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Abstract. This paper solves the scalar Oseen equation, a linearized form of the Navier-
Stokes equation. Because the fundamental solution has anisotropic properties, the problem
is set in a Sobolev space with isotropic and anisotropic weights. We establish some existence
results and regularities in L theory.
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1. INTRODUCTION

Let ) be an exterior domain of R? or the whole space R2. We consider the following
Oseen’s problem:

(1.1) —VAu+)\a—u+V7r:f in Q,
8LE1

divu =g in Q,

u=u, on Of),
with the condition on w at infinity

(1.2) lim w(z) = teo-

|z| =400
The viscosity v, the external force f, the boundary values u, on 92 and g are given.
The positive coefficient A corresponds to the Reynolds number. The unknown veloc-
ity field w is assumed to converge to a constant vector u., and the scalar function 7
denotes the unknown pressure. C.W. Oseen [14] obtained (1.1) by linearizing the
Navier-Stokes equations, describing the flow of a viscous and incompressible fluid.
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Some authors worked on this problem. We can cite Finn [6], [7], more recently
Galdi [8], Farwig [3], [4], Farwig and Sohr [5] and Amrouche and Razafison [2].
When Q = R?, the system (1.1) is written as follows

(1.3) —VAu—&—AS—u +Vr=f in R?

T1

divu=g in R?,

with the same condition at infinity. Taking the divergence of the first equation
of (1.3), we obtain a decoupled set of equations

(1.4) A7T=din—&—VAg—)\ﬁ in R?,
8LE1
(1.5) —vAu + . f—Vr in R
8.%‘1

We use the results obtained in [1] for the Poisson equation to solve Equation (1.4).
Now observe that each component u; of the velocity satisfies

Ouj _ . Om

(1.6) —vAu; + )\axl =

Thus, we see that if we solve the scalar equation

(1.7) —vAu + Ag—;‘l = f in R?,

we can apply to the Oseen problem the results obtained for this last equation. The
aim of this paper is then to study the scalar Oseen equation (1.7). Since the fun-
damental solution of this equation has anisotropic decay properties, see (3.6), (3.9),
we will work in Sobolev spaces with an isotropic weight and with the anisotropic
weight introduced by Farwig [3] in the particular Hilbertian case (p = 2). The
case A = 0 yields the Laplace equation studied by Amrouche-Girault-Giroire [1] in
weighted Sobolev spaces. This paper is divided into five sections. In Section 2, we
introduce the functional spaces and we recall some preliminary results. We give also
a density result for D(R?) in an anisotropic weighted space and a characterization of
homogeneous Sobolev spaces. In Section 3, by adapting a technique used by Stein,
we obtained results on Oseen’s potential which we use then to solve Equation (1.7),
where the left-hand side f is given on the one hand in L?(R?) and on the other hand
in Wy Lp (R?). We also look at the case where f belongs at the same moment to
two spaces with different powers p and g. We consider, in Section 4, the case where
f belongs to spaces LP with anisotropic weights. Finally, in Section 5, we consider
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the limit case when )\ tends to zero and we compare the limit with the solution of
Poisson’s equation. The main results of this paper are given by the theorems below.

In Theorem 1, we give (LP,L?) continuity properties for the Oseen operators
fr=O0xf, f00/0x;« f,and f > 0*°0/0z;0x, * f, where O is the fundamental
scalar Oseen solution, which is defined in Section 3. We observe that the continuity
results obtained for the Oseen equation (1.7) are better than the classic properties
of the Riesz potential associated to the Laplace operator corresponding to the case
A=0.

Theorem 1.1. Let f € LP(R?) with 1 < p < co. Then, 8*°0/0z;0xy * | €
LP(R?), 00/0xq * f € LP(R?) and they satisfy the estimate

1

Cllfllzrwz)-

*
Hamjamk f‘ LP(R?) Haxl Lp [RZ)

Moreover,
1)i) if 1 < p <2, then VO x f € L3/G~-P)(R?) N L?*/2-P)(R?) and

VO x fllpsere-r@2) + VO * fll p2p/c-mez < CllfllLe@e)-
ii) If p = 2, then VO f € L"(R?) for any r > 6 and the following estimate holds:
IVO * fllor@r2 < C| fllrw2)-
iii) If 2 < p < 3, then VO f € L?*/G~P)(R?)N L>*(R?) and we have the estimate
VO fllLsr/c-n(mz) + VO * fllperz) < C|lf [ Lr(r2)-
2)If1<p< 32, then O« f € L3/G=2P)(R?) 0 L=(R?) and

1O * fllLsr/—20)(m2) + [|O * fllLoe(r2) < CllfllLo@e)-

In Theorem 2, we give similar results for the case when f belongs to a negative
weighted Sobolev space Wofl’p (R?) and we observe again that we obtain results
better than in the case A = 0.
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Theorem 1.2. Let f € Wy ""(R?) satisty the compatibility condition
<f7 > lp R2)lep(|R2) O, when 1<p<2

i) If1 <p<3, thenu = O« f € L3%/G-P)(R?) is the unique solution of Equa-
tion (3.1) such that Vu € LP(R?) and du/dz, € Wy P (R?). Moreover, we have the
estimate

ou
||u||L3p/(37p)([R2) + ||vu||L”([R2) + Ha—IlHW(;LP(RQ)

X CHfHWO*LP([RZ)v
and u € L?"/=P)(R?) when 1 < p < 2, u € L"(R?) for any r > 6 when p = 2, and
u € L®(R?) when 2 < p < 3.

ii) If p > 3, then Equation (3.1) has a solution u € VVO1 P(R?) that is unique up to
a constant, and we have

inf Ju+ Kllgze @z < Cllfllwg 1oz

Theorem 1.3 is concerned with the case when f belongs to LP spaces with
anisotropic weight.

