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EXISTENCE THEOREMS 
FOR NONLINEAR OPERATOR EQUATION 

Lu + Nu = f 
AND SOME PROPERTIES 

OF THE SET OF ITS SOLUTIONS 

BORIS RUDOLF 

ABSTRACT. We give an existence theorem and study the compactness and con
nectedness of the set of solutions to the operator equation Lu -f Nu = f . The 
linear operator L is not necessarily invertible and the nonlinear operator jV 
is continuous and bounded. The proofs are based on a topological degree and 
Leray-Schauder techniques. 

1. Introduction 

This paper deals with the problem of the existence of a solution to the equa
tion 

Lu + Nu = f, (1) 

where L: D(L) C X —> Z is a linear, N: X —> Z a nonlinear operator and 
/ E Z. X and Z are Banach spaces. The operator L is not necessarily invert
ible. The basic papers in this area are the ones by M a w h i n [5] and C e s a r i 

[-]• 
This paper confirms some results given in the article by W a r d [7], where 

the existence of a solution to the equation (1) is proved in a special case. We are 
also interested in some properties of the set of solutions to the equation (1). 

The results of this paper are applied to the two point boundary value problem 
with a selfadjoint differential operator. 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Primary 34B15. 
K e y w o r d s : Nonlinear equation, Leray-Schauder degree, Krasnosefekij's theorem. 
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2. Existence Theorems 

Let AT, Z be real Danach spaces with norms \ • | x , | • \z , 5" be a real Hilbert 
space with the inner product (•,•) and the norm || • ||. Let Z* be the aWl of 
Z. 

We assume that 
X CZ* CSCZ (2) 

and the natural embedding of each space into those \\ hich contain it is continu
ous. Further, we assume that (v,u) = (v,u) for each u G Z* and v G 5 , where 
(G, / ) denotes the va/tte of a linear functional f G Z* at g E Z. We use the 
JVard assumptions [7, p. 233]. 

(HI) For some A G (—00,00), L — XI is one to one and odo Z , 
(L — AI)_ 1 is a continuous operator on Z , and it is compact as a 
mapping from Z into X . 

(H2) There is a number a G (—00,00) such that 

(Ltx, u) = a\\u\\2 for all tz G D(L). 

(H3) N : X —• Z is continuous and maps bounded sets in Ar into bounded 
sets in Z. 

(H4) There is a number r > 0 such that 

(Lt/,tx) + (Nu,ti) = (/,tt.) (3) 

whenever u G D(L) and ||tx|| = r. 
Number a in (H2) can be assumed to be zero since the operators L — al, 
N + al satisfy the same assumptions as the operators L, N . 

It follows from assumption (HI) that there is a number c > 0 such that — c 
is in a resolvent set of L. (See [7, p. 233].) 

First we improve an existence theorem of W a r d [7, Theorem 3]. We use 
the main idea of the proof used in [7] which is based on the following 

LEMMA 1. Assume that (HI), (H3) hold. Then the operator T : A" —> X 
defined by 

Tu = -(L + cI)~\N - cl)u + (L + c I ) " 1 / (4) 

is completely continuous and equation (1) is equivalent to 

Tu = u. (5) 

The difference between the theorem given below and the one of Ward is that 
we assume that the inequality (3) holds only for u G -O(L), ||w|| = r. 
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THEOREM 1. Assume that (HI) - (H3) hold and that there are positive numbers 
r, _R such that (3) holds whenever either \\u\\ = r and \u\x = R or \\u\\ < r 
and \u\x = R- Then there is a solution to the equation (1). 

P r o o f . From Lemma 1 it follows that (1) is equivalent to (5). We use the 
Leray-Schauder degree theory for the operator T on 

ft = {u e X, \u\x < R and ||w|| < r } . 

Clearly ft is open in X. If u G 9ft, then ||u|| = r and ||u||x = R or \\u\\ < r 
and |u|x = R. 

We show that the equation 

XTu = u (6) 

has no solution on 9ft for every AG (0,1). 
Suppose u is such a solution. Then 

(L -f cL)u + X(N - cL)u - Xf = 0. (7) 

Hence 

(Lu,u) + X(Nu - / , u ) = (A - l)c||u||2 < 0. (8) 

Since u G 9ft, the inequality (3) holds and we obtain that 

( N u - / , u ) > 0 . 

As it was mentioned above we can use the assumption (H2) with a = 0 and 
obtain 

(Lu,u) + X(Nu-f,u) > 0 . 

