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Abstract. We generalize the concept of an (r, s, g)-jet to the concept of a non-holonomic
(r, s,q)-jet. We define the composition of such objects and introduce a bundle functor J™%9:
F My, X F M defined on the product category of (k,)-dimensional fibered manifolds with
local fibered isomorphisms and the category of fibered manifolds with fibered maps. We
give the description of such functors from the point of view of the theory of Weil functors.

Further, we introduce a bundle functor jlr’s’q 2 2-F My, — F M defined on the category
of 2-fibered manifolds with .#.#, ;-underlying objects.
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PRELIMINARIES

We present a contribution to the theory of jet functors. We come out from the clas-
sical concept of a non-holonomic r-jet, the introduction of which goes back to Ehres-
mann, [2]. The classical results on the theory of non-holonomic jets were achieved
by Pradines, [12] and many problems related to them were studied by other authors,
e.g. Kolar, Virsik, Kures.

The present paper is devoted to the investigation of fibered non-holonomic jets
from the point of view of bundle functors, [5]. We follow the basic terminology from
[5]. The category of smooth manifolds with smooth maps is denoted by .# f while the
category of m-dimensional manifolds with local diffeomorphism is denoted by . f,,.
Further, denote by Z.# (% #,,) the category of fibered manifolds with fibered
maps (with m-dimensional bases and base maps formed by local diffeomorphisms).

The first starting point is the concept of an (r, s, q)-jet, introduced and studied
by Kolaf and Doupovec (e.g. in [1] and [3]). We essentially use the classical results
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on product preserving bundle functors. Bundle functors of this kind defined on the
category .# f coincide with Weil functors, [5], while those defined on the category
F.M are of the form T# for homomorphisms u: A — B of Weil algebras, [8].
Another starting point is the paper of Kola¥, [3], devoted to the abstract definition
of jet functors. Bundle functors of this kind are considered either on the product
category A fm, X A f so that they preserve products in the second factor and staisfy
the finiteness of order in the first factor, or they are considered as fiber-product
preserving bundle functors on the category % .#,,.

In Section 1, we generalize the first concept to the concept of a fibered jet functor,
which is defined on the product category .% .#},; x .%.# , preserves products in the
second factor and satisfies the assumption of finite order in the first factor. Its well-
known example is the functor of (r,s,q)-jets. In Section 2, we define the concept
of a non-holonomic (r, s, g)-jet and the composition of such objects. We prove some
assertions related to them the character of which being rather technical. In Section 3,
we define a bundle functor J*7 of non-holonomic (r, s, ¢)-jets and describe it from
the point of view of the Weil theory. We also give a simple iteration formula for such
functors. Moreover, we introduce a bundle functor jlr 0 2-F My — F M defined
on the category of 2-fibered manifolds with . .#}, ;-underlying objects.

1. BUNDLE FUNCTORS ON F#.#}, X F M

In [6], Kolaf and Mikulski classified all bundle functors defined on the category
M frn X A f, the product of the category of m-dimensional manifolds and the cat-
egory of smooth manifolds, which are of order r in the first factor. They found a
bijection between bundle functors of this kind and couples (G, H) of bundle func-
tors G: M f — F.# and group homomorphisms H: G, — A &(G) assigning
natural equivalences over G to elements of G),. The correspondence is given by
F — (GF,HY) for G defined by GF'N = Fy(R™,N), G f = F(idgm, f) and the
action HY of GT, on G¥' defined by H¥ (55 g)(a) = F(g,idx)(a) for a € GFN. Con-
versely, any couple (G, H) is assigned a bundle functor A& f,, x A [ — & .# defined
by F(M,N) = P"M|GN, Hy], the associated bundle to the frame bundle P" M with
the standard fiber GV and the action Hy of Gj,, on GN.

Moreover, the authors specified the result for the case of F' preserving products
in the second factor. Then any G is a Weil functor 74 and H is a homomorphism
with values in Aut(A) since natural transformations of Weil functors are canonicaly
identified with homomorphisms of the corresponding Weil algebras, ([4], [5]).

