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CONVEX AUTOMORPHISMS 

OF PARTIAL MONOUNARY ALGEBRAS 

D. JAKUBIKOVA-STUDENOVSKA, Kosice 

(Received May 21, 1993) 

Convex isomorphisms of lattices were investigated in [5], [6] and [4]. This concept 

was studied also for ordered sets [1] and for (/-lattices [2]. 

The notion of a convex subset of a partial monounary algebra was introduced and 

studied in [3]. 

In the present paper we shall deal with convex automorphisms of partial mo

nounary algebras which are defined as follows. Let (A, f) be a partial algebra. A 

bijection h: A —•> A is said to be a convex automorphism if, for each B C A, B is 

convex if and only if h(B) is convex. 

Several results of [3] will be applied. 

Let us remark that a convex automorphism h need not be, in general, an auto

morphism with respect to the partial operation /. 

The main topics we are interested in are as follows: 

a) relations between convex automorphisms of (A, f) and connected components 

of (A, f) (cf. Sections 3 and 4); 

b) conditions under which each convex automorphism of (A, f) is an automorphism 

with respect to / (cf. Section 5). 

1. PRELIMINARIES 

By a (partial) monounary algebra we understand a pair (A,f), where A is a 

nonempty set and f: A —> A is a (partial) mapping. Let U be the class of all 

partial monounary algebras. To each (A, f) £U there corresponds a directed graph 

G(A,f) = (A,E) without loops and multiple edges which is defined as follows: an 

ordered pair (a, b) of distinct elements of A belongs to E iff f(a) = b. 

In this section we suppose that (A, f) G U. 
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We recall the following definition (cf. [3]). 

Definition 1.1. A subset B C A will be called convex (in (-4, / ) ) if, whenever a, 
bi, b2 are distinct elements of A such that bi, b2 G B and there is a path (in G(A, / ) ) 
going from bi to b2, not containing the element b2 twice and containing the element 
a, then a belongs to B as well. Let Co(A, / ) be the system of all convex subsets of 
(AJ). 

Remark 1.2. The system Co(A, f) is partially ordered by inclusion, and it is a 
lattice. 

Notation 1.3. Let x, y e A. The symbol Lf(x,y) denotes the least convex 
subset of (A, f) which contains the elements x and y. 

Definition 1.4. Let (D,g) e U and let h: A —•» D be a bijection. Then h is 
said to be a convex isomorphism of (-4,/) onto (D,g) if, whenever B C A, then 
B e Co(A,f) iff h(B) = {h(b): b e B} e Co(D,g). A convex isomorphism of (A J) 

onto (A, / ) is called a convex automorphism of (A, / ) . 

Remark 1.5. Let x, y e A, n e N. If we write y = / n (x ) , then we suppose 
that x G dom/ , /(x) G dom/ , .. , / n _ 1 ( x ) G dom/ and the elements y and fn(x) 
coincide. 

Writing H / fn(x) we mean that either 
(1) x G d o m / , /(x) Gdom/ , . . , fn~l(x) G d o m / 

and the elements y and / n (x ) are distinct, or (1) fails to hold. 

Remark. Let X C A be such that if x G Kfldom/, then f(x) G K. The partial 
operation / reduced to the set X is denoted by the same symbol / ; in the case when 
it is necessary to emphasize the set X under consideration we apply the notation 
f\x. 

Definition 1.6. Let x, y G A. If there are m, n G N U {0} such that fn(x) = 
/m(H), then we write x =f y. The relation =f is an equivalence relation on A A 
partial monounary algebra (A, / ) is said to be connected, if A/ =f is a one-element 
set. If X e Aj = / , then X is called a connected component of (̂ 4, / ) . 

Further, put f~x(x) = {z e d o m / : f(z) = x}. 

Notation 1.7. Let S(A, f) be the set of all x G A satisfying some of the following 
conditions: 

(1) x belongs to a connected component M of (^4,/) with cardM ^ 2; 
(2) (a) x G dom/ , (b) f~l(x) = 0, (c) either f(x) G dom/ , f2(x) = / (x) , or 

f(x) $ dom/ ; 
(3) (a) x ^ dom/ or x G dom/ , /(x) = x, (b) if y G dom/ , /(H) G dom/ , 

/(H) 7-x, then f2(y) ^ x. 

394 



Example 1.8. If (-4,/) is a partial monounary algebra from Fig. 1 or Fig. 2, 

then S(A,f) = {a,b,c} or S(A,f) = {a,bi,b2}, respectively. 

Fig. 1 

Lemma 1.9. ([3],3.1.2). The set A - S(A,f) is closed under the operation f. 

Lemma 1.10. ([3], 3.2). Let x G A. Then x G S(A,f) if and only if the following 

conditions are satisfied: 

(i) {x} V {y} covers {x} and {y} (in Co(A, f)) for each y G A — {x}; 

(ii) if z\, z2 are distinct elements of A — {x}, then {x} ^ {^i} V {z2}. 

Corollary 1.10.1. If x G S(A,f) and y G A, then Lf(x,y) = {x,y}. 

P r o o f . Let x G A — S(A,f), y G A. If y = x, then obviously Lf(x,y) = 

{x,y}. If y ?- x, then Lf(x,y) = {x} V {y} (in Co(A,f)). Assume that there is 

u G Lf(x,y) — {x,y}. Then {u} ^ {x} V {y} and we obtain 

Thus 1.10 (i) implies 

Hence 

a contradiction to 1.10 (ii). 

{ î /}<{t i}V{ÿ}^{a:}V{y}. 

Ы V {y} = {x} V {y}. 

{x}<{x}V{y} = {u}V{y}, 

п 

Lemma 1.11. Let x, y G A — S(A,f). The following conditions are equivalent: 

(i) x and y belong to the same connected component of (A,f); 

(ii) x and y belong to the same connected component of (A — S(A, / ) , / ) . 

P r o o f . Let (i) hold. Since A — S(A, f) is a closed under / in view of 1.9 and x, 

y G A — S(A,f), we obtain that (ii) is valid. The implication (ii) => (i) is obvious. 

D 
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The following notion was introduced in [3]. 

