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Abstract. In this paper LJ-spaces are introduced and studied. They are a common
generalization of Lindelof spaces and J-spaces researched by E.Michael. A space X is
called an LJ-space if, whenever {A, B} is a closed cover of X with A N B compact, then
A or B is Lindelof. Semi-strong L.J-spaces and strong L.J-spaces are also defined and
investigated. It is demonstrated that the three spaces are different and have interesting
properties and behaviors.
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1. INTRODUCTION

The Jordan curve theorem is one of the classical theorems of mathematics; it says
that if C' is a simple closed curve in the plane R?, then R? \ C has precisely two
components Wi and Wa, of which C' is the common boundary [M].

Generalizing these properties, E. Michael [3] introduced and studied the following
J-spaces.

A space X is a J-space if, whenever {A, B} is a closed cover of X with AN B
compact, then A or B is compact.

A compact space is a J-space, but a J-space need not be compact.

We wonder whether in the definition of the J-space, “A or B is compact” is
equivalent to “A or B is Lindel6f”. If not, what properties would the following space
have?

Definition 1. A space X is an LJ-space if, whenever {A, B} is a closed cover
of X with AN B compact, then A or B is Lindel6f.

The project is supported by NSFC (No. 10571081).
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Obviously, both the Lindelof spaces and J-spaces are LJ-spaces. In this note, we
show that the LJ-space is different from the J-space or the Lindeltf space. Related
spaces—strong L.J-spaces and semi-strong L.J-spaces are also introduced and stud-
ied. That the three classes of spaces are different is demonstrated by examples; their
characterizations and relationships are investigated. They have interesting properties
and behavior.

Throughout the note, spaces are topological spaces which are Hausdorff. A space
X is Lindelof if every open cover of X has a countable subcover. All maps are
continuous. A map f: X — Y is boundary-perfect ([3]) if f is closed and 9(f~*(y))
is compact for any y € Y. For a subset A of the space X, we reserve dA and
A° for the boundary and interior of A respectively, and the symbols R and Z*
for the sets of all real numbers and all non-negative integers respectively. Further,
Rt ={z € R: z > 0} and R~ = {z € R: « < 0}. The cardinality of a set A
is denoted by |A|. As a space, every ordinal has the usual order topology unless
specifically stated otherwise. Other terms and symbols will be found in [1].

2. DEFINITIONS AND IMPLICATIONS

The following two spaces are related to J-spaces. A space X is a strong J-space
[3] if every compact K C X is contained in a compact subset M of X such that
X\ M is connected. A space X is a semi-strong J-space [3] if every compact K C X
is contained in a compact subset M of X such that M UC = X for some connected
C Cc X\ K. In [3], it is shown that the following implications hold while the inverses
are not true:

compactness = strong J=- semi-strong J = J.

We are naturally interested in the properties introduced below.

Definition 2. A space X is a strong LJ-space if every compact K C X is
contained in a closed Lindeléf L € X such that X \ L is connected.

Definition 3. A space X is a semi-strong LJ-space if every compact K C X
is contained in a closed Lindel6f L C X such that L U C = X for some connected
CcCcX\K.

Clearly, Lindelsf spaces are strong L.J-spaces and L.J-spaces. So RT, R™, R"
(n > 1), the real line R and the Sorgenfrey line S are strong LJ-spaces. In [3], it
is shown that RT, R~ and R™ (n > 1) are also strong J-spaces while R is not a
J-space.
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Proposition 1. The Sorgenfrey line S is not a J-space.

Proof. The closed cover {(—o0, 0], [0,00)} of S satisfies that (—oo, 0]N[0,00) =
{0} is compact, but neither (—oo, 0] nor [0, c0) is compact. O

It was shown that every topological linear space X # R is a strong J-space (Propo-
sition 2.6 of [3]). Since strong J-spaces are strong L.J-spaces and the real line R is a
strong L.J-space, we have

Proposition 2. All topological linear spaces are strong L.J-spaces.

The long line Z (see [8] and [3]) (that is, Z = [0,w;) x [0,1) with the order topol-
ogy generated by the lexicographical order) is connected, non-compact, countably
compact and locally compact.

Proposition 3.
(1) The long line Z is a strong J-space (so a strong LJ-space), but not a Lindelsf
space.
(2) The product {0,1} x Z is not an LJ-space.

