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Abstract. In this paper we develop the monotone method in the presence of upper and
lower solutions for the 2nd order Lidstone boundary value problem
WP (1) = f(t,ut), " (0, . uPTD (@), o<t <1,
u®0) =u® (1) =0, 0<i<n—1,
where f: [0,1] x R®™ — R is continuous. We obtain sufficient conditions on f to guarantee

the existence of solutions between a lower solution and an upper solution for the higher
order boundary value problem.

Keywords: n-parameter eigenvalue problem, Lidstone boundary value problem, lower
solution, upper solution
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1. INTRODUCTION

Consider the 2nd order Lidstone boundary value problem

(1.1) u(t) = flt,u(t),u" (), ..., u® D) (@), 0<t<1,
(1.2) u®(0) =u®)(1) =0, 0<i<n-1,

where f: [0,1] x R" — R is continuous.
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Province (20051254), and by the Doctoral Program Foundation of Hebei Province
(B2004204).
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The fourth order boundary value problem

(1.3) uM () = f(tu(t),u’ (), 0<t<l,
(1.4) u(0) = u(1) = u"(0) = (1),

has been studied by many authors. In [1]-[5], the authors showed the existence of
a positive solution to (1.3)—(1.4) under some growth conditions on f and a non-
resonance condition involving a two parameter linear eigenvalue problem by using
the Leray-Schauder continuation method and topological degree.

For an equation of the form

ul(t) = f(t,u(t)),

the upper and lower solution method has been studied by several authors [6]-[10].
Recently, Ma and Bai [11], [12] developed the monotone method in the presence of
upper and lower solutions for the problem (1.3)—(1.4).

For the 2nd order Lidstone boundary value problem (1.1)—(1.2), in [13]-[15], Davis
et al. showed the existence of multiple positive solutions under some growth con-
ditions by using the Leggett-Williams fixed point theorem and the five functionals
fixed point theorem. Note that [14] and [15] are the only two works which have
allowed f to depend on higher order derivatives of u. Motivated by Bai [11], in
this paper we present an upper and lower solution type theorem for the boundary
problem (1.1)—(1.2) without any growth restriction on f. The problem (1.1)—(1.2) is
formulated without constants a; (or r;) which play a substantial role in Theorem 3.1.
These constants specify a possible qualitative behavior of the function f. Our result
relaxes the monotone conditions on f, and this approach is better than the simplest
one—choosing a; = 0, i.e., the monotone conditions on f (see Example).

2. PRELIMINARY RESULTS

Lemma 2.1. Given (a1,aq,...,a,) € R", the problem
(2.1) u® — =) 4~y u” 4 (—1)anu = 0,
(2:2) u)(0) =u®(1) =0, 0<i<n—1

has a non-trivial solution if and only if

(2.3)

for some k € N.

640



Proof. Let Au=u". Then
w@n) _ alu(2(n—1)) 4.+ (71)n—1an71u// T (~1)"anu = (H(A . Tl))u
=1

for some r; € C, 1 < i < n. It is easy to see that if (2.1)—(2.2) possesses a nontrivial
solution, then one of the r; (1 <4 < n) is equal to —(kn)? for some k € N, k # 0. So
sin knt is a nontrivial solution of (2.1)-(2.2). By substituting this solution into (2.1),
(2.3) follows. Reciprocally, if (2.3) holds, then clearly sin knt is a nontrivial solution
of (2.1)-(2.2).

Lemma 2.2 [11]. If u(t) satisfies
() + g(t0u' (1) + h(yu(t) >0, 1€ (a,)

where h(t) < 0, g, h are bounded in any closed subset of (a,b), and there is ¢ €
(a,b) such that M = u(c) = rg?é(bu(t) is a nonnegative maximum, then u(t) = M.

Moreover, if h(t) < 0 and h(t) £ 0, then M = 0.
Let for

F={ueC®™0,1]: (-1)"u*0) >0, (-1)"u®)(1) >0, 0<i<n—1}
the operator
L: F— C[0,1]

be defined by Lu = u®® — ayu=1) + 4 (=1)"ta,_1u” + (=1)"anu, u € F.
Here a; (1 < i < n) are such that the equation 2" — ayz" * +...+ (=1)""ta, 12+

(—=1)"a,, = 0 has only nonnegative real roots.

Lemma 2.3. Ifu € F satisfies (—1)"Lu > 0, then u > 0 in [0, 1].