Definition 1.12. (A, f) is said to be coherent, if it is connected and either 
card A = 1 or S(A,f) = 0. 

2 . A NEW PARTIAL OPERATION / ' 

In 2.1-2.10 let (A, f) be a partial monounary algebra and let h be a convex auto
morphism of (A, / ) . 

If x G A, B C A, then we will also write x' = h(x), B' = h(B). 

Nota t ion 2.1. Let us define a partial operation / ' on A as follows. If x G A, 
then there is a unique element a G A with x — a'. We put 

(i) if a £ dom/ , then x £ dom/ ' ; 
(ii) if a G dom/ , then x G dom/ ' and f(x) = (f(a)) . 

Lemma 2.2. The mapping h is an isomorphism from (A, f) onto (A, / ' ) . 

P r o o f . Since h is a convex automorphism, h is a bijection. Let a £ A, a € 
dom/ . We are to prove 

(1) h(a) £ dom f',h{f(a)) =f'{h(a)). 
The relation (1) follows from 2.1 (ii), where x = h(a). 
Now let a G A — dom/ , T = b(a). By 2.1 (i), .x ^ dom/ ' . Therefore b is an 

automorphism of (A, f) onto (A,f). • 

Lemma 2.3. Co(i4,/) = Co(A , / ' ) . 

P r o o f . Let us consider the relation 

( l ) 1 3 G C o ( A , / ) . 
Since h is an isomorphism from (A, f) onto (A, / ' ) by 2.2, the relation (1) is 

equivalent to 
(2)B'eCo(AJ'). 
Further, h is a convex automorphism of (A, / ) , thus (1) is equivalent to the relation 

(3)B'eCo(A/). 
Thus (2) and (3) are equivalent for each subset B of A, i.e. for each subset B' of 

A. Therefore Co(A, / ) = Co(A, / ' ) . • 

Corollary 2.4. Lf(x,y) — Lf(x,y) for each x, y G A. 

P r o o f . Lf(x,y) is the least set B G Co(A , / ) such that {x,y} C H, hence 
2.3 yields that Lf(x,y) is the least set B G Co(A , / ' ) such that {x,y} C H, i.e., it 
coincides with Lf> (x,y). • 
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R e m a r k 2.5. In view of 2.4 we will use the symbol L instead of Lj or Lf. Since 

h is a convex automorphism, then we get 

L(x,y) = B^L(x',y') = B' 

for each x, y £ A, B C A. 

Corollary 2.6. S(A, f) = S(A, / ' ) . 

P r o o f . The assertion follows from 1.10 and 2.3, since the conditions (i) and (ii) 
of 1.11 depend only on the lattices Co(_4, / ) and Co(_4, / ' ) . D 

Lemma 2.7. The partial monounary algebras (A — S(A,f),f) and (A — 
S(A, / ' ) , / ' ) have the same partition into connected components. 

P r o o f . By 2.6, S(A,f) = S(A,f). Next, 1.9 implies that A - S(A, f) is closed 
under / and A - S(A,f) is closed under / ' . Now 2.3 and [3], 6.3 imply what was 
required. D 

Corollary 2.8. Let MCA. Then M is a connected component of (A — 
S(A, / ) , / ) if and only if M is a connected component of (A — S(A, f), / ' ) . 

P r o o f . Immediately from 2.7. D 

Lemma 2.9. Let MCA. Then M is a connected component of (_4 — S(A, / ) , / ) 

if and only if M' is a connected component of (A — S(A, / ) , / ) • 

P r o o f . The following conditions are equivalent by 1.10 and 2.2: 

(1) M is a connected component of (A — S(A, / ) , / ) , 
(2) M' is a connected component of (A - S(A, / ' ) , / ' ) . 
By 2.8 (with M' instead of M), (2) is equivalent to 
(3) M' is a connected component of (A - S(A,f),f). 
Thus (1) O (3), which is the desired equivalence. D 

Corollary 2.10. Assume that each connected component of (A, f) is coherent. 
Let MCA. Then M is a connected component of (A, f) if and only if M' is a 
connected component of (A,f). 

P r o o f . Let M be a coherent connected component of (A,f). By 1.12, either 
cardM = 1 or S(M,f \ M) = 0. If M C A - S(A,f), then M' is a connected 
component of (A — S(A,f),f) according to 2.9, thus M' is a connected component 
of (A, / ) . Assume that M C S(A, / ) . Then S(M, f \ M) = M ^ 0. We obtain that 
cardAJ = 1, M = {m}. By 2.2, m' e S(A,f) and then 2.6 implies 
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(l)m'eS(AJ). 

Let K be a connected component of (A, / ) containing m!. Then K is coherent, i.e. 
either card IT = 1 or S(K,f f K) = 0. The second relation contradicts (1), therefore 

(2) K = {m'} = M'. 

Conversely, let M' be a connected component of (-4,/). There is a connected 
component K of (A, f) such that K fl M ^ 0. Then K' is a connected component 
of (A, / ) with i Y ' n M ' / 0, therefore K' = M' and K = M. • 

3. CONVEX AUTOMORPHISMS AND CONNECTED COMPONENTS 

Lemma 3.1. Let (-4,/) £ U, let h: A ^ A be a bijection. Then h is a convex 
automorphism of (A, f) if and only if 

(i)h(S(A,f))=S(A,f), 
(ii) h f (A — S(A, / ) ) is a convex automorphism of (A — 5(A , / ) , / ) . 

P r o o f . Let h be a convex automorphism of (A,f). By 1.9, A — 5(A , / ) is closed 
under / , thus (A — 5 ( A , / ) , / ) is a partial monounary algebra. Assume that 

(l)xeS(AJ) 
is valid. Since h is an isomorphism of (A, / ) onto (A, / ' ) according to 2.2, we obtain 
that (1) is equivalent to 

(2)h(x)eS(A,f) 
and then 2.6 implies that it is equivalent to 

(3) h(x)eS(AJ). 
Therefore h(S(A,f)) C 5 ( A , / ) . Let y G 5 ( A , / ) . The mapping h is a bijection, 

thus there exists x e A such that h(x) = y. Then /i(:r) G 5(A , / ) and the equivalence 
(1) t> (3) implies that x G 5(A , / ) , i.e. y = h(x) G b(5(A, / ) ) . We obtain S(A, f) C 
h(S(A,f)) and hence (i) is valid. 