To generalize the result to the product category # .4}, x % .# , we shall need the
concept of an (r,s,q) jet, s = r < q, [3]. Let us recall it. For a fibered manifold
p: Y — M and a manifold Z, two maps f, g are said to determine the same (r, s)-
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jet (r < s)aty e M if jyf = jyg and in addition jy(f|Y:) = j;(g]Yz), where
x = p(y) and Y, denotes the fiber of Y over z. In case of Z being a fibered manifold
q: Z — N, two (r,s)-jets j,»° f and j,*°g of fibered morphisms f,g: Y — Z are said
to determine the same (7, s, q)-jet at y € Y (¢ > r) if j1f = jdg for the base maps f,
g: M — N associated to f, g

In [1], Doupovec and Koldi studied bundle functors 7},7;? defined on objects
by T, = Jyo?(R*!Y) and on morphisms by T (oo ?e) = oo (f o )
for any .Z.#-morphism f: Y — Z. By R*!, we denote the fibered manifold pr :
RF x R — R*. In [1], there was also mentioned the differential group G}'7'¢ =
inv Jgo ! (R, R¥)g o = inv T3 (R¥!)g 0. Bundle functors T} preserve products
and by [8] and [1] they can be cons1dered as the functors 7" for v: Df — D)7 defined

by
(1.1) v=mlx 0y, T (J5e) = jow, Ou(jge) =0 € Dy,

A bundle functor F: F My x FM — FAMA is said to be of order (r, s, q) in the
first factor if for any local fibered isomorphisms f,g: Y — Y satisfying Jyif =
Jy99g it holds F, .(f,h) = Fy, .(g,h) for any y € Y, z € Z and any . .#/-morphism
h: Z— Z.

Analogously to [6], define a bundle functor G¥': F.#4 — F.# by GFZ =
Foo(R¥, Z) and GFf = F(idgw., f) for any Z.#-morphism f: Z — Z. Fur-
ther, define an action HZ of G7" on G¥Z by HZ (jo'5%9)(s) = F(g,idz)(s) for
any s € GF'Z. Tt holds GFfng( )(s) = F(idpr., f) o F(g,idz)(s) = F(g,idz) o
F(idgrt, f)(s) = HE(joo%) o GF f(s). Tt follows that H"(jy5%) is a natural
equivalence. Since H” (jo5 g1 0 joo?92) = H" (joog1) o H" (jo'y'"92) we deduce
that H": Gp7? — A &(G") is a homomorphism assigning to elements of G}
natural equivalences on G¥'.

Conversely, having a bundle functor G on .#.# and a homomorphism G}'7? —
A &(G), we construct a bundle functor (G, H): F My X FM — F.H assigning
to any couple of objects Y, Z the associated bundle (G, H)(Y, Z) = P™*9Y[GZ, Hy|
to the frame bundle P™*7Y = inv J™*(R*! Y) of order (r, s, q) with standard fiber
GZ and the left action Hz on GZ.

The following assertion is the modification of that in [6] to bundle functors under
discussion.

Proposition 1. Let F: F.#, x FM — F.# be a bundle functor of order
(r,5,q) in the first factor. Then F = (G, HT).

S,

Proof. For any joo% € P;»*? we define the frame map ]rsqcp Grz —

F, (Y, Z) by jo5%»(s) = F(p,idz)(s). The proof is accomplished by the verification
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of its correctness and bijectivity which is easy and analogous to the situation in [6].
O

Let G: .Z.# — ./ be another bundle functor of order (r, s, ¢) in the first factor
and H: Gyt = NE (G) a group homomorphism. Further, let us have a natural
transformation t: G'— G that is Gy ‘-invariant, i.e. H(joo"g)otz = tzoH(jy %)
Then we have an induced natural transformation 7: (G, H) — (G, H) defined by
Fy.z = idpreayltz]: PP |[GZ,Hy] — P"*9Y[GZ,Hz]. Conversely, let F and
F be two bundle functors on .F.#}; x .F.# of order (r,s,q) in the first factor and
7: F — F be a natural transformation. Analogously as in Lemma 14.11 of [5] one
deduces that 7y z is over identity on Y x Z which induces a natural transformation
t: GF — GF defined by t; = TRk 7| Fy(RM1z) - Analogously as in [6] one can show
that HZ (jo'g%9) otz = tz o Hf (jogg). This follows from 7ge. 7 o F(g,idz) =
F(g,idz) o Tpr. 7 upon restricting over (0,0) € R*!.

The following assertion is the modification of Proposition 6 in [6] to the inves-
tigated bundle functors preserving products in the second factor, i.e. those bundle
functors on .F ), x F A which satisty F(Y,Z, x Z3) = F(Y, Z1) xy F(Y, Z3).

Proposition 2. (G, H) preseves products in the second factor if and only if
G = TH* for some Weil algebra homomorphism p: A — B and H: G"%1 —
Aut(A, i, B) is a homomorphism of Lie groups. In this case it holds (G, H)(g, f xh) =
(G,H)(g, f) %4 (G, H)(g,h) for every local fibered isomorphism g: Y — Y and every
fibered maps f: Z1 — Z1 and h: Zy — Zs.