Proof. Let Au = u". Suppose r; (1 < i < n) are n nonnegative real roots of
the equation 2" — a12" "' + ... + (=1)"la,_12 + (—1)"a, = 0; we have

(-D)"Lu=(-1)"(A=rp)(A—rp_1)...(A—r1)u>=0.

Let yy = (A—7m)...(A—7m)u, 1 < i <n—1. Then (—1)"(A — rp)yn—1 = 0,
ie, (=1)™y” 1 — (=1)"rpyn—1 = 0. On the other hand, ; > 0,1 < i< n—1, and
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u € F yield

(1)"yn1(0)(1)"{uﬂﬂnlﬁ(0)_ rauP2)(0) . 4 (=)t II7yu(Oﬂ
< O’ =1 =1

(Unynm1)(1)"%ﬁﬂnwx1) _rﬂﬁﬂnﬁm1)+...+(nnlIIrﬂm1ﬂ
< O = =1

By Lemma 2.2, we have
(—=1)"yp—1 <0 forte[0,1],
ie.,
(1) 'y,_1 >0 fortel0,1].

By inductive method and using Lemma 2.2, the result follows. O

3. MAIN RESULTS

Definition 3.1. Suppose o € C?7[0,1]. We say « is an upper solution for the
problem (1.1)—(1.2) if o satisfies

()" (t) = ()" f(talt), o (1), ..., e D (@), 0<t<1,
(-1 0) >0, (-1)'a®)(1)>0, 0<i<n-—1.

Definition 3.2. Suppose 3 € C?"[0,1]. We say 3 is a lower solution for the
problem (1.1)—(1.2) if 3 satisfies

(—1)"BE () < (—1)"f(t, B(t), B"(t), ..., 8P (1), 0<t<1,
(-1)°'8C9(0) <0, (~1)'B*)(1)<0, 0<i<n—L

If the equation 2™ — a;z" ' + ... + (=1)"ta,_12 + (=1)"a, = 0 has only non-
negative real roots, then a; > 0, 1 <7 < n. Let

(31) fl(t, U, - - - ,Unfl) = f(t, UuQ, - - - ,Unfl) —aA1Un—1 +...+ (71)”7111,1 + (71)“11,0.
Then (1.1) is equivalent to
(3.2) Lu= fi(t,u,u”,... ,u(Q(”_l))).
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Remark 1. In Definition 3.1, we say « is an upper solution for the problem (3.2)—
(1.2) if « satisfies

(=D)™(La)(t) = ()" fi(t, a(t), o (t),..., "D (@), 0<t<1,
(~1)'a®(0) >0, (~1)'a®)(1)20, 0<i<n—L

Similarly, we may define a lower solution for the problem (3.2)—(1.2). Therefore,
a, 3 are upper and lower solutions of the problem (1.1)—(1.2) if and ouly if «, [ are
upper and lower solutions of the problem (3.2)—(1.2).

Definition 3.3. If... < a, < ... < a1 < ap = a are upper solutions converging
uniformly to a solution u for the problem (1.1)—(1.2), we say u is an extremal solution
for the problem (1.1)—(1.2).

Similarly, for an lower solutions 8 = Gy < 81 < ... < B < ..., we may define an
extremal solution for the problem (1.1)—(1.2).

Let
k

H(A —r)u = u®® — qpuCF) 4 (—DFagu,

=1
where A=u",r, 20, a,, 20 (i =1,2,...,k; k=1,2,...,n). Set by1 = a1 = r1,
bk = akky b k—1 = Grkbr—1,k—1 + Qkk—1, Ok, k—2 = kkbr—1,k—2 + Ak k—1bg—2 k-2 +
Ak k=25 -+ k1 = kbk—1,1 + Gk k—1bk—21 + - .. + ar2bi1 +ap1 (K =2,3,...,n).

Theorem 3.1. Let there exist upper and lower solutions « and (3 respectively for
the problem (1.1)—(1.2) which satisfy

k—1
(1) B<a, B <al®) 4+ 35 (1) by g1 (a— B)P) (k=2,4,6,...,and k < n—1),
1=0
k—1
k) < BCR) 4 S (1) by i (o — B)P) (k=1,3,5,..., and k <n —1); and if
=0
f:]0,1] x R* — R is continuous and satisfies
(2) (_1)n|:f(t7y(82)ay17 o 7yn—1) - f(tvy((Jl)vyla v 7yn—1)] P _a’ﬂ(y(()2) - yél)) for
Bt <ys” <P <alt), yi,. .. yn-1 € R, and t € [0,1;