Further, (i) implies that h(A — 5 (A , / ) ) = A — 5 ( A , / ) and by the assumption 
that h is a convex automorphism of (A, / ) we get that h f (A — 5(A , / ) ) is a convex 
automorphism of the partial monounary algebra (A — 5(A , / ) , / ) . 

Conversely, let (i) and (ii) hold. Assume that B is a convex subset of (A,f). Let 
us show that h(B) is convex, i.e. 

(4) Lf(x,y) C h(B) for each T, g G b(H). 
Let x = b(a), u = h(b), a, b G B. In view of (i) we have 
( 5 ) ^ G 5 ( A , / ) ^ a G 5 ( A , / ) , 
(6)yeS(AJ)^beS(AJ). 
Ii x G 5 ( A , / ) , then Lf(x,y) = {x,y} by 1.10.1 and then Lf(x,y) C /i(£). Anal

ogously, if g G 5 ( A , / ) , then Lf(x,y) = {x,y} C li(H). Suppose that {x,y} C 
A — 5(A , / ) . If £ and y do not belong to the same connected component of (A — 
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S(A, / ) , / ) , then Lf(x,y) = {x,y}; thus we can assume that there is a connected 

component M such that {x,y} C M and Lf(x,y) ^ {x,y}. By virtue of (5) and (6), 

{a, b} C A - S(A, / ) . Since (ii) is valid, we obtain 

(7) h(Lf(a,b)) = Lf(x,y) 

and therefore 

Lf(x,y) = h(Lf(a,b)) C h(B). 

Now assume that B C A is such that ft(H) G Co(A, / ) . We will show 

(9) Lf(u,v) C B for each u, v e B. 

Let u,v e B. Put c = ft(u), d = ft(v). Then {c,d} C h(B) e Co(A,f), thus 

(10) Lf(c,d) Ch(B). 

By (i) we have 

(n)ueS(A,f)&ceS(A,f), 
(12) veS(A,f)^deS(A,f). 
If either u e S(A,f) or v e S(A,f), then 1.10.1 implies that Lf(u,v) = {u,v} C 

B. Let {u,v} C A- S(A,f). By (ii) we obtain 
(13) h(Lf(u,v))=Lf(c,d). 

Then (10) and (13) yield that h(Lf(u,v)) C h(B), therefore (since ft is a bijection) 

the relation (9) is valid. • 

Theorem 3.2. Let (A, f) eti, let ft: A —> A be a bijection. Then ft is a convex 

automorphism of (A, f) if and only if 

(i)h{S(AJ))=S(A,f), 
(ii) M is a connected component of (A — S(A,f),f) if and only if h(M) is a 

connected component of (A - S(A, / ) , / ) , 
(iii) if M is a connected component of (A — S(A, / ) , / ) , then ft [ M is a convex 

isomorphism of (M, f) onto (h(M), f). 

P r o o f . Let ft be a convex automorphism of (A, / ) . By 3.1 and 2.9, (i) and (ii) 
hold. The condition (iii) can be proved analogously as (ii) of 3.L 

Suppose that (i)-(iii) are satisfied. Let us show (ii) of 3.1, i.e. that, for each 
B CA-S(A,f), B e Co (A-S(A,f),f) if and only if ft (B) e Co (A - S(A, / ) , / ) . 
Assume that B C A — S(A,f). There exist distinct connected components Mi of 
(A, / ) , i e I, such that 

(1)B= {J(BDMi). 
iei 

Put Bi = B H Mi for i e I. Since ft is a bijection and (i)-(iii) hold, we have 
(2) h(B)= IJ h(B)nh(Mi). 

iei 
Consider the following conditions: 
(3.1) B is convex, 

399 



(3.2) Bi is convex for each i G I, 

(3.3) h(Bi) is convex for each i G I, 

(3.4) h(B) is convex. 

The equivalences (3.1) O (3.2) and (3.3) <£> (3.4) are obvious. 
Let (3.2) hold and i G I. Since B{ C A - S(A,f), by (i) we get that h(B{) C 

A—S(A,f). The set Mi~S(A,f) is a connected component of (A-S(A, / ) , / ) in view 
of 1.9, thus (hi) and (3.2) yield that h(Bi) is a convex subset of (h(Mi-S(A, / ) ) , / ) . 
Thus (3.3) is valid. 

Now let (3.3) be satisfied and i G I. If K C A — S(A, f) is a connected component 
of (A - S(A,f),f) such that h(B{) C K, then K = li(M) for some MCA. By 
(i), M C A — S(A,f). Then (ii) implies that M is a connected component of 
(A-S(A,f),f). We have 

ft(.Bt-) CK = h(M), 

thus 23; C M . Since a connected component of (A, f) containing Bi is Mi, we get 

M = Mi-S(A,f). 

The relation (iii) yields 

(4) Bi G Co(M,/) o h(Bi) G Co(K , / ) , 

thus we obtain that the set Bi is convex. 

Therefore (3.2) <£> (3.3) is valid, hence the relation (3.1) O (3.4) implies that the 

condition (ii) of 3.1 is satisfied. D 

Lemma 3.3. Let (A, f) £lA and let h be a convex automorphism of (A, f). If M 
is a connected component of (A - S(A, / ) , / ) , then Co(M, f) = Co(M, / ' ) . 

P r o o f . By 2.3, Co(A , / ) = Co(A , / ' ) . Let M be a connected component 

of (A - S(A,f),f). Assume that B G Co(M,f). Obviously B G Co(A , / ) , thus 

B G Co(A, / ' ) . Since B CM, the relation B G Co(A, / ' ) implies that B G Co(A4~, / ' ) 

(M is a connected component of (A - S(A, / ) , / ' ) in view of 2.6 and 2.8). 
Now let C G Co(M, / ' ) . Then C G Co(A, / ' ) = Co(A, / ) . We have C C M, where 

M is a connected component of (A - S(A, / ) , / ) , thus C G Co(M, / ) . D 

Corollary 3.4. Let (A, f) G U and let h be a convex automorphism of (A, / ) . If 
M is a connected component of (A - S(A,f),f), then M' = h(M) is a connected 
component of (A - S(A, / ) , / ) and Co(M', / ) = Co(M', / ' ) . 