Proof. Let K C Z be compact. Then K is bounded and so there exists an
ag € [0,wy) such that K C [(0,0), (v, 0)]. Then L = [(0,0), («g,0)] is compact and
Z \ L is connected. Thus Z is a strong J-space. Clearly, Z is not Lindelof.

(2) Put A= {0} x Z, B={1} x Z. Then the closed cover {4, B} of {0,1} x Z is
the desired one. (]

Proposition 4.
(1) [0,wn) is a J-space (so an LJ-space), but not a semi-strong L.J-space. Moreover,
any closed subsapce of [0,w;) is a J-space.
(2) The product [0,w1) X [0,w1) is not an LJ-space (so not a J-space).

Proof. (1) Let {A, B} be a closed cover of [0,w;) and let AN B be compact.
Then A or B is bounded in [0, w1 ). In fact, assume that both A and B are unbounded
in [0,w;); then AN B is unbounded, which contradicts the compactness of A N B.
Without loss of generality, we assume that A is bounded in [0, w1 ), then there exists
a [ € [0,wy) such that A C [0,0]. Thus A is compact since [0, 3] is compact. So
[0,wy) is a J-space.

Let us note that if A C [0,w;) with |A| > 2, then A is not connected. For the
compact K = {0} C [0,w;), if L D K is closed, Lindelof, and C' C ([0,w;) \ K) is
connected, then LUC' # [0, w1 ), so the L.J-space [0, w1) is not a semi-strong L.J-space.

Let F be a closed subspace of [0,w;). If F is compact, then it is a J-space. If F
is not compact, then F is also a J-space since F' and [0,w;) are homeomorphic.
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(2) Put A = {0} x [0,w1), B =[1,w1) X [0,w1), then {4, B} is a closed cover of
[0,w1) X [0,w;) with AN B compact, however, neither A nor B is Lindelsf. d

In Example 5 we present an wi-broom space Y (w1) and show that it is a semi-
strong LJ-space and has interesting properties, but it is not a strong LJ-space.

Theorem 1. Let X be a space and let us consider the following assertions:

(A) X is a strong LJ-space; (a) X is a strong J-space;

(B) X is a semi-strong LJ-space; (b) X is a semi-strong J-space;

(C) X is an LJ-space; (¢) X is a J-space.

Then (A) = (B) = (C), (a) = (A), (b) = (B), (¢) = (C) and the implications
are not reversible.

Proof. (A) = (B) is clear. To show (B) = (C), let {A, B} be a closed cover
of X with AN B compact. Then there is a closed Lindelof L C X and a connected
C C X\(ANB) such that ANB C Land LUC = X. Since {ANC,BNC}is
a disjoint closed cover of the connected set C, so ANC = or BNC = (. Thus
ACX\CCLorBCX\C C L is Lindelsf. So X is an L.J-space.

The other implications are obvious.

The Sorgenfrey line S satisfies the conditions (A), (B) and (C), but by Proposi-
tion 1, it does not satisfy (c), (b) or (a). (C) % (B) follows by Proposition 4 (1);
(B) # (A) follows by Example 5; (A) # Lindelsf follows by Proposition 3 (1). O

3. INTERNAL CHARACTERIZATIONS

Proposition 5. The following conditions are equivalent for a space X.

(1) X is a strong L.J-space (or a strong J-space).

(2) If # is a disjoint open cover of X \ K with K compact, then there isa W € #
and a connected open C C W such that X \ C is Lindeléf (compact, respec-
tively).

(3) Same as (2), but with |#| = 2.

Proof. (1) = (2). By (1), X has a connected open C C X \ K with X \ C
Lindelsf (compact). So C C U#. Since C is connected and # is disjoint and open,
we have a W € # such that C C W. (2) = (3) and (3) = (1) are obvious. O
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Proposition 6. The following conditions are equivalent for a space X.
(1) X is a semi-strong LJ-space (a semi-strong J-space).
(2) If # is a disjoint open cover of X \ K with K compact, then there isa W € #
and a connected C' C W such that X \ C is Lindeléf (compact).
(3) Same as (2), but with |#'| = 2.

