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Abstract. Some inequalities for the Stieltjes integral and applications in numerical in-
tegration are given. The Stieltjes integral is approximated by the product of the divided
difference of the integrator and the Lebesgue integral of the integrand. Bounds on the
approximation error are provided. Applications to the Fourier Sine and Cosine transforms
on finite intervals are mentioned as well.
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1. INTRODUCTION

The following definitions will be used throughout the paper.
A function w: [a,b] — R is said to be of r-H-Holder type if for z,y € [a,b] it
satisfies the conditions

|lw(z) —w(y)| < Hlz—y|", r€(0,1] and H >0.

A 1-L-Holder type function is also said to be L-Lipschitzian. A function w is said
to be of bounded variation if for any division I,, of [a,b], I,,: a = xzo < 1 < ... <
T, = b, the variation of w on I, is finite, which means that

n—1

Z |w(zir1) — w(z;)| < oo.

i=0
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b
The total variation of w on [a, b] is denoted by \/(w), where

b n—1

\/(w) = sup{z |w(zit1) — w(x;)|, I is a division of [a, b]}

a =0

In [5], [6], the authors considered the functional

) D= [ f)dule) - ) - @)l [ red

provided that the integrals involved exist, and established various bounds for the
absolute value of D(f;u).

Applications to approximating the Stieltjes integral were also provided in both [5]
and [6]. In [2] general results for three-point approximations of the Stieltjes integral
were investigated.

In this paper we point out other similar inequalities in an effort to complete the
picture and apply them in the numerical approximation of the Stieltjes integral
f(f f(z) du(z). Approximations for the Fourier Sine and Cosine transforms on finite
intervals are mentioned as well (see also [7] and [9]).

2. THE CASE OF LIPSCHITZIAN INTEGRATORS

Throughout this section, the integrator w: [a,b] — R in the Stieltjes integral
f(f f(t) du(t) is assumed to be Lipschitzian with a constant L.
The following theorem holds.

Theorem 1. Assume that u: [a,b] — R is as above.
(i) If f: [a,b] — R is of bounded variation, then

b
(2.1) ID(f;u)l < TLO—a) \/(f)-

] W

(i) If f: [a,b] — R is of r-H-Hoélder type, then

2HL(b — o)™

(2-2) |D(f,u)| < m
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(iii) If f: [a,b] — R is absolutely continuous, then

1
SLO—aPIf e I F € Lucfab)

291 (b — a) /T 1],
(q+1)Y9(q +2)1/a

if f' € Lyla,b],

23) D)< o

p > 17 -+ - = 17
P q

L)l S,

Proof. First, let us observe that D(f,u) defined in (1.1) satisfies the identity

(2.4) D(f5u) = / b (f(:c) - / " 50 dt) du(@).

It is well known that if p: [¢,d] — R is Riemann integrable and v: [¢,d] — R is
L-Lipschitzian, then the Stieltjes integral fcd p(t) du(t) exists and

/ "ot dv<t>| < oot

Taking the modulus in (2.4) and using (2.5) we get

(2.5)

b b
(2.6) ID(f1u)| < L / Fla) — / £(t) dt| da.

(i) In [4], the author proved the following Ostrowski type inequality for functions
of bounded variation:

L [ roa| < ffo- o0+ - 4] \i/(f)

for any x € [a,b]. Then, by (2.6), we may state that

(2.7 ‘f(x) -

b

2 ar Vi

ID(f;u)| < bLa/abB(b—a)—i-’x—

and the inequality (2.1) is proved.
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ii) In [1], the following inequality of Ostrowski type for r- H-Holder type functions,
g
f has been pointed out:

b—ax\rtl T —a\"t! -
e [ 1ol < [+ G2 oo
for any x € [a,b]. Then, by (2.6), we have

pu < ool 0o e [e-oral)
SHL(b— a)+!

T+ )(r+2)

and the inequality (2.2) is proved.