P r o o f . The assertion follows from 2.9 and 3.3. D 
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4. ON CONNECTED COMPONENTS OF (A- S(A,f),f) 

Again, let (A, f) be a partial monounary algebra. According to 3.2, we can describe 
all convex automorphisms of (A, f) if for each connected components M and K of 
(A — S(A, / ) , / ) we can describe all convex isomorphisms of M onto K. 

In the present section we shall investigate convex isomorphisms with the mentioned 

property. 

In other words, our aim is to sharpen the condition (hi) from Theorem 3.2, i.e., to 

give a more detailed characterization of the mappings h \ M from 3.2. 

We have to distinguish several cases with respect to the structure of M. (No
tice that cardM > 1 since M is a connected component of (A — S(A,f),f).) We 
introduce the conditions (Ci) (i=l,2,3,4,8) and (Ci.j) (where either i = 5,6,7 and 
j = 1,2,3 or i = 9 and j = 1,2) for M. 

These conditions are as follows: 

(CI) (M, / ) contains a 2-element cycle {ci,c2} such that / - 1 ( c i ) / {c2} and 
f-\c2) * {Cl}. 

(C2) (M, / ) contains no cycle, M C dom/ and / \ M is non-injective. 

(C3) M = {a*: i E _ } , _i 7-= aj for i ^ j , /(a z) = a l + i for each i E _. 

(C4) M = {a,: i E N}, ai ^ aj for i / j , f(ai) = a,+i for each i E N. 

(C5) M = {a i , a 2 , . . . ,a/e}, k > 1, a* =̂ aj for i ^ j , /(az) = a;_i for each 
i = 2,...,k. 

(C5.1) (C5) holds and f(ax) = _i . 

(C5.2) (C5) holds and f(ax) = a2. 

(C5.3) (C5) holds and ai <£ dom/ . 

(C6) M = {ai: i E N}, az- ^ â - for i ^ j , /(a;) = a t_i for each i E N, i > 1. 

(C6.1) (C6) holds and f(ax) = ax. 

(C6.2) (C6) holds and f(ax) = a2. 

(C6.3) (C6) holds and al £ dom/ . 

(C7) There is c E M such that card ( / _ 1 ( c ) - {c}) = 1-

(C7.1) (C7) holds, /(c) = c, and (C5.1) and (C6.1) fail to hold. 

(C7.2) (C7) holds, {/(c)} = f~l(c), and (C5.2) and (C6.2) fail to hold. 

(C7.3) (C7) holds, c ^ dom/ , and (C5.3) and (C6.3) fail to hold. 

(C8) There is C C M such that C is a cycle with more than two elements. 

(C9) There is c E M such that card ( / _ 1 ( c ) ~ {c}) > I-

(C9.1) (C9) holds and / (c ) = c. 

(C9.2) (C9) holds and c $ dom/ . 
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Lemma 4.0. Let M be a connected component of (A - S(A, / ) , / ) . Then (M, f) 
satisfies exactly one of the conditions (Cl)-(C4), (C5.1)-(C5.3), (C6.1)-(C6.3), 
(C7.1)-(C7.3), (C8), (C9.1)-(C9.2). 

P r o o f . The proof can be performed by successive elimination of the other cases. 
D 

In the following lemmas 4.1-4.9 assume that h: A —> A is a bijection and that 
M is a connected component of (A — S(A,f),f) such that h(M) is a connected 
component of (A — S(A,f),f). 

We use the symbols x', M' and / ' as in Section 2. 

Lemma 4.1. Let (CI) hold. Then h is a convex isomorphism of (M,f) onto 
(M', f) is and only if h is an isomorphism of (M, f) onto (M', / ) . 

P r o o f . Let h be a convex isomorphism of (M, / ) onto (M', / ) . By 2.2 we get 

(1) h is an isomorphism of (M, / ) onto (M', / ' ) . 
Thus 
(2) (M',f) contains a 2-element cycle {c'i,c'2} such that 

( / ' ) - 1 ( c ' 1 ) ^ { 4 } and ( / ' ) - x ( 4 ) ? - { c i } -

Applying 3.3 (with M' instead of M) we obtain 
(3 )Co(M' , / ) = Co(M' , / ' ) . 

Then [3], 5.6.2 implies, in view of (2) and (3), that f \ M1 = f \ M'. Thus (1) 
yields that h is an isomorphism of (M, / ) onto (M', / ) . 

The converse implication is obvious. D 

Lemma 4.2. Let (C2) hold. Then h is a convex isomorphism of (M,f) onto 

(Ml, f) if and only if h is an isomorphism of (M, f) onto (M', / ) . 

P r o o f . Let h be a convex isomorphism of (M, / ) onto (M',f). Analogously 
as in the proof of 4.1, Co(M' , / ) = Co(M', / ' ) is valid. Then [3], 5.2 (i) implies 
that f \ M' = f \ M'. Therefore h, an isomorphism of (M, / ) onto (M',f), is an 
isomorphism of (M, / ) onto (M', f). 

The converse implication is obvious. D 

Lemma 4.3. Let (C3) be satisfied. Then h is a convex isomorphism of (M, / ) 
onto (M', f) if and only if either 

(D3.1) f(a\) = a'-+1 for each i G I, 

or 

(D3.2) f(a'i) = a;_! for each i e 1. 

402 



P r o o f . Let h be a convex isomorphism of (M, / ) onto (M', / ) . Then 2.2 yields 
(1) h is an isomorphism of (M, / ) onto ( M ' , / ' ) . 
Therefore 
(2) M' = {a[: i G Z}, a'- / â . for i ^ j , f'(a'{) = a^+1 for each i G Z. Since 

Co(M', / ) = Co(M', / ' ) by virtue of 3.3, we obtain (with respect to [3], 5.2 (ii)) that 
either f(a[) = a'i+1 for each i G Z or f(a[) = a^_1 for each i G Z. 