Proof. (1)= (2). By (1), X has a connected C' C X \ K and a closed Lindelsf
(a compact) L D K with CUL =X. So C C W for a W € # since C C U# and
X \ C C L is Lindelsf (compact). (2) = (3) and (3) = (1) are obvious. O

Lemma 1. If B is a closed non-Lindelof subset of X and C' C B is Lindeléf, then
there is a closed non-Lindeléf D C B with DN C = (.

Proof. Let % be an open cover of B with no countable subcover. Pick a
countable & C % covering C. Then D = B\ | J % has the required properties. [

Theorem 2. The following conditions are equivalent for a space X.

(1) X is an LJ-space.

(2) For any A C X with compact A, A or X — A is Lindelof.

(3) If A and B are disjoint closed subsets of X with 0A or B compact, then A or
B is Lindeldf.

(4) If # is a disjoint open cover of X \ K with K compact, then X \ W is Lindelof
for some W € #'.

(5) Same as (4), but with |#| = 2.

Proof. (1)= (2)is clear since 9)A = AN X — A and {4, X — A} covers X.

(2) = (3). Let A, B be disjoint closed subsets of X and let A be compact, then
A or X \ A is Lindelsf by (2). Since B C (X \ A), A or B is Lindelsf.

(3) = (1). Let {A, B} be a closed cover of X with AN B compact. Suppose B is
not Lindelsf. By Lemma 1 there is a closed non-Lindelsf D C B with DN(ANB) = ().
Thus A and D are disjoint closed subsets of X and A C AN B is compact. So A
or D is Lindelsf. Since D is not Lindelof, A must be Lindelof.

(1) & (5) and (4) = (5) are obvious.

(5) = (4). Assume (5). If for some Wy € #', Wy U K is not Lindelf, that is,
{Wo, W*}, where W* = U{W € #: W # Wy}, has W* such that X \W* = Wy UK
is not Lindelsf, so by (5), X \ Wy is Lindelof. If for any W € #', W U K is Lindelof,
then W C W U K is Lindel6f and X is Lindelof. To show this, for any open cover
% of X take a finite .# C % covering K. Put U = |J.#. It is enough to show that
W' ={W e #: W ¢ U} is countable. Suppose not. Then # = #; U #> with
WO We =0, #1 N W' and # N#’ both uncountable. Let V; = J#; (i = 1,2).
Then {V1, V2} is a disjoint open cover of X \ K. By (5), X \ V4 or X \ V4 is Lindelsf.
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Let X \ V5 be Lindelsf. Then V; € Vi UK = X \ V4 is Lindelof and so C' = V; \ U is
also Lindelsf. Put w1 = #1N¥'. Then #"'1 covers C and each W € ¥, intersects
C. This is a contradiction since C is Lindelof and %1 is uncountable and disjoint.
So for any W € #, X \ W is Lindelof. O

Theorem 3. Let {X;, X2} be a closed cover of X with X1 N Xy compact, then
the following conditions are equivalent.
(1) X is an (resp. a semi-strong, a strong) L.J-space.
(2) One of Xy and X5 is Lindeléf and the other is an (resp. a semi-strong, a strong,
respectively) LJ-space.

Proof. (a) For the LJ-space. (1) = (2). By (1), X1 or X is Lindelsf. Let Xo
be Lindelsf. Let {A, B} be a closed cover of X; with AN B compact. Then X has a
closed cover {A, BU X5} with AN (B U X3) compact. Hence A or BU X3 is Lindelsf
and so A or B is Lindelsf. (2) = (1). Let X3 be Lindelof, X; an L.J-space and
{A, B} a closed cover of X with AN B compact. Put A; = ANX, and B, = BN X;
(i =1,2). Then {A1, B1} is a closed cover of X; with A; N B; compact. So A4; or
Bj is Lindelof. Let By be Lindelof. Then B = By U By is also Lindelof.

(b) For the semi-strong LJ-space. (1) = (2). By (1) and Theorem 1 ((B) = (C)),
let X5 be Lindelof and K; C X3 compact. Then K = K; U (X; N X32) is compact.
So K C L for a closed Lindeléf L € X and LU C = X for a connected C C X \ K.
Let L =LNX.. Put M; =CnNX;,i=1,2, then C = M; U M,. So My = 0 or
My = 0 since C is connected. If My = (), then C U Ly = X; with C C X; and the
Lindelof Ly D K. If M; = (), then the Lindelsf X; = L; is a semi-strong L.J-space.
(2) = (1). Let X2 be Lindelsf, K C X be compact and K; = KN X;. Then X; has
a closed Lindelsf L; D K and a connected C' C X3 \ K; such that L; UC = X;.
Put L = L; U X», then is closed Lindelof, L D K, LUC = X and C C X \ K.