2. NON-HOLONOMIC (r, 8, q)-JETS

In the present section, we introduce the concept of a non-holonomic (r, s, ¢)-jet as
a generalization of an (r, s, ¢) jet, introduced and studied by Doupovec and Kolaf in
[1]. Further, we define the composition of such objects. We start from the concept of
a non-holonomic r-jet introduced by Ehresmann, [2] and studied by many authors,
e.g. Kolaf ([3]), Pradines ([12]), Kures ([6]) and in [13].

For r = 1, non-holonomic r-jets coincide with the holonomic jets and so does
their composition. By induction in respect to 7, we remind the definition and the
composition of non-holonomic r-jets. For manifolds M, N and z € M, y € N denote
by j; (M, N), the space of non-holonomic r-jets with the source = and the target
y. By a and 3, denote the source and target projections. To define non-holonomic
(r + 1)-jets, consider local sections o: M — J"(M,N) in a neighbourhood of z.
Then non-holonomic (r+ 1)-jets X satisfying a(X) = x are just elements of the form
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jlo. Further, let X, = jloy € JI(M,N), and X, = jlos € JJ(N,P). Then the
composition X5 0,41 X; is defined by

(2.1) Xa 041 X1 = Gy (02(B(01(w)) or 01 (w)

where o,. denotes the composition of non-holonomic r-jets. It will be useful to con-
sider the formula (2.1) in the form

(2.2) Xy 0,41 X1 =jis for s = (o,) 0 (id x (o2 0 B)) 0 (01 X 07).

Consider . .#-objects py: Y — M, qz: Z — N. In the following definition, we
introduce the concept of a fibered non-holonomic r-jet. It is defined by induction as
follows

Definition 1. 1-jets j;f € Jy1 (Y, Z), of #.#-morphisms f: Y — Z are said to
be fibered non-holonomic 1-jets with the source y € Y and the target z € Z. The
space of such objects considered as a fibered manifold py, ,: J*(Y,Z) — J' (M, N) is
said to be the space of fibered non-holonomic 1-jets for p%/’ 5 defined by p%,’ 7( j; f)=
jafs = py(y). We write JUY, 2).

Suppose we have defined fibered non-holonomic r-jets and the surjective submer-
sion py 4 : J'(Y,Z) — J" (M, N) covering (py, qz) with respect to the product (e, 3)
of the source and target projections. Let o: ¥ — jT(Y, Z) be fibered local sections,

i.e. commutative diagrams of the form

Y ——J"(Y,2)

lp lz&z

M —== Jj"(M,N)

where ¢ denotes the base map associated to o. Then 1-jets j;g of such elements

are said to be fibered non-holonomic (r + 1)- Jets Define the fibered manifold pTle

JHNY, Z) — JTTHM, N) by 'z (o) = die = ji(p(u) — a(p(v)) = ji(p(u) —
Py z(o(u)). Then pTJr1 is said to be the space of fibered non-holonomic (r + 1)-jets.

In the last definition, one should verify that py. , is a surjective submersion. This
is done by induction. For r = 1, the assertion is obvious. In the induction step,
suppose having a local section sy, ;, with respect to the diagram from Definition 1,
and a local section v: M — J"(M, N) with repect to (a, 3). We define the local
section syf): JTHU(M,N) — Jr+(Y, Z) by

j;” = ji(s;yzou(m))STY,Z(V)j;g’,,Z(x)(S’g/,Z ovopy),

where sg), z is the local section M — Y covered by every sy ,. Now one can imme-

diately verify that p}, 50 s§,+Z1 (jlv) = jlv.
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Remark. The formula 2.2 implies that p}. , preserves the composition of fibered
non-holonomic r-jets. In formulas this reads

(2.3) pTZ,W(j;U2) Op pg/,z(jégl) = ng,w(j;@ Or j;Ul)
where W — P is another fibered manifold.

For any fibered manifolds py: Y — M and pz: Z — N, elements of J(Y,Z)
coincide with tangent maps T'f of .#.#-morphisms f: Y — Z. Consider elements
4y (fIY2), py (y) =  and let Y, denote the fiber of Y over x. Elements of this kind
are identified with V,, f where V' denotes the vertical tangent bundle. Let us denote
by JUV(Y, Z) the space of all elements of this kind. Further, consider the maps
myy s JUY, Z) — JYV(Y, Z) defined by

(24) my 7 Gy £) = 3y (f1Y2)
Then the following holds

Lemma 1. The maps n!V from (2.4) are surjective submersions invariant with
respect to the composition, i.e.