The last inequality is in contradiction with the inequality (8). 

That means there is no solution to (6) on dQ,, for every AG (0,1) and either 
there is a solution to (5) on 9ft or the Leray-Schauder degree 

d(L - T, ft, 0) = d(I, ft, 0) ^ 0. 

This implies that there is a solution u G D(L) to the equation (1). 

We apply the following corollary in the last part of this paper. 
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COROLLARY 1. Assume that (HI) (H4) hold and that 

(i) there are numbers a > 0, 6 ^ 0 such that for u G D(L) 

(Lu,u) ^ a|t/|^ — 6||u.||2, 

(ii) inf (Nu,u) > — oo. 
||u||<r 

u£D(L) 
Then there is a solution to the equation (1). 

P r o o f . The result follows from Theorem 1. We show that (3) holds for 
every u G D(L) with \\u\\ < r and \u\x = R. From (i), (ii) we obtain 

(Lu,u) + (Nu - / , u ) ^ a\u\\ - b\\u\\2 + inf (Nu,u) - k\f\z\u\x 
\\u\\<r 

ueD(L) 

where k is the norm of the embedding of X into Z. 

We have 

a | u | 2
v - % | | 2 + inf (Nu,u)-k\f\z\u\xZ0 

\\u\\<r 
ueD(L) 

for every u G D(L) with \\u\\ < r and \u\x = R, where R ^ R\ . Here R\ is 
the positive solution to the quadratic equation 

aR\ - k\f\zRi + inf (Nu, u) - br2 = 0. (9) 
||u||<r 

u£D(L) 

If (9) has two positive solutions, then R\ is the greater one. 

3. The properties of the set of solutions 

We denote the set of solutions to (1) as U. 

THEOREM 2. Assume that (Hi) and (H3) hold. Then U is a closed, a-compact 
set in X . 

P r o o f . Suppose that U 7̂  0 and {un} is a sequence of solutions to (1) such 
that un converges to u. Then un = Tun and the continuity of the operator T 
implies Tun —•* Tu in X . Then u = Tu and thus the set U i closed. Moreo\er 

Un = {u G U, \u\x = n } , n = 1,2,... 
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is closed a n d 

Un = T(Un), 

which implies the compactness of Un. U is now cr-compact as 

u={Ju„. 
П=l 

Now we deal with t h e connectedness of the set of solutions to the equat ion 

(1). We use t h e following lemma: 

L E M M A 2 . (KrasnoseVskij's Theorem [8, p p . 155-156],) Let il ^- 0 be an open 

bounded subset of the Banach space X . Assume that T n , T : Q, —* X are com-

pletely continuous operators for every n _ no , 

dn = s u p | | T ( x ) - T „ ( x ) | | - > 0 for n -> oo, 

Tx 7-= x for every x £ d£l, 

and the Leray-Schauder degree 

d(/-T,n, o)^o. 

Further assume that the equation 

x=Tn(x) + (T(x)-Tn(x)) 

has at most one solution for each i G l l , n _ no . 

Then the set of solutions to the equation x = Tx is nonempty, compact and 

connected. 

T H E O R E M 3 . Assume (H1)-"(H3) and (H4c), there is an r > 0 such that 

(Lu,u) + (Nu,u) > (f,u) (10) 

whenever u E D(L), \u\x = r hold. Suppose that there is a sequence of non

linear operators N{: X —> Z such that N, uniformly converges to N on Q,, 

where Q = {u £ X, \u\x < r} and each equation 

Lu + Niu = / ' , i = 1,2,... 

has at most one solution in O for every f ' t Z . 
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Then the set U of solutions to (1) in Q, is nonempty, compact and connected. 

P r o o f . We use the equivalence between (1) and (5) and apply Lemma 2 
to the equation (5). 

Let {T,} be the sequence of operators T, : X —• X 

TiU = -(L + c/)_1(Ni - cl)u + (L + CJ)"1/ , (11) 

where T, Tj are completely continuous and 

sup \TiU — Tu\x —• 0 for i —• oo. 

Obviously Tu ^ u on d£l. 

Similarly as in the proof of Theorem 1 in [7, p. 234], it can be shown that 

r1(J-T, ft, 0 ) ^0 . 

Let x G fi and 
T(x) - Ti(x) = z. 

Assume that u is a solution to the equation 

u = TiU + z. (12) 

Using (11) we obtain the equation 

Lu + Niu = f + (L + cl)z = / ' , 
which has at most one solution on 0 under the condition of the theorem. Now 
by Lemma 2 it follows that the set of solutions to (1) is nonempty, compact and 
connected. 