(c) For the strong LJ-space. (1) = (2). By (1), let X5 be Lindelsf. Let K1 C X3
be compact. Then K = K7 U (X1 N X5) is compact, so K C L for a closed Lindelsf
L ¢ X with X \ L connected. Put Ly = LNXy, M; = (X\L)NX,, i = 1,2,
then X \ L = My U Ms. So My = 0 or Mo = 0. If My = 0, then X1 \ Ly = X \ L
is connected with Ly C X; Lindelof and Ly D K. If M; = (), then the Lindelsf
X1 = Ly is a strong LJ-space. (2) = (1). Let X5 be Lindelsf and X; a strong
LJ-space. Let K C X be compact. Then K; = (K U X2) N X; is compact, so
K7 C L, for a closed Lindelsf Ly C X; with X7 \ L; connected. Put L = Ly U Xo,
then L D K is Lindelsf and X \ L = X; \ L; is connected. O

Corollary 1. Let A C X be closed with OA compact. Then if X is an (a semi-
strong, a strong) LJ-space, so is A.
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Proof. PutX; = A, Xo = X \ A. Then the conclusion follows from Theorem 3.
O

Corollary 2. Let {X;, X5} be a closed cover of X with Xy Lindelof. Then
(1) if Xy is an (a semi-strong) L.J-space, so is X .
(2) if X, is a strong LJ-space with 9(X1) compact, so is X.

Proof. (1) See Theorem 3 (case (a), (2) = (1) and case (b), (2) = (1)).

(2) Let K C X be compact and K7 = (K N X;) UJ(X1). Then X; has a closed
Lindelsf Ly D K; with X3 \ Ly connected. Put B = X5\ X;° and L = L; U B, then
the closed Lindelof L D K and X \ L = X3 \ L; is connected. O

Corollary 3. Let X = EUU with U open in X and U compact. Then if E is
an (a semi-strong, a strong) LJ-space, so is X.

Proof. The closed A = X \U C F has a compact boundary in X and thus
in F, so A is an LJ-space by Corollary 1 since F is an L.J-space. X has a closed
cover {A,U} with U compact, so by Theorem 3, X is an L.J-space. The proofs of
the other cases are similar. O

Remark 1. (1) (a) If {X1, Xo} is a closed cover of X with X; N X3 compact,
then X is a semi-strong J-space iff one of X; and X5 is compact and the other is a
semi-strong J-space (since semi-strong J=-J, the proof is similar to Theorem 3 (b)).
(b) Corollaries 1 and 3 are also true for a semi-strong J-space (this follows from (a)).

(2) In Theorem 3 and Corollary 2, the “Lindel6f” cannot be removed. In fact, the
long line Z is a strong J-space, but not a Lindelof one (see Proposition 3), but the
topological sum Z @ Z is not an LJ-space.

(3) In Corollary 1, the “OA compact” cannot be omitted (see Theorem 6(2)).

Proposition 7. Let E be a component of X. If X is a (semi-)strong L.J-space,
so is E. Moreover, if a closed subset A is a union of components of X, so is A.

Proof. Let K C E be compact, then X has a closed Lindelof L D K with X\ L
connected since X is a strong L.J-space. If L D FE, then the Lindelof E is a strong
LJ-space. If L p E, then the connected set X \ L intersects E and hence X\ L C E.
So E has a closed Lindelof L' = LNE D K and E\ L' = X \ L is connected. The
proof for a semi-strong LJ-space is similar. O
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Theorem 4. Let {X1, X2} be a closed cover of X with X1 N Xo non-Lindelof. If
X1 and X5 are (semi-strong) L.J-spaces, so is X.