Theorem 1.3. Assume that 2 < p < 2 and f € L1/2 1/4( 2). Then u =
OxfelL? 1211 J(R?), Ou/dxs € L01/4( 2), Ou/dz; € L1/21/4(R ), and V?u €

(LY /2,1 /4( 2))2%2. Moreover, we have the estimates

/(1+r)*p/2(1+s)P/4|u\Pda;+/ (1 +7)P/2(1 + s)P/4(|ou/8z1 |P + |VulP) dx
R2 R2

+/ (1+s)p/4‘@‘pdm<c/ (1+7)P/2(1 + s)P/4| P de,
R2 81‘2 R2

where r = |x|, s = r — x1 = |&| — 1, and the anisotropic weighted LP spaces are
defined in Section 4.
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2. FUNCTIONAL SPACES AND PRELIMINARIES

In this paper, p is a real number in the interval |1, +o0o[ and its conjugate is
denoted by p’. A point in R? is denoted = (21, 22) and we denote as above:
r=lx| =22 +2)Y2, o=1+r)Y? s=r—umz,
s =r+xz, fora,beR, nt=(1+7)%1+s)".
For R > 0, Br denotes the open ball of radius R centered at the origin and By =
R? \ Br. For any j € 7, P; is the space of polynomials of degree lower than or
equal to j and if j is negative we set, by convention, P; = 0. Let B be a Banach

space, with dual space B’ and a closed subspace X of B. We denote by B’ L X the
subspace of B’ orthogonal to X defined by

B LX={feB;Vve X: (f,v) =0}

For m € N*,| we set

-1 if a+2/pg{l,...,m},

2.1 k=k(m,p,a) =
(2.1) (m, p, @) {m_a_g/p if a+2/pefl,....m}

and we define the weighted Sobolev space

WmP(R?) = {uc D'(R?*); VA eN:
if 0 < |A| <k, then o® ™\ (1g 0)~10 u € LP(R?);
if k+1< |\ <m, then o* ™ Nory e LP(R?)},

where lg o = In(1+ p). It is a reflexive Banach space equipped with its natural norm:

||U||W;’W(R2)
A 1A Al gA !/
( Yo e g o)t ull gy + Y TN u||§p(m)> .
(UNPYENE k+1<|A|<m

Its semi-norm is defined by
1/p
|’U,‘me [RZ = ( Z ||Qaa>\’u,||Lp R2 ) .
(A=

The logarithmic weight appears only when o + 2/p € {1,...,m}. We refer to
Kufner [11], Hanouzet [9], and Amrouche-Girault-Giroire [1] for a detailed study
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of the space W ™?(R™). However, we recall some properties and results that we use
in this paper. For any A\ € N?, the mapping

(2.2) uwe WMP(R?) — 9*u € W= IMr(R?)

is continuous. When a+2/p ¢ {1,...,m}, we have the following continuous embed-
ding and density

(2.3) WmP(R2) c W PP(R?) ... c WP (R?),

where

WoP(R?) = {u € D'(R%); o%ue LP(R*)};
also note that the mapping
(2.4) ue WIP(R?) — o' € WP (R?)

is continuous, which is not the case if a +2/p € {1,...,m}. The space WP (R?)
contains the polynomials of degree lower than or equal to j, denoted P;, where j € N
is defined by

(25) j:{[m—a—Q/p] if a+2/p¢ 7,

m—1—a—2/p otherwise.
The following theorem is fundamental (see [1]).

Theorem 2.1. Let m > 1 be an integer and « a real number, then there exists
a constant C such that

(2.6) Vu e Wi P(R?) inf JJu+ pllwzr @z < Clulwy» @),
HEP;
where j is the highest degree of a polynomial contained in WP (R?).
We define the space
H, = {v € L’(R?), divv = 0}.

Theorem 2.1 permits to prove that the following divergence operator is an isomor-
phism (see [1]):

(27) div: LY (R?)/Hy — Wy "7 (R?) LP o).

The next result is a consequence of Theorem 2.1 (see [1]):
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Proposition 2.2. Let m > 1 be an integer and u a distribution such that
VA eN: |\ =m, 0 uc LP(R?).

(i) If 1 < p < 2, then there exists a unique polynomial K (u) € P,,_1 such that
u+ K(u) € Wy"P(R?), and

(2.8) el 0t K+ g @ < Ol e,

(ii) If p > 2, then u € Wy"P(R?) and

(2.9) el plwgr e < Clulwgs @,

When 1 < p < 2, we have the following characterization of the space W, *(R?):
(2.10) WP (R?) = {v e L?/C7P)(R?); Vv e LP(R?)}.

We recall the space introduced in [2]:

—~ 0
(2.11) WP (R?) = {u e WhP(R?); a—“ Wy ’p(RQ)},
which is a Banach space for its natural norm:
u u p .
il ey = Vg + | v
Also, we define
T72:P (2 2,0 (2 u 2
(2.12) W2P(R?) = {uEW’(R) 8—6L1’(R)}
1
which is a Banach space for its natural norm:
A

Its dual space denoted ﬁ//(; 2P /(RQ) can be characterized as follows (see also Re-
mark 2.5).
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Proposition 2.3. Let f € WJQ”’/(RQ). Then:
(i) If p # 2, there exist fo € WO (R?), F € (WY (R?))2, H € (L¥ (R?))?*2, and
h € LY (R?) such that for all v € W'’ (R?), we have

(2.13)  {fi V2 moyuivzrry) = o Vhpor o + (F Voo yop
Ov
2 _
+ <H7 v U>LP/><LP + <h‘7 O11 >LP'><LP.
(ii) If p = 2, then (2.13) holds if we take the weight olg o instead of ¢ in the
definition of W' (R?) and WP (R?), and ¢?1g ¢ instead of ¢® in the definition of
WP (R?) and WP (R?).

Proof. i) Suppose p # 2. Let E = WYP(R?) x (WYP(R?))? x (LP(R?))>*2 x
LP(R?), equipped with the norm:

n n
1l = Iollwop + D 19illwop + D Idjelze + Qe

i=1 Jok=1
where ¥ = (Yo, i, ¥k, Q). It is clear that the following operator is an isometry

ov

T:ve ﬁ}g,p(Rz) — (v Vo, Vv B
1

—)eE.

For all f € I/IN/JQ”’/(RQ) the operator defined by L(h) = (f,T~'h) is continuous on
T (I/T/O2 P(R%)) which is a closed subspace of E. Thus, by the Hahn-Banach theorem,
we can extend L to an element L of the dual of E. Now, by the Riesz theorem,
there exist fo € WO (R?), F € (W27 (R?))2, H € (L” (R?))2*2 and h € L (R?)
satisfying (2.13).

11) If p = 2, we take olg oF; € L (R?) in the definition of W (R?), 0®lg ofy €
L (R?) in the definition of WY" v (R?) and we proceed as in the case i). Let us note
that, when 1 < p < 2, we can take F' = 0 thanks to Theorem 2.1. O

The last proposition permits to prove the next result.

Proposition 2.4. D(R?) is dense in Wg’p(W).

Proof. Let f € WO_Q’p/(RQ) be such that

(2.14) Yo e D(R?) (f, > =0.