It is obvious that if (D3.1) or (D3.2) holds, then h is a convex isomorphism of 
( M , / ) o n t o ( M ' , / ) . D 

Lemma 4.4. Let (C4) hold. Then h is a convex isomorphism of (M, / ) onto 
(M', / ) if and only if some of the following conditions is satisfied: 

(D4.1) /(a'-) = a'.+1 for each i G N, 
(D4.2) f(a'i) = a;._x for each i G N, i > 1, / (a i ) = a1? 

(D4.3) /(a-) = a-_x for each i G N, z > 1, / ( a i ) = a2, 
(D4.4) /(a-) = a'._x for each i G N, i > 1, ax £ dom/ . 

P r o o f . If /i is convex isomorphism of (M, / ) onto (M', / ) , then analogously as 
above we can apply [3]. Now the validity of some of the conditions (D4.1)-(D4.4) 
follows from [3], 5.3.2. 

The converse implication is obvious. D 

Lemma 4.5. Let (C5.j) be valid for some j G {1,2,3}. Consider the conditions 

(D5) f(ai) = a'i_1 for each i = 2, . . . , k, 

(E5) /(a'-) = a'-+1 for each i = 1, 2, . . . , k - 1. 
Then li is a convex isomorphism of (M,f) onto (M', / ) if and only if some of the 

following conditions is satisfied: 
(D5.1) (D5) holds and f(a[) = a,[, 
(D5.2) (D5) holds and f(a[) = a'2, 
(D5.3) (D5) holds and a[ £ dom/ , 
(D5.4) (E5) holds and f(a'k) = a'fc, 
(D5.5) (E5) holds and f(a'k) = a'k_x, 
(D5.6) (E5) holds and a'k £ dom/ . 

P r o o f . The assertion can be obtained with respect to [3], 5.3.3 analogously as 
above. D 

Lemma 4.6. Let (C6.j) be valid for some jG {1,2,3}. Then h is a convex iso
morphism of'(M, / ) onto (M', / ) if and only if some of the conditions (D4.1)-(D4.4) 
is satisfied. 

P r o o f . We get the assertion analogously as above, applying [3], 5.3.2. D 
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Corollary 4.6.1. Let X = {(C4), (C6.1), (C6.2), (C6.3)}. If (MJ) satisfies a 

condition X\ G X, then there is X2 G X such that (M', f) satisfies X2. 

Lemma 4.7. Let (C7.j) hold for some j G {1,2,3}. Consider the condition 
(D7) f(a') = (f(a))' for each a G M - {c} and card (f~l(d) - {c'}) = 1. 
Then h is a convex isomorphism of (M, f) onto (M', f) if and only if some of the 

following conditions is satisfied: 
(D7.1) (D7) holds and f(c') = c', 
(D7.2) (D7) holds and {f(c')} = f'x(c'), 
(D7.3) (D7) holds and d £ dom/ . 

P r o o f . By means of [3], 5.4.2. D 

Corollary 4.7.1. Let mG {5,7}, j G {1,2,3}. If (MJ) satisfies (Cm.j), then 
(M'J) satisfies (Cm.i) for some i G {1,2,3}. 

Lemma 4.8. Let (C8) iioid. Tiien li is a convex isomorphism of (M, f) onto 

(M'J) if and only if 

(D8) C is a cycle of (M', f) and f(a') = (f(a))' for each ae M -C. 

P r o o f . The required assertion can be shown by applying [3], 5.6.2 analogously 
as above. D 

Corollary 4.8.1. If(M, f) satisfies (C8), then (M', f) satisfies (C8) as well; more

over, the cycles of (M, f) and of (M', f) have the same cardinality. 

Lemma 4.9. Let (C9.1) or (C9.2) hold. Consider the condition 
(D9) f(u') = (f(a))' for each a G M - {c} and card ( / ' V ) - W}) > V 
Then h is a convex isomorphism of (M, f) onto (M'J) if and only if some of the 

following conditions is valid: 

(D9.1) (D9) holds and f(c') = c', 
(D9.2) (D9) holds and c' £ dom/ . 

P r o o f . Analogously as above, in view of [3], 5.5.2. D 

Corollary 4.9.1. If(M, f) satisfies (C9.1) or (C9.2), then (M', f) satisfies (C9.1) 

or (C9.2). 

The above investigation can be summarized as follows. Let (A, f) be a partial 
monounary algebra and let h: A —> A be a bijection. According to 3.2, the mapping 
h is a convex automorphism of (A J) if and only if h can be "divided" into parts 
h \ K, where either 
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(a)K = S(AJ) 

or 

(b) K is a connected component of (A - S(A, / ) , / ) . 

If K = S(A,f), then h \ K is a permutation of K in view of 3.2. Thus if we 
want to describe all convex automorphisms of (A,f), then (by 3.2) it suffices to 
investigate, when the mapping h is a convex isomorphism of (M, / ) onto (M',f), 
where M satisfies one of the conditions (C1)-(C4), (C5.1)-(C5.3), (C6.1)-(C6.3), 
(C7.1)-(C7.3), (C8), (C9.1)-(C9.2). Hence from 3.2 and from 4.1-4.9 we obtain 

Theorem 4.10. Let (A, f) be a partial monounary algebra, let h: A —•> A be a 

bijection. Then h is a convex automorphism of (A, f) if and only if 
(i) The conditions (i) and (ii) from 3.2 are satisfied; 
(ii) if M is a connected component of (A — S(A,f),f), then h \ M satisfies the 

corresponding conditions from 4.1-4.9. 

5. AUTOMORPHISMS OF (A, f) 

Let (A, f) be a partial monounary algebra. 

In the present section we investigate the question under which conditions each 

convex automorphism of (A, f) is an automorphism with respect to / . 

It turns out that this occurs iff certain situations in the structure oi (A, f) are ex

cluded. In order to characterize these "bad" situations we shall apply the conditions 

which were used in Section 4. 