Proof. To show that X is an LJ-space, let {A, B} be a closed cover of X with
AN B compact. Fori=1,2let A; = ANX, and B; = BN X;. Then {4,,B;} is a
closed cover of the L.J-space X; with A; N B; compact, so either A; or B; is Lindelof.
Note that X1 N Xy = (A1 UB1)N (A2 UDBs) C (AN B)U By U As. If By is Lindeldf,
Ay cannot be Lindelof since A N B is compact while X7 N X5 is not Lindel6f. Hence
B5 is Lindelof, so B = By U Bs is also Lindelof. The case for A; being Lindelof is
similar.

To show that X is a semi-strong L.J-space, let K C X be compact and K; = KNX;
for + = 1,2. Then K; is compact, and so there is a closed Lindelof L; D K; in X;
and connected C; C X; \ K; with C; UL; = X, for i = 1,2. Let L = Ly U Ly and
C = (CyUC,. Clearly L D K is closed Lindelof and C U L = X. Since X7 N X5
is non-Lindelsf, (X7 N X5)\ L # 0. Also X; \ L C X;\ L; C C; for i = 1,2, so
(X1NX3)\ L C (CyNCs). Hence C; N Cy # 0 and thus C is connected. Clearly
CCcX\K. O

Remark 2. Theorem 4 is not true for strong LJ-spaces (see Example 5(2)) and is
not reversible (in fact, the semi-strong LJ-space Y in Example 5 has a closed cover
{Y, F} with Y N F = F non-Lindelsf. Y is a semi-strong LJ-space, but F' is not an
LJ-space since it is discrete and uncountable). In Theorem 4, the assumption that
X1 N X3 is non-Lindelsf is also needed (see Remark 1 (1)).

4. EXTERNAL CHARACTERIZATIONS

To characterize the L.J-space, we introduce the notion of an L-map.

Definition 4. A map f: X — Y is an L-map if f is closed and f~1(y) is
Lindelof for any y € Y.

Clearly, a perfect map is an L-map and is boundary-perfect (for the definition,
see Introduction). A boundary-perfect map need not be an L-map (see the map ¢ in
Remark 6). Example 1 shows that an L-map need not be perfect or boundary-perfect.

Theorem 5. The following conditions are equivalent for a space X.
(1) X is an LJ-space.
(2) Ifa closed f: X — Y has O(f '(yo)) compact and f~(yo) non-Lindeléf for a
yo €Y, then f~1(y) is Lindelof for any y € Y \ {yo}.
(3) Every boundary-perfect map f: X — Y onto a non-Lindelof space Y is an
L-map.
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Proof. (1) = (2). Forany y € Y \ {yo}, Ao = f'(y0) and A = f~1(y) are
disjoint closed subsets of X with 9(Ag) compact. Since Ag = f~!(yo) is not Lindelsf,
by Theorem 2, A = f~1(y) is Lindelsf.

(2) = (1). Let Ay, Az be disjoint closed subsets of X with 9(A;) or 9(Az) compact.
Suppose that 9(A;) is compact. Let Y be the quotient space obtained from X by
identifying A; with a point y; for ¢ = 1,2, and let f: X — Y be the quotient
map. Clearly f is closed and 9(A;) = d(f~'(y1)) is compact. If Ay = f~1(y1) is
not Lindelof, then since y2 € Y \ {y1}, by (2), A2 = f~'(y2) is Lindelsf. So by
Theorem 2, X is an LJ-space.

(1) = (3). Let f: X — Y be as in the assumption and y € Y. Since 9(f~1(y)) is
compact, by Theorem 2, f~!(y) or m is Lindelof. But m is not
Lindelsf because Y is not Lindelsf, so f~!(y) is Lindelsf. Hence f is an L-map.

(3) = (1). Let {A, B} be a closed cover of X with A N B compact and let
Y =X/B,let f: X — Y be the quotient map and yo = f(B). Then f is closed, and
if y € Y, then (f~*(y)) is compact. So f is boundary-perfect. If Y is non-Lindelsf,
then f is an L-map by the given condition, so B = f~(yg) is Lindelsf. If Y is
Lindelof, then the closed f(A) is also Lindelsf. Then f|4: A — f(A) is perfect.
Hence A = f|,'(f(A)) is Lindelof. O

Remark 3. Theorem 5 is false if the assumption that Y is non-Lindel6f is omitted.
Indeed, f: X — Y, where X is the non-Lindeltf LJ-space Z in Proposition 3 and
Y is a singleton, is such an example.