(25) mw (y(90 ) = 77w (29) 0 7y 5 (i, f)
for arbitrary # .#-morphism g: (Z — N) — (W — P).
Proof. The proof is immediately obtained from the definition of 71:V. (]

For arbitrary manifolds M, N, the space of non-holonomic r-jets can be considered
as the 7-th iteration of J! in the following sense. Put Ji,N = J!(M,N). We can
identify J(M, N) with the space J} (M x N) of local sections with respect to the
canonical projection M x N — M, [5]. Then J"(M, N) can be defined by

(2.6) J'(M,N)=J}o...0oJiN.

For fibered manifolds py: Y — M and qz: Z — N we can express the space
of fibered 1-jets J1(Y,Z) by JY(Y,2) ~ JLZ ~ p: J\Z — Ji,N for p defined by
p(jyf) = jaf, © = py(y). We can analogously obtain the space of fibered non-
holonomic 7-jets J" (Y, Z) as the r-th iteration of J{- to Z, i.e. J'(Y,Z) ~ Jho...0
JLZ.

We can also define an arbitrary composition of J{- and J}l,’v. By induction we can
define the composition of elements from J”(Y, Z) and J"(Z, W) where J” denotes
the space of generalized fibered non-holonomic r-jets. Such a space is obtained as
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an arbitrary r-th iteration of J{ and J;,v to Z. The composition is defined as
follows. Let o: YV — j’”(Y, Z) and g: jT(Z, W) be local fibered sections satisfying
B(o(y)) =z€ Z,y €Y. Then jlo and j.V o are elements of J™Y(Y, Z) and so are
jlo and j1Vp. Their composition is given by

(2.7) 72 06r414y0 = jy (0(B(o(w)))éro(u)) or

32V 001y o = gy Y (e(B(o(w)))6r0(w))
(v,

for the obvious source and target projections «: Jr — Y and 3: JT(Y Z) —

Z.

Definition 2. Let Y, Z be fibered manifolds. Then the space J™*(Y, Z) iden-
tified with J3'V o...0JY oJ o... 0 Z is said to be the space of (r,s)-non-

(s—r)-times r-times
holonomic jets between Y and Z. The composition of (r, s)-non-holonomic jets is
defined by the formula (2.7).

In what follows, we are going to define the projection W;/Z' jS(Y, Z) — jT’S(Y, Z)
and prove that it preserves compositions. Thus we prove that non-holonomic (r, s)-
jets are in fact equivalence classes of fibered non-holonomic s-jets corresponding to
w5, Moreover, their composition will be given by the composition of any represen-
tative fibered non-holonomic s-jets

Let us define the projection 7wy, : J*(Y, Z) — J™*(Y, Z) by induction with respect

Tr+1 1,V
}’JT(Y,Z)

myz- Then 735 J‘S“(Y, Z) — JrstU(Y, Z) is defined by

to s —r as follows. Put 7y for all » € N. Suppose we have defined

. 1,V . r,8
(2.8) TyT = T ey Uy (T8 0 0))

for any local fibered section o: Y — J*(Y, Z).

Proposition 3. Let X, € J*(Y, Z) and Xy € J*(Z, W) be fibered non-holon-omic
s-jets satisfying (X1) = a(Xs3). Then the n"* defined by (2.8) satisfies

(2.9) Ty (X2 05 X1) = w5 (X2) o s Ty, (X1)
for the composition o, s defined in (2.7).

Proof. We prove the assertion by induction in respect to s —r. For s=r +1

the assertion is immediately deduced from (2 2) and Lemma 1. Suppose (2.9) be
valid for r and s. For s + 1, we have 77{, Y(jlo ogin Jyo) = W}l,’,‘gm(y,w)(j;(u —
i (e(Blo(w)) os o(u)) = 7% L ) U (w7350 (2(B(0 () ors 7% (0 (1))

by the induction step. By Lemma 2.2 and (2.7) we have finally 7 S+1(]Z 0) O s+1
r,s+1

Ty’ (jyo) which proves the assertion. O
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Let s1 > s2. Denote by w5} the (s1 — s2) —th iteration of the projection 3' defined
as follows. For j,s € J'(Y,Z) put 5! (jos) = s(y) where s is a local fibered section
Y — J"UY,Z) for arbitrary r. Thus we have T y.z: JY,Z) — J=(Y,Z).
Clearly, 75! preserves compositions of non-holonomic jets. By definition 2.1. there
is a surjective submersion py, ,: J'(Y,Z) — J"(M,N) defining the structure of a
fibered manifold on .J" (Y, Z). In the following definition we give the concept of a non-
holonomic (r, s, q)-jet. The composition of such objects will be given by Proposition 3
and Definition 1.