In the following Lemma 5.1-5.12 suppose that each convex automorphism of (A, / ) 
is an automorphism of (A, f). 

Lemma 5.1. If there are distinct elements a, b G S(A,f) with f(a) = b, then 
f(b) = a. 

P r o o f . Let the assumption hold. Put h(a) = b, h(b) = a and h(x) = x for each 
x G A — {a,b}. The mapping h is a convex automorphism of (A, f) in view of 3.2. 
Then h is an automorphism of (A, f) and we obtain 

f(b) = f(h(a))=h(f(a))=h(b) = a. 

D 
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Notation 5.2. Let M be a connected component of (A — S(A, / ) , / ) and assume 
that (M, f) satisfies either one of the conditions (C5A)-(C5.3) or one of the condi
tions (C7.1)-(C7.3), (C8.1)-(C8.2). A partial monounary algebra (M,J) is said to 
be a tail of (M,f), if 

f(x) = f(x) for each x G M — {a\} and Oi £ dom/ , 

or 

f(x) = f(x) for each x G M — {c} and c ^ dom/ , 

respectively. 

Lemma 5.3. At lest one of the following conditions is satisfied: 

(i) S(A, f) = {ci, C2} and it is a cycle; 
(ii) f(x) = x for each x G S(A, f); 
(hi) S(A,f) C A-domf; 
(iv) S(A, / ) 7- 0 and there is c G A - S(A, f) with f(x) = c for each x G S(A, / ) . 

P r o o f . Suppose that none of the conditions (i)-(iv) is satisfied. Then 
ca rd5(A , / ) > 1. Next, assume that the following condition is valid: 

(1) There are distinct elements ci, C2 G S(A,f) such that {ci,C2} is a cycle. 

Let d G S(A,f) — {ci,C2} (this set is nonempty) and put h(c\) = d, h(d) = ci, 

h(x) = x otherwise. According to 3.2, h is a convex automorphism of (A,f). Thus 

h is an automorphism of (A, f) and 

(2) c2 = h(c2) = h(f(Cl)) = f(h(Cl)) = f(d). 

Then the elements d, ci, c2 belong to the same connected component of (A,f), 

{d,ci,c2} C S(A, / ) . By (1), this connected component has more than 2 elements 

and contains a 2-element cycle, which contradicts the definition of S(A, / ) . 

Now let (1) fail to hold. Suppose that 

(3) there is b G S(A, f) - dom / . 

The assumption that (iii) does not holds yields that there is a G S(A, f) fi dom/ . 

Put g(a) = b, g(b) = a and g(x) = x otherwise. Obviously, g is not an automor

phism of (A, f) and g is a convex automorphism of (A, f) with respect to 3.2, a 

contradiction. 

Assume that (3) is not valid. Then 5.1 yields that if w G S(A,f) H dom/ , then 

f(w) i S(A,f). Thus (cf. (iv)) we get 

(4) there are v, w G S(A, f) and u G A - S(A, f) with 

f(v) = u, f(w) / u. 
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Put t(v) = x, t(w) = v, t(x) = x otherwise. By 3.2, t is a convex automorphism of 
(A, / ) , but t is not an automorphism of (A, / ) , since 

t(f(v))=t(u) = u^f(w)=f(t(w)). 

We have shown if we suppose that none of the conditions (i)-(iv) is satisfied, then 
we get a contradiction. D 

Lemma 5.4. Let (iv) of 5.3 hold. Then either f(c) = c or c (£ dom/ . 

P r o o f . The assertion follows from 5.3 (iv) and 1.7. D 

Lemma 5.5. Let (iv) of 5.3 hold. Suppose that M, K are distinct connected 

components of (A — S(A, / ) , / ) such that c G M and (K, f) satisfies either (C5.j) or 

(C7.j) for some jG {1,2,3} or (C9.j) for some] e {1,2}. Then the tails (M,J) and 

(K, f) are non-isomorphic. 

P r o o f . By way of contradiction, let h be an isomorphism of (M, f) onto (K, / ) . 
Put 

{ h(y) iiyeM, 

h~l(y) iiyeK, 

y if ye A-(M UK). 

By 3.2, 4.5, 4.7 and 4.9, g is a convex automorphism of (A, / ) . Further, if x e S(A, / ) . 
then 

g(f(x))=g(c)eK, 

f(g(x))=f(x)=c£K, 
thus g is not an automorphism of (A,f), which is a contradiction. D 

Lemma 5.6. If M is a connected component of (A — S(A,f),f), then (M,f) 

does not satisfy the condition (C3). 
P r o o f . By way of contradiction, suppose that (M,f) satisfies (C3). Then 

M = {ai. i e _ } , ai ^ aj for i ^ j , /(a z) = az+i. Put h(a{) = a-i for each i e I, 
h(x) = x otherwise. By 4.3, the mapping h \ M is a convex automorphism of (M, f) 
onto (M, / ) , since 

f(a[) = f(h(a{)) = f(a-i) = a _ m = h(a{-i) = _;_-_. 

Then 3.2 yields that h is a convex automorphism of (A,f). Further, we have 

f(h(a0)) = f(a0) = ai ?- a_i = h(ax) = h(f(a0)), 

thus h is not an automorphism of (A, / ) . D 
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Lemma 5.7. Let M and K be connected components of (A — S(A, / ) , / ) . Next, 
let X = {(C4), (C6.1), (C6.2), (C6.3)} and let Xu X2 be distinct elements of X 
such that (M, f) satisfies X\. Then (K, f) does not satisfy X2. 

P r o o f . Assume e.g. that K fulfils (C4) and M fulfils (C6.1). (The remaining 
cases can be investigated analogously) Then 

K = {ai: i G N}, ai 7- a,j for i 7- j , f(ai) = a,i+\ for each i G fo], 

M = {bi.ie N}, bi 7- bj for i ^ j , f(b{) = b{_i for each i G N, i > 1, /(b i) = bx. 
Put h(ai) = bi, h(bi) = ai for each i G f̂ J, h(x) = x otherwise. Then h is a convex 

automorphism of (A, f) by 3.2, 4.4 and 4.6, but it is not an automorphism of (A, f), 
a contradiction. D 

Lemma 5.8. Let M and K be connected components of (A - S(A,f),f), 

cardM = cardK. If (M,f) satisfies (C5.i) and (K,f) satisfies (C5.j) for some i, 

jG {1,2,3}, chen i = j . 