S2P (R2) WP (R2) —
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i) If p’ # 2, by the previous proposition, there exist fo € WQO’p/(RQ), F €
(WP (R)2)2, H e (LP (R?))2*2, and h € LP(R?) satisfying (2.13). In particu-
lar, taking v = ¢ € D(R?) in this equation, we have by (2.14):

oh

fo—div F +div(div H) — P

=0,

in the sense of distributions. Now, by (2.3), we have the continuous embedding
and density W,"(R?) ¢ WP(R?). Thus, by duality, we have the embedding
WO (R?) ¢ WH?' (R?), so F € (Wy " (R?))?, which implies div F € W, 2% (R?).
By the same argument, we deduce that fy € WO_Q’p /(Rz), thus the last equation

yields
oh

e = fo—div F +div(divH) € Wy QP(RQ)QW 1P(R2)

So, Equation (2.13) can be written:

oh

<f0 div F' + div(div H) = 7=, U> 72 (R WEP (R

<f7> Wy 27 (R2)xWEP(R2) —

Let v € Wg’p(W). Since D(R?) is dense in Wi P(R?), there exists a sequence @), €
D(R?) such that ¢ — v in WZP(R?). We then obtain

<f7 > ZP ([RZ)XWZP([RZ)
Oh >
0xy By Tk 2P (R2)x WP (R2)

= klim <f0 —div F + div(div H) —

i) If p = 2, we take (olg 0)F € L” (R?) and (0®1g0)fo € L” (R?) and obtain, by
the previous embeddings, F € (W, """ (R?))? and fo € W, >” (R?). We can proceed
as in the case 1); the density result holds and finishes the proof. O

Remark 2.5. Property (2.13) is equivalent to

(2.15) W, ’p(Rz) {fED(R2) f= fo+leF+le(leH)+§—h}7

1
where fo, F, H, and h are defined in Proposition 2.3.

Using the same technique as in the proof of the Payne-Weinberger inequality, we
get the following:
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Lemma 2.6. Let u € D'(R?) be such that Vu € LP(R?).
i) If 1 < p < 2, then there exists a unique constant u., defined by

1 2n
(2.16) Uoo = lim —/ u(rcosd,rsinf)do
r—oo 21 Jq
and such that
(2.17) U — Uo € Wy P(R?).
Moreover, we have

(2.18) U — oy € L2/ 7P (R2),

with the estimate

(2.19) [u = too | 20/ -0 (r2) < Cl[Vul|Lr(R2),
and
2n
(2.20) / |u(rcosf,rsinf) — us|? df < CTP_Q/ |Vul|P de.
0 {lz|>r}

ii) If p > 2, then u € W, *(R?) and

(2.21) lu(x)| < Crl_z/p||u||wg,p(m) and 2P |y(x)| — 0.
The next result is a corollary of the previous lemma.

Corollary 2.7. Let u € D'(R?) be such that V?u € (LP(R?))?*2. Then:
i) If 1 < p < 2 then there exists a unique vector A € R? such that

Vu+ A € L?/P)(R?),

where A is defined by

1 2n
(2.22) A=—lim — Vu(rcosf,rsing)do.

r—oo 2T Jq

Moreover, u+ A - @ € W'’ (R?) and satisfies
(2.23) mf lu+A- a:+k||sz ®2) S C’||u||W2p (R2)"
ii) If p > 2, then u € WP(R?) and

(2.24) ”lenf ||u‘~‘/1||w2‘p (R2) S C||u||sz(R2)

Now, with these last results, we can give a precise definition of the limit at infinity.
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Definition 2.8. Let u € D'(R?) be such that Vu € LP(R?*). We say that u
tends to u. € R at infinity and we denote

lim u(x) = oo,
|| — o0

if )
lim |u(r cosf,rsinf) — us|dd = 0.

T™—00 0

Remark 2.9. Let u € D'(R?) be such that Vu € LP(R?). If 1 < p < 2, we have
the equivalence of the following statements
i) u—us € Wy P(R?),
ii) lim wu(x) = uc in the sense of Definition 2.8.

|| =00

Finally, we recall the following lemma.

Lemma 2.10. Let r and p be two reals such that 1 < r < oo and p > 2. Let
u € L"(R?) and Vu € LP(R?). Then u is a continuous function on R? and

lim wu(x)=0.

|| — o0

3. THE SCALAR OSEEN EQUATION IN [R2

In this section, we propose to solve the scalar Oseen equation (1.7). In order to
simplify the notation, we assume without loss of generality A = v = 1:

ou . o
(3.1) —Au+ P =f in R%,

f € D'(R?). To that end, let us define the operator

ou
3.2 T: A —.
(3.2) U —Audt 5
3.1. Study of the kernel
We consider the kernel of the operator T° when it is defined on the tempered
distributions &’(R?). Let u be an element of the kernel, by Fourier transform we can
write

4r?(€|*a(€) + 2ni&1a(€) = 0.
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Setting
(&) = v(§) +iw(g),

it follows that

(3.3)
26 0(§) + 4n*[€Pw ()

{ An2|€Pu(€) — 2n&w(§) = 0,
0.

Since the determinant of the above system is 167*|€|* + 472¢2, we deduce that, for
& # 0, the support of 4 is included in {0}. Then we have

u(§) = an5(a), ca € C, with a finite sum.
By the inverse Fourier transform, we get
u(zx) = Zdoﬂ?a, do € C, with a finite sum,

that is, u is a polynomial. Setting for all integers k

_ . 99 _
(3.4) Skf{qEPk, Aq+8—xl—0},

if T" is defined on &'(R?), then ker T' = Sk, and we have:

Lemma 3.1. Let f € S'(R?) be a tempered distribution and let u € S'(R?) be
a solution of (3.1). Then u is uniquely determined up to a polynomial in S.

Let us notice that Sy = R and &; is the space of polynomials of degree less than

or equal to one and independent of x.

3.2. The fundamental solution
Following the idea of [8], we look for the fundamental solution O of the scalar
Oseen equation in the form

O(x) = e”“/2f(g).

We find by direct computations:

(-20+ 5) = e ((5) 1(5) + 37 (5) - () 1(2)),
where, for y = %r,
V") +uf' (y) — v f (y) =0
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is the modified Bessel equation. Although Ky, the singular solution (at y = 0) of
this equation cannot be given explicitly, we can give an estimate in a neighborhood
of zero and also when y is large:

(i) When y is small

1
(3.5) Ko(y) :1n§+ln2—'y+a(y),

where + is the Euler constant and o satisfies

de —k
— =o(y™").
dyk- ( )
Thus, when r is close to zero,
L oo 1
(3.6) (9(33):—2—9 ! {ln;+2ln2—7+a(r)}.
T

(ii) When r — 400, using the asymptotic expansion given in [10], we have

As the derivatives of O are given by

o Rt 2a)
(3.8) 3—2 — 4“%&1”1{3(%),

we can deduce the behavior of the fundamental solution @ and these derivatives
when r tends to infinity:

1 1
= - 75/2 - —2

(3.9) O@) = ~ 5= 1 = +0(r )]

00 1 _ s r+3x _

— = — s/212 _ 2
(3:.10) O0x1 4\/TE_7’e [r 8r2 +olr )} ’

00 w2 3 -2
(3.11) 5o = T {1 + o4O )}.