(iii) Using the following set of inequalities of Ostrowski type for absolutely continu-
ous functions [1]:

(2.8) ’ z) b_a/f

|:Z * (#> ](b_a)”f/oo, if f' € Lola,b);

1 b — x\at! x — aya+1]Me 1
(q+1)1a [(ba) * <b7a> ] (b= a) 11"l
if f' € Lyla,b];

/N

5+ =2

for any x € [a,b], we have from (2.6)

(29) D) b
L= alfle [ |3+ (222 an
< mw_awquffp/b[ et (j_g)‘z“]”qu,
Ay P e P
Since

b
1 x — (a+b)/2\2 1
/ [z* (—=") } do=3(b~a)
this proves the first part of (2.3).
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Using Holder’s integral inequality, we have

b 1/q

b—;[; q+1 T —a qg+1
/a |:<ba> +(bfa) :| dz
b 1/p b 1/q
T —a\7t+! b — x\3t+111/q9y4q
<
(L) (LAG="+ G=)"]"Y )

~ (b—a)2"/1
~ (g+2)Ve

and by (2.9) and (2.6) we deduce the second part of (2.3).
The last part of (2.3) is obvious and we omit the details. O

3. THE CASE OF INTEGRATORS OF BOUNDED VARIATION

Throughout this section, the integrator u: [a,b] — R in the Stieltjes integral
f: f(t) du(t) is assumed to be of bounded variation. The following result holds.

Theorem 2. Let u: [a,b] — R be a function of bounded variation.

(i) If f: [a,b] — R is continuous and of bounded variation, then

b b
(3.1) ID(f;u) < () (W)

(i) If f: [a,b] — R is of r-H-Hélder type with r € (0,1] and H > 0, then

H
r+1

b
(3.2) ID(f;u)] < (b—a)"\/(u).

(iii) If f: [a,b] — R is absolutely continuous, then

b
HOSPITV if '€ Loola, B
(33)  [D(f;u)] < ¥(bfa)1/‘1||f’\\ \b/(u) p>1 LI
I RUREEL P "poq
b
171 V@),
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Proof. Itis well known that if p: [¢,d] — R is continuous and v: [a,b] — R is
of bounded variation, then the Riemann-Stieltjes integral f p(t) dv(t) exists and

(3.4)

/ dp<t>dv<t>| < swp |olt |\/

te(e,d]

Using the identity (2.4) and taking the modulus, we get via (3.4)

10 ’
3.5 D(f;u)| < su x) — t)dt U
(35) Pl < s i@~ [ roal Ve
The proof follows now as in Theorem 1, and we omit the details. O

4. A QUADRATURE FORMULA

Consider a partition of the interval [a,b] given by

(4.1) I:a=x9 <21 <...<Tp_1 <xp=>0.
Denote h; := ;41 —2; (¢ =0,...,n — 1) and define the quadrature
nilu:ﬂ 1 —u:z:) Tit1
4.2 I,) ot : t) dt.
(4.2 (it = 32 S [ g

1= i

We also define the norm of the division I,, by
(4.3) vy, (h) :==max{h; |i € {1,...,n —1}}.

In [6] (see also [8, p. 468]), the authors pointed out some results in approximating
the Riemann-Stieltjes integral ff f(z) du(z) in terms of the quadrature rules defined
by (4.2).

The following new result for Lipschitzian integrators holds.

Theorem 3. Assume that I, is a division of the interval [a,b] as defined in (4.1)
and u: [a,b] — R is Lipschitzian with a constant L.
(i) If f: [a,b] — R is of bounded variation, then the remainder R, (f,u;I,) in the

representation

b
(4.4) / F(@) du(@) = Au(fw o) + Ro(fous 1)
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satisfies the estimate

b
(4.5) |Rn(f,u; 1) Lu[ () \/(£)

(i) If f: [a,b] — R is of r-H-Holder type, then we have the estimate

e 2HL =y 2HL(b— a)(u, ()
|Ru(fous I,)| < (r+1)(r+2)zh'+ ST oI D0r+2)

(iii) If f: [a,b] — R is absolutely continuous, then
(4.6) |Ru(f uIn)|
n—1
Lo 2 e _
S LIF lloo a0 Z@ ; if J' € Logla,b];

2Y9L) f a1 )
51 q .
(¢ + 1)Ya(q + 2)1/4 (ZO h; ) if f' € Lyla,b],

1 1
p>17 _+_:1;
p q

N

3
ZLVIn (NF N1 ap)

where vy, (h) is given by (4.3) and A, (f,u;I,,) by (4.2).
Proof. The proof follows by Theorem 1 and we omit the details. O

Further, using of Theorem 2, we may point out the following result for integrators
of bounded variation.