P r o o f . Analogously as in 5.5. D 

R e m a r k 5.8.1. The following example shows that the assertion which we obtain 
from 5.8 if the conditions (C5.i), (C5.j) are replaced by (C7.i), (C7.j) is not valid. 
Put A = KU M, 

M = {x, y, u, c}, f(x) = f(y) = u, f(u) = /(c) = c, 

K={x',y',u',c'}, f(x') = f(y')=uf, f(u') = c'^domf. 

Then M and K are connected components of (A, f) = (A — S(A,f),f), cardM = 
cardIi", ( M , / ) satisfies (C7.1) and (K,f) satisfies (C7.3). Consider the mapping h: 
A —> A such that h(x) = x', h(x') = x, h(y) = y', h(y') = y, h(u) = u', h(u') = u, 
h(c) — c',h(c') = c. Then h is not an automorphism, but it is a convex automorphism 
by 4.9 and 4.7. 

Lemma 5.9. Let M and K be connected components of (A - S(A,f),f). If 
(M,f) satisfies (C7.i) and (K,f) satisfies (C7.j) for some i,j G {1,2,3}, i 7- j , then 
they have non-isomorphic tails. 

P r o o f . Let the assumption hold and suppose that (M, / ) :_ (K,f), where 
(M, / ) and (K,f) are the corresponding tails. Then there are c, a G M, d, b G K 
such that 

( l ) / - 1 ( c ) - { c } = { a } , / - 1 ( c ! ) - { d } = W 
and 

(2.1) either /(c) = c or /(c) = a or c / dom/ , 
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(2.2) either f(d) = d or f(d) = b or d £ dom/ . 
Let g: M -> K be an isomorphism of (M, / ) onto (K, / ) . Since i / j , the mapping 

g is not an isomorphism of (M, / ) onto (K,f). Further a is a convex isomorphism 
of (M, / ) onto (K, f) in view of 4.7. If we put 

f g(x) if x G M, 

h(x) < g~l(x) if x G if, 

, a; otherwise, 

then h is a convex automorphism of (A, f) according to 3.2 and it is not an auto
morphism of (A, / ) . • 

Notation 5.9.1. Let M be a connected component of (A-S(A, / ) , / ) such that 

(M, / ) satisfies the condition (C8), i.e., there is C = {c x , . . . ,cn} C M such that C 

is an n-element cycle of (M, / ) , n > 1. For i = 1, . . . , n put 

A; = {x G M: (3k G N)(/fc(x) = ^ / ^ ( x ) £ C)} 

and consider the monounary algebra (Ai U {c*}, / ) , where 

f(x) = / (x) for each x G Ai, Ci £ dom/ . 

Then the partial monounary algebra (Ai U {c;}, / ) is said to be a tail of (M, / ) . 

By the system of the tails of (M, / ) we understand the set of all tails of (M, / ) . 

Lemma 5.10. If M is a connected component of (A — S(A,f),f) with a cycle 
possessing more than two elements, then no two distinct tails of (M, / ) are isomor
phic. 

P r o o f . Let n £ N, n > 2 and let C = {c i , . . . , c n } be the cycle of (M, / ) . 
Assume that i, j G { l , . . . , n } , i 7- j are such that (Ai U {c;},/) ~ (Aj U { C J } , / ) . 

Let h: AiU {a} —> Aj U {CJ} be the corresponding isomorphism. Put 

f h(x) if x G Ai U{a}, 

g(x) < n_ 1(x) if x G Ay U {c,}, 

, x otherwise. 

By 4.8, the mapping g \ M is a convex automorphism of (M, / ) and then 3.2 implies 
that o is a convex automorphism of (A,f), which is a contradiction, since g is not 
an automorphism of (A, / ) . • 
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Lemma 5.11. Let M and K be non-isomorphic connected components of (A — 
S(A,f),f) with cycles C, D, cardC = cardD = n > 2. Let {Tu...,Tn} and 
{Qi, • • •, Qn} be the system of the tails of (M, f) and of (K, / ) , respectively. If <p is 
a permutation of the set {1, 2 , . . . . , n}, then there exists i G {1, 2 , . . . , n} such that 
Ti is not isomorphic to Q<p(i) • 

P r o o f . Let the assumption be satisfied and let ip be a permutation of {1, . . . , n} 

such that Ti ~ Q<p(i) for each i G N; the corresponding isomorphism will be denoted 

by g{. Put 

g(x)=g{(x) iix^Ti. 

Then g is a convex isomorphism of (M, / ) onto (K, / ) , but it is not an isomorphism 
of (M, / ) onto (K,f) (since (M, / ) and (K,f) are non-isomorphic). Put 

r g(x) if x G M, 

h(x) < g-1(x) if x G K, 

, x otherwise. 

Then h is a convex automorphism of (A, f) by 3.2 and 4.8, and it is not an automor
phism of (A, f), which is a contradiction. D 

Lemma 5.12. Let M and K be connected components of (A — S(A, / ) , / ) . If 

(M,f) satisfies (C9.1) and (K,f) satisfies (C9.2), then they have non-isomorphic 

tails. 

P r o o f . Analogously as 5.9. D 

Theorem 5.13. Let (A, f) G U. Then the following conditions are equivalent: 

(a) Each convex automorphism of (A, f) is an automorphism of (A, / ) . 
(b) The assertions of 5.3-5.12 hold. 

P r o o f . Let (a) be valid. Then according to 5.3-5.12, (b) is true. Conversely, 
let (b) hold. Assume that h is a convex automorphism of (A,f). Then (i)-(iii) of 
3.2 are valid. 

Let x G S(A,f). By 3.2 (i), h(x) G S(A,f). If x i dom/ , then 5.3 yields that 
h(x) £ dom/ . If x G dom/ , then 5.3 implies that some of the following conditions 
is satisfied: 

(1.1) S(A,f) = {x,h(x)} is a 2-element cycle of (A,f). 