Definition 3. Let ¢ > r < s be integers, ¢ = max{q,s} and py: Y — M,
pz: Z — N be fibered manifolds. Define the concept of a non-holonomic (r, s, ¢)-jet
and the projection 7y%%: JHY,Z) — J"*4(Y,Z) as follows. Two fibered non-
holonomic t-jets X1, X5 € J*(Y, Z) are said to determine the same non-holonomic
(r,s,q)-jet, i.e. 7y (X1) = 7y (X2) if the following conditions are satisfied

(i) 7i(X;) and 7%i(X52) determine the same fibered non-holonomic r jet.
(il) 7y o m(X1) and 7y, o 7L (X2) determine the same non-holonomic (r, s)-jet.
(i) p§. 5 o my(X1) and p§ , o m(X2) determine the same non-holonomic g-jet over
manifolds M, N.

The composition o, , of non-holonomic (r, s, q)-jets & € jr,&q(y? Z) and & €
j’”*s’q(Z, W) is defined as the equivalence class corresponding to the composition
of any representatives X; and Xs, (i.e. elements satisfying my%(X1) = & and
Ty (X1) = &). In formulas, it reads

(2.10) €2 0r5,4 &1 = Ty (X2 00 X1) = M0 (X2) or 5,0 Ty (X1)

It follows from the definition of o, ; and (2.3) that the composition o, , 4 is well
defined. The following assertion shall be used in Section 3 showing that all of the so
called generalized r, s-jets or (r, s, q)-jets are naturally equivalent.

Proposition 4. There is a canonical bijection sy z: J\'V o JY(Y,Z) — J' o
JYV(Y, Z) defined by

(2.11) Gy¥ o gy (u s my (o (u))

for any local fibered section o: Y — JY(Y,Z). Moreover, sy, z preserves composi-

tions, i.e.

1,V

(2.12) syw(iiteowa jyV o) =szw(il" o) orav sy,z(jy " o)
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for the jet composition o1y,1 on J4V o J' and 011y on J' o J1V and a fibered local
section o: Z — JY(Z,W). Further, sy,z satisfies

1,V 1,V
(2.13) SY,Z Oy ji(y z) = Ty

Proof. We use coordinates. Let z* be base and y? the fiber coordinates of the
fibered manifold Y over M. Similarly, let u* be the base and Z“ the fiber coordinates
of the fibered manifold Z over N. Consider the additional coordinates u;, Zj, Z, of
the fibered 1-jets from J1(Y, Z) and further, the additional coordinates Z6ps Zips Z“
on J4V o Jy ;. Thus on J"V (Y, Z) we have the induced coordinates a*,y”,u" , Z“.
Define the additional coordinates uf;, Zg;, Z§,, Z%; , Zg, on J' o JVV (Y, Z). Then
sy,z satisfies in coordinates ugy; = u;, Z§;, = Z{' and Z7; = Z{,. This proves that s is
a bijection. From the formulas for the composition of fibered non-holonomic 2-jets,
using the fact that they are fibered and the definition of o; ;v and oyy,1, one can
immediately verify that s preserves compositions. Using coordinates one can also

directly prove (2.13). O

Remark. Let us consider the space J* of the so called generalized non-holono-
mic fibered s-jets with their composition defined in (2.7). Further, denote by Jrs
the space of generalized fibered non-holonomic s-jets obtained by r iterations of
J' and s — r iterations of J-V. Further, denote by J5™ or J™*"° such a space
J® or J™* that is obtained by making first r( iterations of J'. Then we can define
Ty J*(Y, Z) — J"*(Y, Z) modifying the construction of Ty, before Proposition 3
as follows. We construct 7y'y: JYZ — J®"0 by induction in respect to s — 7o
analogously but modifying (2.8) to

(2.14) Jyo = Gy (g, 00)

in case the current iteration is J!. We can formulate an assertion which is the
modification of Proposition 3 to the generalized projection 7™° and the generalized
composition (2.7). Its proof is only a modification of that of Proposition 3 and so

we omit it.

Proposition 5. Let X; € J*(Y,Z) and X, € J*(Z, W) be generalized fibered
non-holonomic s-jets of the same type satisfying 3(X1) = a(X2). Then 7#"* satisfies

(2.15) Ty w (X2 05 X1) = 7575, (X2)8,, 57y (X1)
for the composition 6, s defined in (2.7).