Theorem 4. Assume that I,, is a division of the interval [a,b] as defined by (4.1)
and u: [a,b] — R is of bounded variation on [a, b].
(i) If f: [a,b] — R is continuous and of bounded variation on [a,b], then the
remainder in (4.4) satisfies the estimate

Tit1 b
(@) Ralfust)l < s {V 0}V

Zq

(ii) If f: [a,b] — R is of r-H-Hoélder type with r € (0,1], H > 0, then we have the
estimate

b
(48) R F)| < o, ()] \/ ()

r+
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(iii) If f: [a,b] — R is absolutely continuous, then

(4.9) |Rn(f, u; In)|

1 b .
S ooy V1) if ' € Loofa, b
L e V) p>1, L4l
—7-[v o) V(u s o=
S (@rpre plotl P poq
Tit1 , b
Lo [ o1 Voo,

a

5. APPROXIMATING FOURIER SINE AND COSINE TRANSFORMS

For a function f: [0,00) — R and 0 < a < b < oo, consider the Fourier Sine and
Cosine transforms on the finite interval [a, b]:

b

(5.1) Fs(s) = Fs(s;a,b) ;:/ f(z)sin(sz)dz, s€]0,00),
b

(5.2) Fo(s) = Fo(s;a,b) := / f(z)cos(sz)dz, s€]0,00).

We also need the following trigonometric means for p,q € R:

sinp — singq

if p#q;
(5.3) SIN(p, q) := p—q #
cosq if p=gq
and
Cosp —Ccosq
— ifpFg
(5.4) COS(p,q) := P—q #
—sing if p=gq.
For s # 0, observe that
1 b
Fs(sia,) = = ¢ [ 1) d(cos(sa)
S a
and
1 b
Fo(s;a,b) == | f(x)d(sin(sx)),
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and thus (5.1) and (5.2) may be viewed as Stieltjes integrals with continuous inte-
grators u(z) := cos(sx) and u(x) = sin(sz), respectively. Here x € [a,b] and s > 0.
If we consider the division (see (4.1))

Ln:a=z0<z21<...<Tp_1<xpp =,

then the quadrature formula (4.2) may be written for these particular choices as

n—1

Ti41
(5.5) 5.(f In,5) = — > COS( stl,sxl)/ ft)de
=0 Ti
and
n—1 it1
(5.6) Ac, (f, In,s) = ZSIN stl,st)/ F(@)de.
=0 Ti

Consider now u: [a,b] C (0,00) — R, u(z) = cos(sx), s > 0. Obviously

['llo 0y = sup |u'(z)] < (b - a).

z€la,b

Consequently, for a given s, u as defined above is Lipschitzian on [a,b] with the
constant L = s2(b — a).
If u: [a,b] C (0,00) — R, u(z) = sin(sz), s > 0, then

1|0, fa,b) = sup]IU( z)| <s.

z€la,b

Using Theorem 3, we may state the following result in approximating the Sine and

Cosine transforms.

Proposition 1. Let I,, be a division of the interval [a, b].
(i) If f: [a,b] — R is of bounded variation, then we have

(5.7) Fs(s;a,b) = As, (f, In,s) + Rs, (f, In,s), s>0
and
(5.8) Fo(s;a,b) = Ac, (f, In,s) + Ro, (f, In,s), s>0.

The remainders Rg, (f, I, s) and Re, (f, I, s) satisfy the estimates

b
b—al/]n \/
a

»Jkloo

(5.9) |Rs,, (f;In,5)| <
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and

b
(5.10) R (5 1) < Sun, () /()

(ii) If f: [a,b] — R is of r-H-Holder type, then the remainders satisfy the bounds

2Hs(b—a) nil Rt < M[% (R)]"

(5.11) |Rsn(f7]n»5)|<mizol (r+1)(r+2)

and

n—1

2H 1 2H(b—a) )
(6.12)  [Re, (f,In, )| < CESES)] ;hi+ < m[wn(h)] :

(iii) If f: [a,b] — R is absolutely continuous, then

(5.13) |Rs, (f,1n,5)]

n—1

L .

550 = )| f'lloc. a1 D hF if f' € Loo[a,b);
=0

N

21/75(b — a) | f'llp.fat) (= 1/
LD q+1 . ,
(q+1)Y9(q+2)1/4 (Z;h ) if f'& Lyla,b],

1 1
p>17 _+_:1;
p q

3
1500 = rr, (Wl o0,

and

(5.14) |Re, (f In, )|

n—1
1 .
1 looufat) D 17 if € Looa, b];
=0
24| f Iy fap) (= '/
) g+1 . /
<4 (g+1D)Ya(qg+2)Ya (; hi ) if "€ Lyla,b],
1 1
p>1 —+-=1
3 p q
ZVIn(h)Hf/ 1,[a,b]

Similar bounds may be obtained from Theorem 4, but we omit the details.
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Remark 1. For an application in approximating the solutions of an electrical
circuit, see the preprint online [3] where further details are provided. We omit them
here.
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