Using the inequality
VhbeR e /2 < Cy(1+5),
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we obtain the following anisotropic estimates

00

oz,

(a:)’ <Crt(1+s)7t

(3.12) |O(x)| < Cr~ Y21 +5)7,
00

Oy

(w)‘ < Cr73/2(1 + 8)71,

Let f and g be two functions defined on an interval I C R. We denote f ~gon J C I
if there exist two positive constants C; and C5 such that C1g(t) < f(t) < Cag(t) for
all £ in J.

To study the integrability properties of the fundamental solution and its deriva-
tives, we need the following result.

Lemma 3.2. Assume that 2 — o — min(3, 3) < 0. Then, there exists a constant

2
C > 0 such that, for all u > 1, we have

Cu27a7min(%,ﬁ) if B 7£ %’

3.13 / r*(1+s)Pde <
( ) 2] > ( ) {C’LLLS/Q@ Inr ifg= %

Proof. First we prove the following result:

,rlfafmin(%ﬁ) if ﬂ l’
(3.14) / r= (1 +s) P do~ { 72
OB,

rz=Inr if 3=1.
Using the polar coordinates, we have for s = r(1 — cos6):
I= / 11 +s) P do=2r172 / (1+7(1 —cos8))P de.
OB, 0

2 2

Since 2 sin? 6 = 2rs — s2,
2r
I= 27’170‘/ (1+s)"P(2rs — 52)71/2 ds.
0
i) When 0 < s < 1,1+ s~ 1, thus
1 1
/ (1+5)P2rs — s2)"/2ds ~ 1"71/2/ sT12ds ~ /2,
0 0
ii) When 1 < s <r, 1+ s~ sand 2rs — s> = s(2r — s) ~ rs, thus
/ (1+5)7P(2rs —s2)71/2ds ~ r_1/2/ s712B qg ~ pmmin(z.8)
1 1
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and, if § = %, we get
/ (1+s)7P(@2rs —s*)"Y2ds ~ r~/21nr.
1
iii) When r < s < 2r, 1+ s ~ r and 2rs — s* ~ r(2r — s), thus
2r 2r
/ (1+35)P2rs —s?)71/2ds ~ 7’71/27[3/ (2r —s)"Y2ds ~ 7P,
So,

l1—a—min(%,8) 1
T ~ 7,1fo¢7min(%,ﬁ) (Tmin(%ﬁ)*% +1+ Tmin(%ﬂ)*ﬁ) ~ { " : if ﬂ 7£ 27

rElnr ifﬂ:%.
By this equivalence we deduce:
1

(3.15) / r_a(1+s)_6da:<+oo<:>2—a—min(—7ﬁ) < 0.

> 2
When this condition is satisfied we obtain our result. g

Using Lemma 3.2 with estimate (3.12), we deduce
3

(3.16) Vp>3 OcLP(R?) and vpeb,z[ VO € LP(R?),

which means in particular that O € WO1 P(R?) for any % < p < 2. Note also that
(3.17) O € L. (R?) and VO € Li,.(R?),
and for B = R? \ B(0, R)

3.18 Vp>3 OeLP(BR) and vp>§ VO e LP(B%).
2

With the weighted L estimates obtained in [10, Theorems 3.5, 3.7, and 3.8], we get
estimates on the convolution of @ with a function ¢ € D(R?) as follows.
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Lemma 3.3. For any ¢ € D(R?) we have the estimates

o 1
1 < 7
(3.19) O % (=) Ce 20 1 2 2]
1
2 < ,
(3:20) ‘837 O+ ¢)(w) O PP T 2 F a2
1
21 < . —
(3:21) ‘am 0+ 9)(a)| Ce @i 2l + 1)

where C, depends on the support of ¢ and O(x) = O(—z).

Remark 3.4. 1) The dependence on |z| of O * ¢ and its first derivatives is the
same that of (’5, but the dependence on 1 + s’ is a little bit different.
2) By Lemma 3.2 and these last estimates we find that

3 o
(3.22) Vg>o Oxpe W, Y(R?).

3.3. Oseen potential and existence results
Using the weak-type (p,q) operators and the Marcinkiewicz Interpolation Theo-
rem, we have the following.

Theorem 3.5. Let f be given in LP(R?). Then 0°0/0x;0zy = f € LP(R?),
00/0x1 x f € LP(R?) and they satisfy the estimate

3.23 H ‘ H ‘ <C .
( ) 8m38mk *f L7 (R?) 011 *f Lr(R2) 1 ller e
Moreover:

i) If1 < p< 3, then O« f € L*/G~2P)(R?) and
(3.24) 1O fllLsps-2m@z) < Cll fllLeg2)-

ii) If 1 < p < 3, then (00/0z;) * f € L?*/G~P)(R?) and

(3.25) H < Cl flloee).

aaﬁz ’ L3p/(3=p)(R2)

Proof. By the Fourier transform, we obtain from Equation (3.1):

920 —Ar2¢6,
f(axjaxk * ) = P 1 omg ¢
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The function & — m(&) = (—4n%&;&)/ (4n2|€]? + 2ni&y) is of class C? in R? \ {0} and
satisfies for every a = (ay, ag) € N?

dlelm

o€«

&) < BigI,

where || = @1 + a2 and B is a constant. Thus, the linear operator

) 0 _ omize  —4TEiR
T f o g @) = [ e e F () (€)

is continuos from LP(R?) to LP(R?). So, 8*0/0z;0x) = f € LP(R?) and satisfies

H 00

(3.26) T

]

L) < CllfllLewe)

(see Stein [17, Theorem 3.2, p. 96]). Now, from Equation (3.1), we deduce that
00/0x1 * f € LP(R?) and the estimate

(3.27) < C([AO * fllLr@wz) + [1f [ Lrw2),

Haml ’ L7 (R2)

which proves the first part of the proposition and Estimate (3.23). Next, to prove i)

and ii), we adapt the technique used by Stein in [17] which studied the convolution

of f € LP(R™) with the kernel |x|*~™. We split the function K into K7+ K, where
Ki(x)=K(z) if |z|<p and Ki(x) =0 if |z| > g,
Keo(x)=0if |z <p and Ko(x) = K(x) if |z > p.

The function K denotes successively O and 00/0x; and the positive number p will
be fixed in the sequel.