Corollary 4. Every closed map f: X — Y from a paracompact LJ-space X
onto a non-Lindel6f q-space Y is an L-map.

Proof. This follows from Theorem 5 and the result that every closed map
f: X — Y from a paracompact space X onto a g¢-space Y is boundary-perfect
(see [4]). O

Remark 4. (1) Example 2 shows that the paracompactness of X in Corollary 4
cannot be omitted.

(2) In Corollary 4 the assumption that X is an L.J-space cannot be deleted. In
fact, let R be discrete, X = R x Rand Y = R. Let f: X — Y be the projection,
then f is a closed map, but not an L-map.

Proposition 8. Let f: X — Y be a perfect map onto Y. Then
(1) if X is an (a semi-strong) L.J-space, so is Y.
(2) when f is open, if X is a strong LJ-space, sois Y.
Proof. (1) is obvious since the inverse image of a compact set is compact for a
perfect map.
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(2) Let K C Y be compact. Then X has a closed Lindelsf L' > f~}(K) with
X \ L' connected. Put L =Y \ f(X\ L), then L D Kand Y\ L = f(X\L)is
connected. Since f~1(L) C L/, f~(L) is Lindelsf and thus L is also Lindelsf. [

Remark 5. In Proposition 8 (2) the “open” cannot be omitted (see Example 5
(4))-

Recall that a continuous map f: X — Y is monotone if all fibers f~!(y) are
connected.

Proposition 9. Let f: X — Y be a monotone L-map onto Y. Then, if Y is an
(a semi-strong, a strong) LJ-space, so is X.

Proof. (a) Let {A, B} be a closed cover of X with A N B compact. Then
{f(4), f(B)} is a closed cover of Y. By Lemma 5.5 of [3], f(A)N f(B) = f(AN B)
is compact. So f(A) or f(B) is Lindelsf. Thus f~1(f(A)) or f~1(f(B)) is Lindelsf
since f is an L-map. So A or B is Lindelof and X is an LJ-space.

(b) Let K C X be compact. Then Y has a closed Lindelsf L' O f(K) and a
connected C’ C Y \ f(K) with C'UL’ =Y. Then L = f~!(L’) is closed Lindelsf.
Since f is closed and monotone, C' = f~1(C’) is connected by Theorem 6.1.29 of [1].
Clearly L D K, C C X\ K and LUC = X. Thus X is a semi-strong L.J-space.

(c) Let K C X be compact. Then Y has a closed Lindelof L D f(K) with Y\ L
connected. So f~1(L) D K is Lindelsf and X \ f~1(L) = f~1(Y \ L) is connected
since f is closed and monotone. So X is a strong L.J-space. O

Remark 6. (1) Let f: X — Y be a monotone perfect map onto Y. Then, if Y is
a semi-strong J-space, so is X (the proof is similar to the case (b) of Proposition 9).

(2) In Proposition 9 the “monotone” cannot be deleted: let Y be the long line
Z which is a connected, non-Lindeltf, strong J-space and let X = Y &Y. Then
the obvious map f: X — Y is perfect, but clearly X is not an LJ-space. Also, the
assumption in Proposition 9 that f is an L-map cannot be omitted or replaced by f
being boundary-perfect. Indeed, if X is as above and F is a two-point space, then the
obvious map g: X — E is boundary-perfect and monotone with each f~!(e)(e € E)
being a strong J-space, but X is not an L.J-space.

Proposition 10. The following conditions are equivalent for a space Y .
(1) Y is an (a semi-strong, a strong) L.J-space.
(2) Y x Z is an (a semi-strong, a strong) L.J-space for every connected and compact
space Z.
(3) Y x Z is an (a semi-strong, a strong) L.J-space for some connected and compact
space Z.

1232



Proof. (1) = (2) is by Proposition 9 with X =Y x Z and f: X — Y the
projection. (2) = (3) is obvious. (3) = (1) is by Proposition 8 with X =Y x Z and
f: X — Y the projection. O

Proposition 11. FEach of the following conditions implies that Y x Z is an (a
semi-strong, a strong) L.J-space.
(1) Y and Z are connected (semi-strong, strong) L.J-spaces.
(2) Y is a connected, non-compact (semi-strong, strong) LJ-space and Z is con-
nected.