In the very end we remark that that the bijection sy z from Proposition 4 yields
the identification of all J™* no matter what is the order of J! and J&V.
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3. BUNDLE FUNCTORS OF NON-HOLONOMIC (r, 8, )-JETS

In the present section, we are going to introduce a bundle functor J"%9: % M1 X
FM — F.M and a bundle functor functor J;"*: 2-F My, — F.M . In this way
we generalize the functors J™ and J* from .# f,, X .4 f and their modifications Ji
and j{ to . M,,. Further, we generalize the bundle functor J™*% on . #,, x F.H
defined and studied by Doupovec and Kol in [1]. We also describe J™*¢ in the
form of P™®4[TH, er's’q] according to Section 1.

Let us recall that for a local diffeomorphism g: M — M, a smooth map h: N —
N and a non-holonomic r-jet X € J"(M,N), the element .J" (g, h)(X) is defined
as jg(X)h o, X o, j’g”(a(X))gfl. In the last formula, holonomic r-jets jE(X)h and
j;(a( X)) g~ ! are considered as non-holonomic ones applying the canonical inclusion j
of holonomic into non-holonomic r-jets defined by the formula

(B.1) jof = dalur—r = o (ur—a = i (. (ug = gy,
(uy — flug,...,ur—1)))...)),

where f is the constant map assingning every element of the form (U1, ..y Up—1)
constantly the Taylor polynomial T} f of order r in x.

For a local .# .4, ;-isomorphism g: Y7 — Y5 and an .#.#-morphism Z; — Z,
define J™4(g, f): Jr*9(Y1, Z1) — J"=9(Ya, Z3) by

(3:2) jr,s,q(% HX) = jg(s)’(q)f 07,5, X Or.s,q 5;7(2((1)())971

for any X € J"*4(Yy, Z;). The composition of non-holonomic (r, s, q)-jets o, 5 , with
the holonomic ones jg’&q) f and j;’(‘z;‘(]x)) g~ ! is considered as the composition of non-
holonomic (r, s, ¢)-jets applying the embedding 77*9 0 ¢ with the canonical inclusion
i of max{s, ¢}-holonomic into max{s, ¢}-non-holonomic jets. The correctness of (3.2)
is a consequence of (2.10).

It follows from the construction of J™%4 that it is a bundle functor on .% M X
F M of order (r,s,q) in the first factor and that it preserves products in the sec-
ond factor. Analogously one deduces the same for the bundle functor J'V de-
fined on F.Ak,l x F.. Tt is easy to see that my’: J(Y,2) — J(Y, Z),
Ty JUY,Z) — J"59(Y,Z) and T vz J(Y,Z) — J**(Y, Z) form natural
transformations.

In the following proposition, we find step by step G7""" in the form of T*, (L)
and H7"** applying essentially Proposition 1 and Proposition 2. Further, we find
the couples of Weil algebra homomorphisms associated to the recently disscussed
natural transformations 7% and 7%, ([8], [14]). Let us put T,il = jg,O(Rk’l, -) and
analogously do with T,:ls and Tkrls ,
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Proposition 6. (i) The bundle functor J* of fibered non-holonomic jets is nat-
urally equivalent to (G, H'") where G’ is of the form TV for a Weil algebra
homomorphism v defined by

(3.3) v=1®..0.,:0 =D ®.. 00 -D, ®...0D0,, =Di,,.

s-times

The map v: D) — D}, is the canonical injection homomorphism. Further, H I
Gy — Aut(T") is given by the formula (3.2) if we substitute the identity map for
f. Moreover, H can be decomposed into the couple of homomorphisms H ij °: G, —
Aut(D3) and H{" Gyl — Aut(lﬁ);l), both of H{" and HyJ" being the inclusion j
from (3.1).

(ii) The bundle functor J"* of non-holonomic (r, s)-jets is naturally equivalent to
(T, H J "") where u is a Weil algebra homomorphism defined by

(3.4) p=10..0.0i®..0i:0 -0, D"
r-times (r—s)-times

for lﬁ),lC = [D)ll€ R...Q® [D),lC ®R®...® R and the canonical inclusion i: R — l]])l1 . The
homomorphism H'™" : Gpy" — Aut(T") is given by the formula (3.2) substituting
the identity map for f.