1) Estimate (3.24). According to (3.6), we have O; € L'(R?) and by (3.16),
O € Lp/(RQ), thus O x f exists almost everywhere and O * f exists everywhere,
so Ox f = 01 % f+ Oy * f exists almost everywhere. Next, we shall show that
f— Ox fis of weak-type (p,q) with ¢ = 3p/(3 — 2p) in the sense that:

(3.28) mes{x; [(Ox f)(x)] > A} < ( b ”f”L/\p(RQ) )q, for all A > 0.

We have:
mes{x; (O f)(x) > 2A} <mes{z; (O1* f)(x) > A} + mes{z; (O * f)(x) > A},
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and

2 f p(R2
mes(s (01 f)(@)] > 4} < e e

[Occ * fllLe®2) < [[Occl Lo (2 | f | 2o (2)-

Note that it is enough to prove the inequality (3.28) for || f||zrr2) = 1.

i) Estimate of I = [, _ |0(z) d=.
If 0 < o < 1, then by (3.6), I < Cp.

Ifp>1,
I:/ \O(a:)\da:+/ |O(x)| dee.
|| <1 1<]z|<p

/ |O(z)|de < C < Cu.
|z <1

Since O € L (R?),

Further, from the estimate (3.12) and by using Lemma 3.2, we have

l/ WQMdmgC/‘ r 1214 5)"tde < Cp,
1<|x|<p 1<|z|<p

thus
(329) Yu>0 ||01||L1(R2) < Cu.

ii) Estimate of J = flm|>u |O(x)|?" de.

If > 1, |O(x) [P ~ e P's/2p=2"/2  Cr=7"/2(1 4 5)~*'. Thus by Lemma 3.2, for
p' > 3, we have J < Opd/2P'/2,

Ifo<p<l,

J:/ \@@Wm+/ O@) dz = Jy + Jo.
pn<le|<1 |&|>1

Proceeding as previously, we get Jo, < C' < Cu3/2_p//2. We also have
J = / P12 —Inr 4 2In2 4y 4 o(r)|” de < C < Cp/>77'/2,
pn<lel<1
Thus

(3.30) for p >3 and p >0 10coll Lo 2y < =2/,
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Setting A = CpuB=7)/20" which implies y = C'\2P'/G=p") = 0/ \2/(2P=3) we get

mes{x € R?; |(Os * f)(x)] > A} = 0.

So, for1<p<— we have

)

1011171 2 P 1\3p/(3-2p)
2. (R2) I
mes{z € B2; (|0 + f)()| > 22} < O— < 0ho < C(X)

which proves the inequality (3.28).
2. Estimate (3.25). We also have K; € L'(R?) and K., € L¥ (R?), where

i) Estimate of flw|> 100 /0z;i(z)|P da.
Using estimate (3.12), we get for > 1 and p < 3:

’

(3.31) / SO @) de < ou2 2 < o
) > ! O
For p < 1,
/ 00 (w)‘p dx :/ ao(w)‘p d:c+/ 8(’)( )’p de.
|| >u! O p<la)<1! 0T |z|>11 0T

The case p > 1 yields

/ 00 (w)‘p de < C K Cu?’/Q*p/.
|

z|>11 0%

We also have

/ 1
/ 30 p / ri qdr/ (p//Q)TCOSQ|Sin9+C'|p/ do
I I

<|e|<1 8951

1
C/ V2=aqp < OpBl2 7,
I

So, by these two inequalities and (3.31), we get

< opB-200/2",

32 H
(3.32) Ox; 1 L»' (R2)
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ii) Estimate of J = flwl<u |00 /0 ()| dx.

fo<pu<l,
1 wope
/222 0(—)‘da}:/ / e(r/2)¢080|5in 9 4 7| dr df
T r 0 —

-
lz|<p
n
<C’/ drgCugCul/Q.
0

Ifu>1
J:/ 00 d:c+/ 00
lz|<1 Ox; 1<|®|<p Oz;

The preceding case yields J; < C' < Cp'/?. By Estimate (3.12) and Lemma 3.2 we
have

de = J, + Jo.

de . —1/2 1/2
Jo < C <C r dr < Cu'/=.
|| <p T(l + 5) 0

We obtain then

(3.33) H 1/2

o0x; s Cp

As previously, we have, for 1 < p < 3 and all A > 0:

L1(R2)

3p/(3—
(5 ) @] > 2 <o ()"
Now, using the Marcinkiewicz Theorem, the operator R: f +— O % f is continuous
from LP(R?) into L3/(G=2P)(R?) and R;: f — 00O/0x;* f is continuous from LP(R?)
into L3P/(3-P)(R?). O

Remark 3.6. i) We can prove that O € L3°°(R?), i.e

mes{a: e R?;

(3.34) sup p® mes{x € R?; |O(x)| > u} < +oo.
n>0

So that, thanks to the weak Young inequality (cf. Reed and Simon [16]):
(335) ||0 * fllLSp/(372p),oo(|R2) < C||O||L3,oo(R2) ||f||Lp,oc(|R2).

This estimate shows that if 1 < p < %, then there exist pg and p; such that 1 < pg <
p<p < % and such that the operator

T: f—Oxf

is continuous from LPo(R?) into L(3P0)/(3=2P0).(R2) as well as from LP'(R?) into
L3p1)/(3=2p1),00(R2)  The Marcinkiewicz interpolation theorem allows again to con-
clude that the operator T: LP(R?) — L?"/(3=2P)(R?) is continuous.

ii) The same remark is true for VO which belongs to L3/%>°(R?).

By Theorem 3.5 and the Sobolev embedding we easily obtain the following result.
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Theorem 3.7. Let f € LP(R?) with 1 < p < co. Then, 9*°0/0z;0xy * | €
LP(R?), 00/0x1 * f € LP(R?) and they satisfy the estimate

(3.36)

/|

[ <Ol

*
O0x;0xy Lr(R2) Ham LP(R2)

Moreover:
1)i) If 1 < p <2, then VO * f € L*/G=P)(R?) 0 L?*/?=P)(R?) and

(3.37) IVO * fllpsera-n (2 + VO * fllpzrie-nws) < CllfllLe®2)-

ii) If p= 2, then VO * f € L"(R?) for any r > 6 and the following estimate holds

(3.38) VO« fllLr®2) < CllfllLer2)-

iii) If2 < p < 3, then VO x f € L*/G=P)(R?)N L>®(R?) and we have the estimate
(3.39) VO x fllpsr/e-p w2y + [IVO * fllLeo@z) < Cl| fllLe@2).-
2) If1 <p< 3, then O« f € L3/G=2P)(R2) N L°(R?) and

(3.40) 1O * fllLsr/—20)(m2) + [|O * fllLo(re)y < CllfllLo@e)-

Remark 3.8. i) Applying the Young Inequality and (3.16), we verify that if
f € LP(R*) with 1 < p < 2, then O« f € LI(R?) for all ¢ € |3p/(3 —2p), +oc], a
property a little weaker than (3.40).

ii) The same remark is true for VO x f.

