ( ^ . x ? ( p ) ) l M . (a(r,p)e;1f32
pr)

Xpr • (a(q,r)eq0q
202

pqr), 

which should be a square in E. But neither ±eq nor i - e ^ " 1 is a square by Propo­
sition 1, hence rj1~<7p cannot be a square in E in the case xpqr = 1. 

We have proved that r? is a square in Q (y/p, y/q, y/r) exactly when it is a 
square in Q (y/p, y/q), which means that the parity of the class number of the 
field Q (y/p, \/q, y/r) is the same as the parity of the class number of the field 

Q ( v ^ , v ^ ) -
The last case (p/q) = (p/r) = (q/r) = - 1 is the most difficult one. Using 

Propositions 4 and 7 we have (5pqf
p = -a(r,q) • a(q,r)e~le~l • (32

Qr, and 

x (~a(r, q) • a(q, r) e " 1 ^ 1 • / 3^ r )
 P<?r. 

The formulas for r?1-0"* and r?1~<Tr we get by the symmetry. 
If we suppose xpqr = 0, we can easily show using Proposition 1 that xpq = xpr = 

0, and xp = 0, hence (again using symmetrical identities) r? E Q. 
Hence xpqr = 1. One can easily deduce (again using Proposition 1) that xpq = 

Xpr — xqr = 1. Using Proposition 6 we get 

J-*, = ( „ i ) . (_4)-P . X 9 ( p r ) . Xr(pg). efe;2/32
pqP

2
pr0

2
pqr 

and symmetrical formulas for r)x-ar and r71_(T-. Now, let sp = Xr(pq) • Xq(pr)> 
sq = Xr(pq) * XPOF)> and sr = xg(pr) • XP(qr) (it follows that the possible values 
of sp,sq, and s r are ± 1 , and that spsqsr = 1). From the formulas for r^-^p rf-ff* y 

and r?1--^ we see that necessary conditions for r? being a square in E are 

( - l )*p = - 5 p , (_i)«« = - 5 g , and ( - l ) ^ = - 5 r . 

Now, it is useful to distinguish two cases: either sp = sq = s r = 1, o r exactly 
one of sp,sq,sr is equal to 1, and the others are equal to - 1 . 
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Let us first consider the case sp = sq = sr = 1. Then we have from the conditions 
above xp = xq = xr = 1, which means that only possible form of 77, such that 77 can 
be a square in E is 

77 — \£p£q£rPpqPprPqrPpqr\' 

Now it is not very hard to show that a function g : {Op,O9,Or} ™> Q{\/p, \fq, \fr) 
satisfying conditions of Proposition 3 exists if and only if Xp{qr) = Xq{pr) = 
Xr(pg) = - l . 

In the case when exactly one of sp,sq,sr is equal to 1, we can assume by the 
symmetry that sp = 1, and sq = sr = - 1 . Again using the above formulas we have 
xp = 1, xq = xr = 0, thus 

V = \£pPpqPprPqrPpqr\' 

It is easy to see that up to signs there is only one possible definition of function 
g : {Op,O^,O-r} -» Q ( V p , \ / g 5 \ / r ) , such that n1~a = O(O)2 for any <7 G {Op,Og,O r}. 
Verifying condition (1) of Proposition 3 we get a( r ,p) = - a ( r , g), and a(g,p) = 
- a ( g , r ) , which is by Proposition 6 equivalent to Xr{pq) = 1> an (^ Xq{Pr) = V The 
condition (2) yields after some calculations condition a(p,g) = a{p,r), which is 
equivalent to Xp(gr) = ""--• We can conclude that the unit 77 = \ep(3pqfiprfiqrfipqr\ is 
a square in £ (in the case sp = 1, sq = s r = - 1 ) if and only if Xr{pq) = X</(Pr) = 1> 
and XP(ST) = - 1 . 

As the remaining cases of spisq,sr can be carried out symmetrically, we have 
proved the assertion of the theorem in the last case {p/q) = (p/r) = {q/r) = — 1. 
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