(iii) The natural transformation ©"* is represented by a couple of (v, u)-related
Weil algebra homomorphisms (g, ), i.e. commutative diagrams of the form

~S v > ~S
D; Dk 1

(3.5) lg lg

D ——> By, @ ;"
where 9 = 7 = id®...id®py®...®po and 0 = d®...1d@pr,; ® ...px,. The
—_——— —, - — —_— —-.e
r-times (s—r)-times r-times (s—r)-times

projection po is the Weil algebra homomorphism D} — R annihilating nilpotent
parts and pi;: Dy o D} annihilates first k variables. Moreover, H can be
decomposed into the couple of group homomorphisms H': G} — Aut(D)) and
H?: G} — Aut([ﬁ)i’j) where H! is the inclusion j from (3.1) and H? is defined
by HQ(WUQS,L,(R_,N) (jgo,o)‘P)) = ﬂ&’:,L’(R_,pt) (j(jgo,o)sp))'

Proof. (i) It is easy to verify that Jjo((R* — R¥),(R — R)) = D} and
Joo((RM — R¥), (R — pt)) = D},,. Further, one can immediately deduce that
J}oidges,7) =T} (7) = ¢, where 7: (R — R) — (R — pt) is the identity map, [8].
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By the iteration property of functors T*, i.e. TH1 o TH2 = TH1®H2 presented in [14]
and [11] we obtain the first assertion. The second assertion is directly obtained by
the formula (3.2), Remark following Definition 2.1 and Proposition 3.

(i) It is easy to see that J&,’(Y((Rk’l — RE), (R — R)) = R and J&,’(Y((Rk’l —
RE), (R — pt)) = IﬁJl1 One can easily verify that J&:S/(idmk,z,T) is the canonical
injection of R into [D)1 The iteration property of functors T# is deduced analo-
gously as in (i) of the first assertion. The second assertion follows immediately from
Proposition 3 and the formula (3.2).

(iii) We procced by induction following exactly the formula (2.8). The first asser-
tion is obtained if we consider the fact that every natural transformation TV — T*
corresponds to the couple of (v, u)-related Weil algebra homomorphisms, [8] and [14].

The second assertion is obtained from the formula (3.2), (2.10) and the composition
of non-holonomic fibered jets taking mto account that every element of G}’] | can be
considered in the form (]Ogl,jo)ogg) = Rk,l,u@k,l (6915 95.092)- O

The following Proposition gives the main result

Proposition 7. (i) J"*9 is a bundle functor on .Z.#),; x .F./ identified with
P“S*q[fg:ls’q, Hj’::ls’q], where T,::ls’q and H7v1'" are as follows.

The bundle functor T,:’ls’q: F My, — FAM is of the form T? for a Weil algebra
homomorphism 9: l]j)q — IDT > defined by

(3.6) P=01®..9QIKQ...Qi) o]
—— N——
r-times (s—7)-times

where v: D}, — D}, . 1s the canonical inclusion, i: R — D} is the canonical inclusion
of reals and po: Di — R is the pro jection annihilating the nilpotent parts.

Further, gl < is defined by gl q( 00 9)(X) = X 0,44 409" Moreover,
H7:™ can be considered as a couple of homomorphisms Hy: Gi — Aut (@i) and
Hy: Gy — Aut([EDZ’j) defined as follows. Hl(jggl)(j[ﬁ’% ) = j'ﬁi (pogt) and
Hg(jgzggg)(jﬁ;ﬁ Y) = jﬁ;i (Y ogyt), i.e. H' and H? are as in Proposition 6, part
(iif).

(ii) Let t = max{s,q}. Then the natural transformation n™*9 corresponds to a
couple of (v,9)-related Weil algebra homomorphisms (0,0), where g = wé: I]j)’;C — Iﬁ)z

is the canonical projection and o : I]])]C = IDkl is the composition 7% o mt.

It is easy to see that a bundle functor 794 can be identified with the Weil functor
T4, Further, T,:ls "7 is identified with the couple of bundle functors T,‘j M — FM
and the functor 7* from Proposition 6., (ii). Thus 7};? is identified with the couple
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of Weil algebra homomorphisms id@% and p: [Ij)z — lﬁ)ﬁ which is due to the form of
1 obviously identified with . This proves the first claim.

As for the second assertion, it is easy to see that for two fibered ¢ jets jé,og,
jé,oh determining the same (7, s) jet and for two fibered non-holonomic t-jets X1, Xo
determining the same fibered non-holonomic (r, s)-jet the compositions X1 0 (j§ 9) ™
and X50(j§ oh) ! determine the same non-holonomic (r, s)-jet by the second assertion
of Proposition 6, (iii). This yields the required reducibility with respect to the (r, s)-
components of the non-holonomic (r, s, q) jet. This reducibility with respect to the
first components follows from the formula projection property of the projection p?
from Definition 1.