By using Theorem 3.7 and Lemma 3.1, it is clear that if f € LP(R?), then the
solutions of Equation (3.1) are of the form

(341) u=0xf+Q, with Q € 8[2_3/1,].
This means that O * f is the solution of Equation (3.1): unique if 1 < p < %, up to

a constant if % < p < 3, and up to an element of Sy if p > 3
By Theorem 3.7, we have the following result for a given f € LP(R?).

61



Theorem 3.9. Let f € LP(R?), then Equation (3.1) has at least a solution u of
the form (3.41) such that V2u € (LP(R?))?*2, 9u/0z; € LP(R?), and

(3.42) IVl + || || < Ol

o I

Moreover:
1) If1 < p < 3, then u € L3%/G=20)(R?) N L>®(R?), Vu € L*/G-P)(R?) N
L?"/(2=P)(R?) and they satisfy

(3.43)  lullzsess-20(r2) + ulleo®2) + IVullLse/c-» @2
(R2) (R?)
+ [IVull 2o/ 2-m (r2) < Cll fllLr(r2)-

2) i) If 2 < p < 2, then Vu € L3/G-P)(R?) N L*/(~P)(R?) and
(3.44) [Vl se/e-r @2) + VUl p2o/c-n @2y < Cll fllLrw2)-
ii) If p = 2, then Vu € L"(R?) for any r > 6 and the following estimate holds:
(3.45) ||VU||LT (R2) & C||f||LP([R2)
iii) If2 < p < 3, then Vu € L?"/G~P)(R2) N L>(R?) and
(3.46) VUl gse/a-m @z + [VullLo@z) < C| fllLew2)-
3) If p > 3, then u € WP (R?) and we have the estimate

(3.47) it [lu+ Al sy < Ol oo

Remark 3.10. Another demonstration of Theorem 3.9 consists in using the
Fourier approach. Let (f;)jen C D(R?) be a sequence converging to f in LP(R?).
Then the sequence (u;) given by

(3.48) wj = F Hmo(€)f;), mo(€) = (4nl€* + 2in&i) 7,

is a solution of Equation (3.1) with the right-hand side f;. Let us recall now the
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Lizorkin Theorem (see [12]). Let D = {& € R?; |&] > 0, [&] > 0} and
m: D — C be a continuous function such that its derivatives 9*m/OE¥ 9¢b? are
continuous and satisfy

(3.49) |§1\k1+ﬁ\€2|k2+ﬁ’

35
where ki, ko € {0,1}, k = k1 + ko, and 0 < 8 < 1. Then, the operator

1

T: g— F 1 moF(g), mo(€) = m

is continuous from LP(R?) into L"(R?) with 1/r = 1/p — f3.

Applying this continuity property with f; € LP(R?) and 3 = %, we show that
(u;) is bounded in L**/(=2P)(R?) if 1 < p < 2, so this sequence admits a subsequence
still denoted (u;) which converges weakly to a solution u of Equation (3.1) with
right-hand side f. For the derivative of u; with respect to x;, the multiplier which
intervenes is of the form m(&) = 2in&; (4r2|€|? + 2in&;) 71, so that (3.49) is satisfied
for 8 =0, so r = p. The same property takes place for the second derivatives with
m(§) = —4n? & (4n2|€|? + 2ingy) ', Finally, we verify, with 3 = 1, that the first
derivative of (u;) with respect to x is bounded in L3/(~P)(R?), which implies that
Ou/dxy € L3/ B-P)(R2).

In order to study Equation (3.1) with a right-hand side f € Wo_l’p (R?), we give
the following definition of the convolution of f with the fundamental solution O:

v<IOEID(IRQ) <O*f7 > <f’o*<)0> IP(RZ)XWIP(RQ)

where O(x) = O(—x).
Theorem 3.11. Let f € Wo_l’p (R?) satisfy the compatibility condition
(3.50) (D wore @z o (g = 00 when 1<p<2.

i) If1 <p<3, thenu = O« f € L3%/G-P)(R?) is the unique solution of Equa-
tion (3.1) such that Vu € LP(R?) and du/dx, € W, P (R?). Moreover, we have the
estimate

G5 Nullzorane + 1Vullzo + ||, oy < Ml

and u € L¥/C-P)(R?) if 1 < p < 2, u € L"(R?) for any r > 6 if p = 2, and
u€e L®(R?) if2<p<3.
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ii) If p > 3, then Equation (3.1) has a solution u € WOI’Z’(RQ) that is unique up to
a constant, and we have

(3'52) ég& ”u + k”WOLP(Rz) < C”f”WO*LP(Rz)-

Proof. Let f € W, "P(R?) satisfy the condition (3.50). Thanks to Lemma 3.3
and Remark 3.4, if ¢ — 0 in D(R?), we have O x ¢ — 0 in Wol’p/([R2) for all p € ]1, 3]
which implies that O * f € D’(R?). We also know, by the isomorphism (2.7), that
there exists F' € LP(R?) such that

(353) f =divF and ||F||Lp(|R2) < C”f”w(;l,p(le).

i) Suppose now that 1 < p < 3. Then,

<aixj(o * f)7LP>D’([R2)><’D([R2) - <O i 5—2>D'(R2)XD(R2)
< 0
- <F7V((’) * 87(i)>Lp(R2)XLp’(R2)

o o
=(F,V—(O .
< ’vaxj( * w)>Lv(R2)pr'(R2)

Moreover, by (3.23),

< || Flze(r2)

0 o
VaTj(O*“’)‘

0
— (0
’<8xj( *f)7<p>D’([R2)><D([R2) L' (R2)

< Ol 1y 10l ot -
That is,

Ha%(m N oy < O iy

Lr(R
With the same condition on p as in the previous case, for all ¢ € D(R?), we have

v

(O f, @)D/(R?)XD(W) =—(F,V(O * @))LP(W)xLP’([R?)v

and by (3.25)

(O f,0)pr2)xD®RY| < | FllLe(R2)

0 o
— (O
Oz (O 90)‘ L7 (R2)

< Ol vr @ 1@l Lows av—s m2)-
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Note that 1 < p < 3 <=1 < 3p/(4p — 3) < 3. Consequently, O x f € L3P/B=P)(R?)
and