COROLLARY 2. Assume that (HI), (H3), (H4c) hold. Further assume that (H2) 
holds with a = 0 and for each i i , u E i l 

(Nu-Nv,u-v) = 0, (13) 

where H = {u G X, \u\x < T} . 

Then the set of solutions to (1) in fi is nonempty, compact and connected. 

P r o o f . We consider the sequence of operators N, : X —• Z defined by 

Nix = Nx + -x. Then 
(Niu - NiV,u -v)>0 

for each u, v G fi, u ^ v. Hence 

((Lu + Niu) - (Lv + Niv), u - v) > 0 for u^v 

and thus the equation Lu + NiU = / ' has at most one solution in Q, for every 
/ ' G 2 . Further the sequence N,- converges uniformly to JV in H. The result 
follows from Theorem 3. 
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4. An example 

Let Z = S = L2(a,b) and X = H2n(a,b) = {u G C2""1^, 6),t/(2n> G S}. 
2n / d \ « 

Let r = ]T̂  a,(£)( — ] be a symmetric differential operator of the 2nth order 
,=o ^dr/ 

with coefficients a,- G C°°(a,b). 
2 n - l 2 n - l 

Let Bi(u) = ]T) a , jM^(a )+ ^ Piju (fy be a set of 2n linearly independent 
j=o j=o 

boundary values. 
We consider the problem 

тu + f I u2dt\ g(t,u) = 0 (14) 

BiU = 0, (15) 

where / : R —» R, g: (a, b) x R —• R are continuous functions and 

(G) a(t) < lim inf - ^ - < lim sup - ^ - < c 
- | * | - o o a: - | x H o o a: ~ 

uniformly for * G (a, 6). Here a(t) G C(a, b), 0 = a(t) ^ c and a ^ 0. 
Moreover we assume that 

lim sup f(x) = p > 0, /? G R. 
x — • o o 

It is shown in [7, p. 239] that the condition (i) from Corollary 1 is satisfied. We 
prove the conditions (ii) and (H4). Let u G D(L). Then 

(Nu,u)= I f[ [ u2dt\g(s,u(s))u(s)ds 

= f(\\u\\2)fbg(s,u(s))u(s)ds. 

Assumption (G) implies that for every e > 0 there is an R > 0 such that 

for \x\ > R 
(a(t) - e)x2 § g(t, x)x ^(c + e)x'1. 

Let E = {t, \u(t)\ > R), F= (a,b) - £ . Then 

-e\\u\\2
 = j * g(t, u(t))u(t) dt = (c + e)\\u\\2, 

E 

| /g{t,u{t))u(t)át 

F 

< m. 
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This that 

inf (Nu,u)^- sup | / ( N | 2 ) | sup Sg(t,u(t))u(t)dt 
IWKr | |u| |<r | |u| |<r j 

a 
= - sup \f(\\u\\2)\[(c + e)r2+m] > - o o 

| |u | |<r 
and condition (ii) is proved. 

Now let u G D(L) such that /( | |w| | 2) ^ ^ > 0. Then 

b 

(Lu,u) + (Nu,u) = (Lu,u)+ - / g(t,u(t))u(t)dt 

a 

= (Lu,u) + ^ Jg(t,u(t))u(t)dt + ^ /g(t,u(t))u(t)dt 
E F 

and by Lemma 1 [7, p. 237] we obtain the estimation 

(Lu, u) + (Nu, u) 

b 
R 

- V — , - y • 2 J ~ v ~ , v ~ v ~ „ ~- 2 — II ™ II 

F 

b 

O , « ) + f / a(<)(«(ť))2dí - f є\\u\\2 - f ^a(t)(u(t))2dt - fm(Ь - a) 

^ í | | « | | 2 - ^ | | « | | 2 - c , 

ß where <5is the least positive eigenvalue of the operator L(u(t)) + —a(t)u(t), 

c > 0 is a constant. That means if we choose R such that 

6 - f e > 0, 

R> 
ý-є^ 

and f(R2) Z f, 

we get 
(Lu,u) + (Nu,u) > 0 

and (H4) holds for every u G D(L), \\u\\ = R. 

Corollary 1 then implies the existence of a solution to the problem (14), 
(15) and by Theorem 2 we get the closedness and O-compactness of the set of 
solutions to that problem. 
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