(3) (—1)”7k[f(t,y0, ... ,yl(f), ... ,yn_l) — f(t,yo, ... ,yl(ﬁl), ... ,yn_l)] > —an_p X
@ ) @ & (2i) k) " i
(i =) fory,” <y JFZO(*D by.iv1(@—pB)=) and a *Z:O(*l) b i1 X

k—1
(a—8)2 < yM, y® < B L3 (<1)ib (a0 — B ifk =1,3,5,..., k <
=0

k—1
i i 1 2 i
n 1, B = ()0 =) <y <0l 4 5 (1) (o

6)(%) 1fk:274a7 k <’I’Z_1, Y1y 5 Yk=1,Yk415- -, Yn—1 € Ra and t € [051]7
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where b}, = 2by; —ap; (k=1,2,...,n—1;i < k), a1,as,...,a, such that the

equation " —a;x" 1 4. 4 (=1)"" 1an_1:1c+( 1)™a,, = 0 has only nonnegative
real roots, which are r; (i=1,2,...,n).

Then there exist two monotone sequences {ay,} and {8,}, non-increasing and non-

decreasing, with oy = « and By = (, which converge uniformly to the extremal

solutions in [, o of the problem (1.1)—(1.2).
k-1
Proof. (1)implies (—1)%(a—3)® + 3 (=1)%bgis1(a—B)3) = 0for 1 <k <
i=0

n — 1. Thus, for 1 < k <n —1, we have

k—1
Y ki {(— A + Z 1)7bi 1 (0 — 5)(2j)] >0,
=0

ie.,
k—1 _ k—1 =t _ .
Z(*l)z [ak,i+1 + Z ak,j+1bj,i+1] (=B = Z(il)lbk’”l(a - 8)# >0,
i=0 j=it1 =0
and
k—1 _ _
(*) (—1) b i1 (= )
i=0
k—1 k—2 _
— Z( )by Hl(ozfﬂ)(m) +akkz )bk 1z+1(04*5)(21)
1=0 1=0
k—3 _ _
+ ag k-1 Z(*l)lbk—z,wl(a —B)P) + ..+ arsbii (o — B)
=0
k—1 _ _
> Z(*l)lbk,iﬂ(a -B) > 0.
i=0

Consider the problem

3.3)  u®(t) —auCr @) 4 4 (1) e, u(t) + (—1)"anu(t)
= fu(t;n(t), " (t),...,nC (@), te(0,1),

(3.4) u®)0) =u®)(1) =0, 0<i<n-1,

where 7 € C2("=1[0, 1].
It is easy to see that if 2 — ajz" '+ ... + (-=1)"ta,_12 + (=1)"a,, = 0 has
only nonnegative real roots, then a; > 0, 1 < ¢ < n. By Lemma 2.1 and the
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Fredholm alternative [16], the problem (3.3)—(3.4) has a unique solution u. Define
T: ¢*"=0,1] — C?**[0,1] by

(3.5) Tn = u.
We first prove

(3.6) TC C C.

k—1 ]
Here, C = {n € C2=D[0,1]: 8 < n < o, @) — ZO( 1)t (e — B3 <

nk) < gk 4 kf(—l)ibgml(a —B3)@) if k=1,3,5,..., k <n—1and g —
k—1 = _ k=1 _ _
l;)( 1)) 414 (= B)P) <R < PR 4 i;(*l)lbk,iﬂ(a —B)PVifk=2,4,...,
k<n-—1}.

By (%), it is easy to see that «, 3 € C. Therefore, C is a nonempty bounded
closed subset of C2("~1)[0,1].

For n € C, set w = Tn. By conditions (2)—(3) and (3.3), we have

3.7 (=1"(a—=w) (1) —ar(a—w) () + .+ (<1) an (@ — u)(1)]
> (~1)"[fit,a(t),a” (1), ..., a0 1))(t))

= f1( (), 0" (1), T ()]
= (=D)"[f({t, at),a" (1), ()

— @), n"(1), .. (2 ") = ar(a =)@

+(= )" tan—1 (o —1)"(t) + (=1)"an(a — n)(t)]

- Z(,l)"[‘f(t, 77(75)7 s 777(2(]671))7 k) (t)v ) a1 (t))

k=0
- f(ta 77(75)7 ce 777(%) (t)a a(2(k+1))(t)a tee a(2(n_1))(t))
+ (1" Fap_i(a — )M (1))
- ni(fl)k{(fl)n_k[f(ta 77(75)7 te 777(2(k_1))7 a(2k) (t)v ) a(2(n—1))(t))
k=0

— ftn(t),.... 0 (1), 2@, oD 1))
+an-w(a =) (1)} >0,

645



3.7) (—=1)"[(u—B)P(t) — ar(u— FPD () + ...+ (=1)"an(u — B)(2)]
> (=D)"[Alt,n(), 0" (), ..., n*r D)

— [t B(t), B (1), ..., B (1))]
= (=D)"[ft,n(t), 1" (),....n* " D(t)

— (. B), 8" (1), ..., B (1) — ar (n — BPI(8) + ...