(ii) Let pZ’l and p denote projection homomorphisms annihilating the last [ vari-

ables. Then the assertion follows from the following diagram

it Yo mt
Dy — Diyy

/><\

(3.7) — ¢ By —> B8

\X/

DT’

the commutativity of which is easy to verify. O

Remark. Obviously, the sy z from Proposition 4 is a natural equivalence JV o
J' — J' o JUY and, consquentely, all of the so called generalized fibered non-
holonomic (r, s)-jets and (r, s, ¢)-jets are mutualy identified in the sense of a natural
equivalence. The natural equivalence s: J%V o J! — J' o J1V corresponds to the
couple of Weil algebra exchange isomorphisms ¢ = idp,» : Df ~Df ® R — R D} ~
|]:D1 and o: [Dk+l ®[IfD1 —>[IfD1 (X)I]:D,lC

In what follows, we introduce a bundle functor JT 2 2 F My — F M where

2-F M), denotes the category of 2-fibered manifolds with .% .}, ; base objects. We
recall that the objects of the category 2-Z ., ([9], [10]) are fibered surjective sub-

mersions between fibered manifolds, i.e. commutative squares as follows
W
N
Y N
x /
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All arrows in (3.8) are surjective submersions. 2-.%.#-morphisms are quadruples
oW =W, f:Y =Y for N— N andf: M — M suchthat 7’0 f = fyom,
plof=fop,n'of = f,omand p'ofo= [, 0P if we have considered another 2-F M -
object W' of the form (3.8). If in addition to that =: ¥ — M are .#.#} -objects
and f: Y — Y’ are .4}, -local isomorphisms, we obtain the category 2-.F.#} ;.
For an 2-.F ./} ;-object W define
(3.9) JPTUW) = {X € JI((Y — M), (W — N)); J"*(id, p) (X) = 5 () id}

y
and for an 2-Z .4 ;-morphism f: W — W' define J"*4(f) := j™59(f, fo) 0r.s.q
X orsg (Gm>(f, io))_l. This defines a bundle functor on the category 2-.% .4,
since J"54(idy ,p) (7 9(f, fo) ©raX Org (79(F, £,) 1) = 558 idy. One can
easily verify that Jrisa preserves fiber products Wi xy Ws. Thus we have obtained
the following Proposition

Proposition 8. The J">? defined by (3.9) is a bundle functor on the category
2-F My, preserving fibered products.

In the very end we prove that the projection 7% defined by induction in (2.8) can
be obtained as the composition of J?(id, 71"V') and JP(id, s) only. It reads as follows

Proposition 9. Let Y € Obj(.% #y,), Z € F. M, s > r. Then it holds
rs+l 1LV F1: 1,V
(310) ﬂ-Y,Z = ﬂ.Y,ijS(Y,Z) oJ (ldY7 ﬂ-Y,jr,s—l

o jS_T (idy, W;,?T(Y,Z))

32 /. 1,V
(Y)Z)) oJ (ldeﬂ'y,jr,s—z(y,Z)) o...

Moreover,

511,V _ f-1g :
J Ty jreti-iy,z) — J (1391’ SYJ"S“”(Y,Z))

Fl—i (s o
o...0J (1}(/1,SY”];/—IOJTVS*,l,I(Y,Z))O...
-
oJ (1}(,:17SY,Jé,*zoJTvS“*l(Y,Z))

LV
O Sy, g togrsti-l(y,z) © Ty Jbojresti-1(y,7)

Proof. The proof is done by induction with respect to s — r. For s = r, the

right-hand side of (3.10) is Tl')l/”?r ¥.2) which is obviously W;T; !. The induction step

will be proved if we show that T'.J" (idy, f) = J"t!(idy, f) since in this case the rigt-
hand side of (3.10) is exactly (2.8). The verification is given by T'J" (idy, Hlgo) =
STy, F)(o(w) = LG o o(u) = J5H1S orsr 3(o(w) since 57 is in fact a
constant local section on J". The second assertion is verified applying (I — 1)-times
(2.13). O
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Remark. In the very end we remark that the iteration of non-holonomic (r, s, q)-

jets is given by the formula

(3_11) JrUs1,a1 o Jr2.s2,q2 — jritra,sitsz,qitaz

for any s1 > 11 < g1 and s2 > ro < ¢go. It can be directly obtained from the formula
for the iteration of Weil bundles, i.e. T4 o TB = TA®B for any Weil algebras A
and B.
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