(1.2) f(x)=x,f(h(x)) =h(x), 

(1.3) f(x)=f(h(x))£S(A,f). 

If (IT) holds, then h(h(x)) = x by 3.2 (i), thus 
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(2.1) f(h(x)) =x = h(h(x)) = h(f(x)). 

If (1.2) is valid, then 

(2.2) f(h(x))=h(x) = h(f(x)). 

Let (1.3) hold. Put c = f(x) and suppose that M is the connected component 
of (A — S(A,f),f) containing c. Assume that u = h(c). By 5.4, either /(c) = c or 
c £ dom/ , hence (M,f) satisfies (C5.1), (C5.3), (C9.1) or (C9.2). Then 4.7.1 and 
4.9.1 imply that (h(M),f) satisfies (C5.i) or (C7.i) for some i G {1,2,3} or (C9.i) 
for some i G {1, 2}. If h(M) = M, then h(c) = c, thus 

(2.3) f(h(c)) = f(x) = c = h(c) = h(f(x)). 

Assume that K = h(M) ?- M. By 4.5, 4.7 or 4.9, if y G K-{c}, then h(y) G dom/ , 
f(h(y)) ± h(y) and h(f(y)) =j(h(y)), thus h(f(y)) = J(h(y)). The mapping 
h \ M is an isomorphism of (M, / ) onto (K, / ) , which contradicts 5.5. Therefore we 
have shown 

(3) x G S(A, f) n dom / & h(x) G S(A, f) n dom / , 

x G S(A,f) n d o m / => h(/(rr)) = /(/*(*)). 

Now it suffices to verify that for each connected component M of (A — S(A, / ) , / ) 
the mapping h is an isomorphism of (M, / ) onto (h(M), / ) . 

Suppose that M is a connected component of (A — S(A,f),f). If (M, / ) satis
fies (CI) or (C2), then 4.1 or 4.2 implies that h is an isomorphism of (M, / ) onto 
(h(M),f). 

By 5.6, (M, / ) does not satisfy (C3). 

Let (C4) be valid for (M,f). Then (h(M),f) fulfils some of the conditions (C4), 
(C6.1), (C6.2), (C6.3) according to 4.6.1, hence 5.7 yields that (h(M),f) fulfils (C4). 
Then h is an isomorphism of (M, / ) onto (h(M),f) by 4.4. 

Let (M,f) satisfy (C5.i) (i G {1,2,3}). By 4.7.1, (h(M),f) satisfies (C5.j) for 
some j G {1,2,3}, and by 5.8, j = i. Then 4.5 implies that h is an isomorphism of 
(M,f) onto (h(M),f). 

If (M,f) fulfils (C6.i) (i G {1,2,3}), then (h(M),f) fulfils some conditions of the 
set {(C4), (C6.1), (C6.2), (C6.3)} with respect to 4.6.L By 5.7, (h(M),f) satisfies 
the condition (C6.i) and then 4.6 implies that h is an isomorphism of (M, / ) onto 
(h(M),f). 

Assume that (M, / ) satisfies (C7.i) (i G {1,2,3}). By 4.7.1, (h(M),f) satisfies 
(C7.j) for some j G {1,2,3}. If i = j , then h is an isomorphism of (M, / ) onto 
(h(M), f) by virtue of 4.7. Let i ^ j . Then h \ M is an isomorphism of (M, / ) onto 
(h(M),f), which is a contradiction to 5.9. 

Let (M,f) satisfy (C8). By 4.8.1, (h(M),f) satisfies (C8), too, and cardC = 
cardD, where C, D are the cycles of (M, / ) and (h(M),f). Put n = cardC and let 
{Fi,... ,Tn} and {Qi,... ,Qn} be the systems of the tails of (M, / ) and of (h(M),f), 
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respectively. The mapping h \ M is a convex isomorphism, thus 4.8 implies that there 

is a permutation (D on { 1 , . . . , n} such that 

(4) Ti ~ Q<p(i) f° r e a c r i i G { 1 , . . . , n} . 
From 5.11 it follows that there exists an isomorphism g of (M, / ) onto (h(M), f). 

Let 
(5) C = {c i , . . . , c n } C M, where / ( c j = c2, /(c2) = c 3 , . . . , / (c n ) = cu 

(6)D = {g(c1),...,g(cn)}. 
By 4.8, D = ti(C). Without loss of generality we can suppose that 
(7) {a} = TiC\C for each i G { 1 , . . . ,-n}. 
Then 
(8) {h(a)} = h(Ti) Pi D for each i G { 1 , . . . , n} . 
By 5.10, Q/c — Q^ implies k = i. From 4.8 and from the definition of the system 

of tails in 5.10.1 it follows that h(T{) ~ T{ for each i G { 1 , . . . , n} . Then (4) yields 
h(Ti)=Q<p{i). Thus 

(9) {h(ci)} = Q^i) DD for each i G { l , . . . , n } . 
Further, g(Ti) ~ T; and hence we get analogously 
(10) {g(ci)} = Q(f{i)C]D for each i G { l , . . . , n } , 
i.e. g(c^) = h(ci) for each i G { 1 , . . . , n}. Let i G { 1 , . . . , n — 1}. The mapping O is 

an isomorphism, hence 

h(f(a)) = h(a+1)=g(a+i) = g{f(ci)) = f(g(a))=f{h(a)), 

h(f(Cn)) = h(Cl) = (/(d) = 5 ( / ( c n ) ) = f(g(Cn)) = f(h(Cn)). 

Moreover, in view of 4.8 we obtain that h(f(a)) = f(h(a)) for each a G A — C, thus 
the mapping li \ M is an isomorphism of (M, / ) onto (h(M),f). 

Let (M, / ) satisfy (C9.1) or (C9.2). By 4.9.1, (h(M)J) fulfils either (C9.1) or 
(C9.2). Further, 4.9 implies that h \ M is an isomorphism of (M, / ) onto (h(M), / ) , 
which contradicts 5.12 and completes the proof. • 
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