+(=1)" an_1(n = B () + (=) an(n — B)(t)]

= > (D" B, BEE BB (@), D ()

= f B, B (), P (@), D))
+ (1" Fan-r(n — 6P (#)]

= > CDMED A B, BEETD B (), g Cr D) (g))

= [, 8(),... B (@), D), D ()]
+an—i(n — 3V (1)} >0,

0, 0<i<n—1,
0, 0<t<n—1.

=
®
\
3
©
S
VoWV
[=E=)
\
N
®
\
3
©
=
VoWV

(3.7) and (3.8) imply o > u by Lemma 2.3. Similarly, (3.7)" and (3.8)" imply u > .
Next we prove
k—1
(3.9) a2k — Z(—l)lbk,iﬂ(a — 5)) LWk

=0

<ﬁ<%>+z )b i41 (o — 3))

for k=1,3,5,..., k<n—1, and
k—1
(3.10) BEE =3 (1) b (@ = B)) <ulM)

=0

alk) 4 Z )br,i41(c — 7))

for k=2,4,6,...,k<n-—1.
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By the proof of Lemma 2.3, combining (3.7) and (3.8), (3.7)" and (3.8)', for 1 <
k<n—1we get

e
[

(311)  (~D*(a—u)®V ) + Y (-1 ag i (@ —w) (0] = 0, teo,1],

.
(=)

(311) (=DM =) ) + D (-1 anin (u— BV (B)] =0, te0,1].

N
[u

s
Il
=)

Therefore,

u’(t) = " (t) —ann (e —u)(t) = " (t) — by (a— B)(t), tel0,1].

Similarly,
u"(t) < B"(t) + bula = B)(1), te0,1].
Thus,
@ (1) < aW(t) — ass(a — u)'(t) + asi (a — u)(t)
= oW (t) — aga” (t) + agu” (t) + a1 (a — u)(t)
<o (t) = ass(a — B)(t) + (azsbr1 + az)(a — B)(t)
= aW(t) = bya(a = B)"(t) + ban (o — B)(2)

for ¢ € [0,1]. Similarly,

u® (1) = 8D (1) + bas (o — B)" (1) — b (. — B)(), € [0,1].

Suppose (3.9)—(3.10) hold for ¢ from 1 to k—1. When k is an odd number, using (3.11)
we obtain

k
u® () > 0l (1) + 3 (- D i (@ - w) ()

|
-

T
- O

k
=a® () Y (1) a0 (1) = > (1) g iu®) (2)

%

I
-

Il
o
Il
o

%
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T
L

> a®) (1) — 3 (1) aps10) (1)
=0
=1 _ _
+ > (—Dani [ﬂ@l ) Z Tbs g1 (o — B)®) (1) | + axa B(E)
i=1
k=1 ,
= a®(t) =Y (—1)'(aki+1 + ariv2bisrist + -+ awebe1i1) (@ — BP0 (2)
=0
k=1 4
= al®(t) =Y (1) bpig1(a — B) P (2).
i=0

Similarly,
k—1 .
U(Zk) (t < 6(21@ + Z bk 1+1 o — ﬁ)(Ql) (t)
1=0

When £ is an even number, using (3.11) we get

T
L

W (1) < aCP(0) + 3 (D g (@ - w) @ (2)

i=0
b1 k-1
=a® () + ) (~D'arir1a® () = Y (-1 arip1u®(2)
=0 i=0
k—1 _
<a® )+ (=) api1a®) (1)
i=0
k-1 _ ;
(*1)Zak,i+1 |:ﬂ(21 1 L Z jbz J+1 o — 6)(2J) (t) - aklﬂ(t)
=1
k-1
(2’@)( )+ Z(— ) bk,ig1 (a0 — 6)(2”( )
=0
Similarly,
k-1 _
WE) > H0) = 3 (1'beia o 50,
1=0