10 % fll ansa-m g2) < Cllf o oy

Moreover, by the Sobolev embedding, O * f € L#/C-P)(R2)if 1 < p < 2, O * f
belongs to L"(R?) for all » > 6 if p = 2 and belongs to L>(R?) if 2 < p < 3. We
have thus showed that if 1 < p < 3, the operator
(3.54) R: Wy "P(R?) L Pp_gyp) — Wy P(R?) N L3/ GP)(R?),
f—O0xf,
is continuous.
ii) Suppose now that p > 3 and let f € Wo_l’p(RQ). Then we have the rela-

tion (3.53). Now, since D(R?) is dense in LP(R?), there exists a sequence F,, €
D(R?) such that F,, — F in LP(R?). Set f,, = div F},, and ,,, = O % f,,. For all

¢ € D(R?), we have
0, 0

Thus, according to the inequality (3.36), we have

0P,
(3.55) Dom M < Cl Bl 1] v
ox
J

S Cllflwgrr @@l Lo @z)-

Hence, V1), is bounded in LP(R?). We can apply Theorem 2.1: for each m, there
exists a constant C,,, such that ¢, + C,, € WO1 P(R?) and

”wm + CmHWOl’p(R?) < C”f”WJLP(RZ)'

From this it follows that 1, 4+ C,,, converges weakly to some function u € Wy (R?)

and 5
U
—Au+ — = f,
ut 31’1 f
so that Equation (3.1) admits a solution u and, moreover, u € Wol P(R?). O

Remark 3.12. i) If 1 < p < 2, then, since the solution u of Equation (3.1) given
by Theorem 3.11 belongs in particular to WO1 P(R?), we deduce that

lim u(z)=0

|| — o0
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in the sense of Definition 2.8. Consequently, for any given constant u.., the dis-

tribution v = u + us is the unique solution of Equation (3.1) that is such that
Vo € LP(R?), dv/dxy € Wy "P(R?), and

| llim V(X) = Uo-
ii) If 2 < p < 3, then, by Lemma 2.10, the same result holds with pointwise

convergence.

Corollary 3.13. Assume 1 < p < 3. If u is a distribution such that Vu €
LP(R?) and du/dz; € W, "P(R?), then there exists a unique constant k such that
u+k € L?P/G-P)(R2) and

(3.56) l[w+ Kl ans - g2) < (”V““L’”(RQ +Hax1H glvpmz))'

Moreover, if 1 < p < 2, then u+k € L?*/(2~P)(R?) and u(x) tends to the constant —k
when |x| tends to infinity in the sense of Definition 2.8. If p = 2, then u + k belongs
to L™(R?) for any r > 6. If 2 < p < 3, then u belongs to L°°(R?), is continuous
in R?, and tends to —k pointwise.

Proof. Set g = —Au+ du/dz; € Wy "P(R?). Since Pl1—2/p) contains at
most the constants and according to the density of D(R?) in WP (R?), g satisfies
the compatibility condition (3.50). By the previous theorem, there exists a unique
v € L3/B3=P)(R?) such that Vv € LP(R?) and dv/dx; € LP(R?), and satisfying both
T(u—wv) =0 (T is the Oseen operator, see (3.2)) and the estimate

R s L e

(CCTURY s W)
< O(Ivulzee + | gy v

Setting w = u — v, we have for i = 1,2 that dw/dz; € LP(R?) and T'(dw/dx;) = 0.
We deduce then by Lemma 3.1 that Vu = Vw, thus there exists a unique con-
stant k such that v = u+ k. The last properties are consequences of Lemma 2.6 and
Lemma 2.10.

Remark 3.14. Let u € D'(R?) be such that Vu € LP(R?).

i) When 1 < p < 2, thanks to Proposition 2.2, we know that there exists a unique
constant k such that u + k € L?*/(2~P)(R%). Here, by the fact that in addition
Ou/dxy € Wy "P(R?), we have even u + k € L3/3-P)(R2),

ii) When 2 < p < 3, u is only in W,”(R?) but it is in no space L"(R?). But,
if moreover du/dx, € Wy "P(R?), then u + k € L3/G-P)(R?) for some unique
constant k, and v € L"(R?) for any r > 6 if p = 2, while u € L*>°(R?) otherwise.
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As a consequence of Theorems 3.9 and 3.11, we solve Equation (3.1) when the
data f belongs to the intersection of two weighted spaces. We have then the two
following results.

Proposition 3.15. Suppose that f € W, "P(R2)NW; "4(R?) with 1 < p < q <
oo and that f satisfies the compatibility condition (3.50). Then, Equation (3.1) has
a solution u € WP (R?) N W, (R?) satisfying

358 : oo+ g o+ 5
(3.58) [Vull ez + |VullLarz) + oz lwerr T 9z lwe v

(Hf”WO*l*P([R?) + ||f||W51*q(R2))'

Moreover:

i) The solution u is unique if p < 3 and unique up to a constant if p > 3. It is
equal to O x f if p < 3.

i) If p < ¢ < 2, then u € L?/G~P)(R%) N [24/2~9)(R?) and

(3:59)  lullzar/c-n(ra) + [ull 2w -0 2y < CUF e @) + [1fllw2a@z)-
iii) If p < ¢ = 2, then u € L"(R?) for any r > 3p/(3 — p) and

(3.60) Jull g2y < C(Hf”w(;lvp(u;w) + ||f||WO*1vq([R2))~
iv) If p < 3 and q > 2 then u € L3/B~P)(R?) N L>=(R?) with the estimate

(3.61) [ull v/ a-m (r2) + [[UllLoe@2) < CUflwirr@ey + 1w rome)-

Proof. Let f € Wy "P(R?) N W, “9(R?) satisfy the compatibility condi-
tion (3.50) with 1 < p < ¢ < oo. We know that there exist u € WOI’Z’(RQ) and
vE VIN/OI */(R?) which are solutions of (3.1). Moreover, by a uniqueness argument we
have necessarily Vu = Vv and Estimate (3.58) comes from (3.51).

i) If p > 3, then u — v = k, where k is an arbitrary constant, so u = v + k €
WaP(R2) N WS (R2). If p < 3, then u = O x f.

ii) Suppose that ¢ < 2, then we know that u = O f € L3%/G-P)(R?) and
u=wv € L?/(2~P)(R?) and u satisfies Estimate (3.59).

iii) If ¢ = 2, then, by Theorem 3.11, u = O f € L*/G~P)(R?) and u = v € L"(R?)
for any r > 3p/(3 — p).

iv) If p < 3and ¢ > 2, we know that u = Oxf € L*/G~P)(R?). Since Vu € L(R?)
with ¢ > 2, it follows that u € L>°(R?) and we have Estimate (3.61). O
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Remark 3.16. When f € W_l’q(RQ) with ¢ > 3, we have seen that O x f is not
necessarily defined. But if moreover f € Wo_l’p (R?) with p < 3, and satisfies the
compatibility condition (3.50), then O * f makes sense in ﬁ//ol P(R?) and belongs to
Wi(R2).