Proof. (1)IfY or Z is compact, this follows from Proposition 10. If neither Y
nor Z is compact, by Proposition 2.5 of [3], Y X Z is a strong J-space and it follows
from Theorem 1.

(2) If Z is compact, this follows from Proposition 10. If Z is not compact, it
follows from Propositions 2.5 of [3] and Theorem 1. O

Remark 7. (1) Propositions 10 and 11 are true for semi-strong J-spaces (by
Proposition 8.5 of [3] and Remark 6 (1)).

(2) In (1) and in Proposition 10 (2), (3) (Proposition 5.7(b), (c) of [3]), the con-
nectedness cannot be omitted: by Proposition 3 (2), the long line Z is a strong
J-space, but Z x {0,1} is not an L.J-space.

5. RELATIONSHIPS

Recall a space X is called hereditarily disconnected if X does not contain any
connected subsets of cardinality larger than one.

Theorem 6. Let (A), (B), (C), (a), (b) and (c) be the same as in Theorem 1.

Then

(1) for a locally connected space X; (A)<(B)<(C).

(2) none of the six properties is productive (additive, preserved by the quotient
mapping, hereditary with respect to closed subspaces);

(3) for a countably compact space X, (A) & (a), (B) & (b), (C) < (¢), (D) < (d)
and (E) < (e);

(4) for a hereditarily disconnected space X, “X is Lindeléf” < (A) < (B) and “X
is compact” < (a) < (b).

Proof. (1) (A) = (B) = (C) follows by Theorem 1. (C) = (A). Let K C X
be compact. Since X is locally connected, there is a disjoint open cover # of X \ K
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with each W € # connected. By Theorem 2, there exists a Wy € # such that
L = X \ W, is Lindelof. Clearly L D K and X \ L is connected.

(2) Not productive: by Proposition 3 (2). Not additive: by Remark 1 (1). Not
preserved by the quotient mapping: by Example 4.

Not hereditary with respect to closed subspaces.

For (a), (b) and (c): the strong J-space RT has a closed discrete subspace Z*
which is not a J-space.

For (A): the long ling Z is a strong LJ-space having a closed subspace [0, w1) x {0}
homeomorphic to [0,w;) which is not a strong LJ-space by Proposition 4.

For (B) and (C): in Example 5, the semi-strong LJ-space Y has a discrete closed
subspace F' which is uncountable, so F' is not an L.J-space.

(3) is obvious since in a countably compact space Lindeléfness< compactness.

(4) Clearly, “X is Lindelof” = (A) = (B) and “X is compact” = (a) = (b). To
show that (B) = “X is Lindel6f” ((b) = “X is compact”), let K C X be compact.
By (B) ((b)) X has a closed Lindelsf (a compact) L D K and a connected C' C X\ K
such that LUC = X. Since X is hereditarily disconnected, C = ) or C is a one-point
set. So X is Lindelof (compact). O

6. EXAMPLES

Example 1. An L-map which is not boundary-perfect (so not perfect).

Let I; = [0;,1;] (i € w) be the copy of the unit closed interval I = [0, 1] and let
X = &{l;: i € w} be the topological sum. Define an equivalence relation #Z on X
as follows: for each x; € I;, if x; # o;, then x;Zx;; if x; = 0;, then 0;Z0;, j € w.
Then the natural map f: X — Y = X/ is an L-map, but not a boundary-perfect
map.

Example 2. A closed and open map f: X — Y from a locally compact strong
J-space (so a strong LJ-space) X onto a non-Lindelsf g-space Y which is not an
L-map.

Proof. Let Z be the long line. Then Z is non-Lindelsf and first countable (so
a ¢g-space). Let X = Z x Z,Y = Z and let f: X — Y be the projection onto the
first coordinate. Then f is open. Let us show that f is also closed. Note that X is
countably compact since Z is countably compact and first countable (see Theorem
3.10.36 of [1]). Let F C X be closed, then F' is countably compact and therefore
f(F) is countably compact in Z and thus closed in Z. Since Z is connected non-
compact, X = Z X Z is a strong J-space by Proposition 2.5 of [3]. Clearly f is not
an L-map. O
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Example 3. The Niemytzki plane X is not an LJ-space.

Proof. Let A=1[0,1] x[0,1],B= X\ (0,1) x [0,1). Then {A, B} is a closed
cover with A N B compact, but neither A nor B is Lindelof. O

Example 4. A strong J-space X whose quotient space () is not an L.J-space.