By inductive method, (3.9)—(3.10) hold. Thus, (3.6) holds.
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Let w1 = Ty, us = T, where 11,72 € C satisfy
m < 72,
(2k)\ (2k)+z k+1a76)(2i) (k:1,3,577k<ﬂ*1),
(2 < i) +Z W= (k=2,4,6,... .k <n—1).
Next we show
(3.12) uy < g,
k—1
us® <ul? N (1) (0 - B)®) (k=1,3,5,... .k <n—1),
i=0
k—1
u < a1 (1) (- B)P) (k=2,4,6,... k <n—1).
i=0
In fact, by conditions (2)—(3),
(=1)"L(uz — u1)(t)
2(n—1 2(n—1
= (1" [t @) TV @) = At m (@), PV )] 2
(ug—ul) Z)(O):(UQ—ul)(%)(l)ZO, 1<i<n—1.

By virtue of Lemma

(10" |tz - )

2.3, we obtain u; < ug, and

k—1
(2k) 4 Z(_
=0

When £ is an odd number, we have

k—1

quk) < quk) B
=0
k—1

w2

>
=0
k—1
= ug%) + Z
=0
k—1
S
i=0
k—1

CON
=0

iak,i+1 (Uz —ux ) (29)

(—1)F

1—1

(~1)ianin [<a =B+ 21 S gua(a = )

Jj=

k—1i—1

(—D’apiri(@=pB)*) +23 " (~1

=0 j=0

(=1)"(ak,i+1 + 2(arkbr—1,it1 + -

(- 1)i ;c,i+1(04 - 5)(2i)-

) ak,it1biji1(a— )

+ apirobiviirn)(a

0,

D* g i1 (up — u1)(2i)} 20, I<isn—L

(29)

_ 5)(21')
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Similarly, when k is an even number, we have

u® <y 2k)+z b s (0 — B)2D,

Therefore, (3.12) holds.
Let ag = o, Bo = B, am = Tm—1, Bm = TBm-1, m € N. By (3.6) and (3.12), we
have

(3.13) B=F<A<...<Pm<...<am<...<au<a=aq
k—1

(3.14) o =37 (1) b (0= B <P,
=0

38 < o +z s 8)

for k=1,3,5,..., k<n—1, and

k—1

(3.15) B =3 ()b sy (e = B)) <alP,

=0

BEM < PP 4 Z )bl i1 (@ — B)3)
=0

for k =2,4,..., k < n— 1. From the definition of T" we get

(3.16) a2 (1) = fi(t,am1(t),alh_y(8), ..., a2V (@) + a2 (1) —
_(_1)n_1an—1a (t) ( n" anam(t)
(3.17) a22(0)=aP(1)=0, 1<i<n—1

From (3.13)—(3.16), we have that there exists M,, > 0 depending only on « and /3
(but not on m or t) such that

(3.18) |20 ()| < M, for all ¢ € [0,1].

Using the boundary condition (3.17), we get that there exists &,, € (0, 1) such that
a%"il)(fm) = 0 for each m € N. This together with (3.18) yields

(319) | V(1) = < M, forall t€[0,1].

t
a0 (g, + / Al (s) ds
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By (3.14) and (3.15), we can similarly get that there are M; > 0, 1 < i < n — 1,
depending only on « and § (but not on m or t) such that

m

(3.20) D) < M, |oZV(4)] < M; for all t € [0,1].

Thus, from (3.13) and (3.18)—(3.20) we know that { ., } is bounded in C*"[0,1]. Sim-
ilarly, {8} is bounded in C*"[0,1]. Therefore, {a}, {Bm} converge uniformly to
the extremal solutions in [, o] of the problem (3.2)—(1.2), i.e., {am }, {Om} converge
uniformly to the extremal solutions in [3, ] of the problem (1.1)—(1.2).

Example. Consider the boundary value problem

(3.21) uw® () = 5u® (1) — 8u”(t) + (u(t) +1)% — (sinnt + 1),
(3.22) u(0) = u(1) = u”(0) = (1) = u™®(0) = u? (1) = 0.

It is easy to check that a = sinnt, § = 0 are respectively upper and lower solutions
of (3.21)—(3.22). Let a; = 5, a2 = 8, a3 = 4, 11 = 1, ro = r3 = 2. Clearly, all
conditions of Theorem 3.1 are fulfilled. Hence the problem (3.21)—(3.22) has at least
one solution u which satisfies 0 < v < sin rtt.

Remark 2. If a; = a2 = a3 = 0, we can not conclude that the above problem
has at least one solution. Thus, our result is better than the approach a; = 0.
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