Proof. Let @Q be the Niemytzki plane. Put X = @ x R, where R is the real
line. By Proposition 2.5 of [3], the product space X is a strong J-space. Clearly @
is a quotient space and the projection p: @ X R — @ is the quotient map. O

The following w;-broom space Y (w;) is an interesting space. From Theorem 1,
Theorem 6 (2), Remarks 2 and 5, we have seen that it plays an important role in
this note.

Let Z be the long line and X = Z x Rt with the product topology, where R is
with the usual topology. For a € [0,w1) and integer ¢ > 1, let E,; be the closed
segment joining ((c,0),0)) to ({(a + 1,0), 1), where (c,0) and (a + 1,0) are points
of Z. Put

o (L_J E) U ([{e,0), o + 1,0)] x {0}),

where [(a, 0), (o + 1,0)] is a closed interval of Z.
We define Y(w1) = U{E,: « € [0,w1)} to be a subspace of X and call Y (wy) the
w1-broom space; we also write Y instead of Y (wy).

Example 5. The w;-broom space Y is a semi-strong LJ-space such that

(1) Y is not a strong L.J-space;

(2) Y has a closed cover {A, B} with AN B non-Lindelsf and both A and B are
strong L.J-spaces;

(3) Y has a closed discrete subspace F' which is uncountable;

(4) there is a perfect map f: M — Y from a strong L.J-space M onto Y.

Proof. For any a € [0,wy), let Lo = {{y1,92) € Y: y1 < (,0)} and C, =
m. Then L, is Lindelof, C, is connected and L, U C, = Y. Now for any
compact K C Y, pick a such that K C L,. Then K C Ly41, Cot1 C Y \ K and
Lot1UCL41 =Y. SoY is a semi-strong L.J-space.

(1) Y is not a strong LJ-space. In fact, for the “beginning point” ((0,0),0) of
Y, let the compact subset H be the one-point set {((0,0),0)}. If L C Y is closed,
Lindelof and H C L, then we can see that Y \ L is not connected.

(2) Put A = (Z x {0}) U (U{Ea: a € [O,wl), « is a successor ordinal}), B =
(Z x{0}) U(U{Ea: a€]0,w1), ais a limit ordinal}.

Then {A, B} is a closed cover of Y with AN B = Z x {0} non-Lindelst.
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Let us show that A is a strong L.J-space. For a limit ordinal o, put L2 = {(z,) €
A: z < {a,0)}, then L7 is closed Lindelsf, A\ L7 is connected and each compact
K C A is a subset of some L7}

Similarly, B is also a strong LJ-space.

(3) Put F = {({a +1,0),1): a € [0,w;)}, then the uncountable F' is a closed
discrete subspace of Y.

(4) Let M = B be a subspace of Y and D = {« € [0,w1): « is a limit ordinal}.
Then D with the order topology is homeomorphic to [0,w;). So there exists an order
preserving homeomorphic map ¢: D — [0,w;). For any a € D, let fo: Eo — Eyq)
be a homeomorphic map. Now we define f: M — Y as follows.

For any (z,y) € M,

f(<27y>):fa(<z7y>)7 <Z7y> € Ey, €D,

[z, ) = {f(<2,0>) = ({a +1,0),0), (z,0) € [(a+1,0), <a+70>] x {0},

where o is the smallest of the limit ordinals greater than «. Then f is a perfect
map. O

Corollary 5.
(1) The w;-broom space Y (w1) cannot be the image under an open perfect map of
the long line Z.
(2) Under CH, the Niemytzki plane cannot be the the image under an perfect map
of the long line Z or the wy-broom space Y (wy).

Proof. (1) The long line Z is a strong L.J-space, thus by Proposition 8 (2),
so is its open perfect image. But by Example 5, the wi-broom space Y (w;) is not a
strong L.J-space.

(2) The long line Z and the w;-broom space Y (wy) are LJ-spaces by Proposition 8
(1), so their perfect images, but the Niemytzki plane is not an L.J-spaces. O

Now we illustrate the harmonious relationships with a diagram.

compact ————— Lindelof
strong J ——— strong L.J

semi-strong J —— semi-strong L.J
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