Proposition 3.17. Let f € LP(R?)NW, " (R?) satisfy the compatibility condi-
tion (3.50). Then Equation (3.1) has a solution u = O x f such that Vu € Wy (R?),
du/dxy € Wy (R?) N W, "P(R?) and

662 [Vulw+ o] <O e+ 1y v0)-

Wip HaleW Lp

Moreover:

i) If p < 3, then u is unique, belongs to L3/(3=2P)(R?) N W13/G-P)(R?) and
satisfies the estimate
(363)  lullzsws @y + lulwrsnon@s < Ol + | flly; ).

ii) If 3 < p < 3, then u is unique in W13?/=P)(R?) and satisfies the estimate
(3~64) ||U||W1,3p/(3fp)(u;e2) < C(”f”LP([R?) + ||f||WO—1,p(R2)).

iii) If p > 3, then u belongs to Wz (R2) N Wl’p(Rz) is unique up to a constant,
and

(3.65) f (lu+ kllwzr@e) + lu+ kg gz) < CUflze + 1w r)-

Proof. The proofis the same as the one given for the previous proposition. [

Now we take f more regular, for example f € W, "*(R?)NW"?(R?), and we find
what regularity we obtain for the solution wu.

Proposition 3.18. Let p and q be two real numbers such that 1 < p < oo,
q > 2, and 117 = %Jr % Suppose that f € WO*LP(W) N Wlo’q([RQ) and satisfies the
compatibility condition (3.50). Then the unique solution of Equation (3.1) given by
Proposition 3.15 possesses the additional properties

)
V2 € (WO(R?)>?  and 8—“ e WOUR?).

1
Proof. From the relation % = % + % we have 1 < p < 2, and since q¢ > 2,

Pli—2/¢) = Pli—2/p = {0}.
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Since W (R?) ¢ Wy "9(R?), it follows that f € Wy "P(R%) N Wy "I(R?) and
satisfies the compatibility condition (3.50) for p and g.

i) If 2 < ¢ < 3, then Equation (3.1) has a unique solution u € L3"/G=P)(R2) N
L39/G-0(R?) such that Vu € LP(R?) N LYR?) and du/dx; € Wy "P(R?) N
Wy 9(R?). Further,

ou 0 ou of ou ou Ou 0do
_A(Qa—mj> + 8—1;1(9£) = Qa—q;j - 2VQV(8—%> - 8—%AQ + 9z, 021 = F
Since Vu € L%(R?), in view of (2.3), (2.2), and (2.4), the terms pdf/dz;,
VoV(du/dx;), and du/dx; Ao belong to Wy "9(R?). On the other hand, since
Vu € LP(R?), the term Ou/dx; - Dp/Ox1 belongs to LP(R?). By the Sobolev
embedding and the relation between p and ¢, LP(R?) < W, "%(R?) because
Whe (R?) ¢ LP(R"), and we deduce that F € W, "(R?). Thus, by Theo-
rem 3.11, there exists a unique v; € L39/G~9(R?), such that Vv; € LI(R?) and
dv;j/dxy € Wy (R?), satistying

_A('Uj - Q%) + aixl (vj - Q%) =0.

We deduce that w; = v; — pdu/dz; is a polynomial. Since Vv; € LI(R?) and
q > 2, we have, by Proposition 2.2, v; € Wy '%(R?) ¢ W{(R?). We have also
0du/dz; € Wﬁ’f(u@), so wj € Pp_z/q = Po. Thus, there exists a constant k
such that g du/dz; = v; + k € Wy Y (R?), which implies du/dx; € W4 (R?) and so
V2u € (W(R?))2%2, The same argument proves that du/dz; € W I(R?).

ii) If ¢ > 3, then Equation (3.1) has, in view of Proposition 3.15ii), a unique
solution u € Wol’q([RQ) ﬂwol’p([RQ). The right-hand side F' also belongs to W, "%(R?)
and we proceed as previously. O

4. STUDY IN ANISOTROPIC WEIGHTED SPACES

In this section we consider the case when the weight is anisotropic, of the form
r®(14s) or ng = (1+7)*(1+5)”. Note that the behavior at infinity of these weights
is not uniform. In fact, in the parabola s = 1 we have 7®(1 + 5)” ~ ng ~ r and out
of a sector S\ g = {z € R?; 21 > M,0 < A < 1} we have r%(1 + s)% ~ ng ~ roth,
It is for this reason that these functions are called anisotropic weights. For R > 0,
we denote by Br the ball centered at the origin with the radius R, B = R? \ Bg,
and we define the space

L? 5(9Q) = {v e D'(); njv € LP(Q)},
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where = R? or any open domain of R2. We begin by studying the problem

0
(4.1) Az ZEy apz =g in Bj,
81;1

z=0 on 0Bp,

where g € [}1)/2,0(35%) and

1252 +s+2

(42) apg = 3r W

First we have the following.

Lemma 4.1. Let p be such that 2 < p < 32 and let g € L117/20(B;2)' There
exists R* > 0 such that if R > R*, then Problem (4.1) has a unique solution
z € L111/2,0(B}%) such that V?z € (LP(B}))?*? and 0z/0x1 € LP(BY). Moreover,

there exists C' > 0 such that

0z 2
@) Neller om0+ g oy, 1V et < Clsllg, o1
Proof. Forall e >0, since g € LZ17/2 o(B%) and ag > 0, the problem
0z . ,
(4.4) —Aze + — +apze +€2. =g in Bj,
8.%‘1

ze=0 on OBj

has a unique solution z. € W2P(B%). By multiplying the first equation of (4.4) by
r1=P/2|2.|P=2z, and since in two dimensions A(r!=P/2) = (1 — 1p)?r=17P/2 we get
after integration by parts in B}

(p—l)/B

rlf”/Q\zglp*Q\VzE\de—&—/ aorlfp/2|za\pdw+5/ P PR P da

R Br By

1 1 \2 1 1
_ _(1 - _p) / P12 P A 4 (_ - _) / |2 [P ELymP/2 dg
p 2 By p 2/ /B r

R
+ / rl_p/2|zs\p_225g dx.
B

7
R

Note that ag > %, thus

5 1 1
S e —p/2|, |p
(4.5) (32 ’p 2’)/}9 r |ze|P dx

R
<1(1 1)2/
<-(1-3p
p 2 B

r_l_p/2|z8\p dx + / rl_p/2|z8\p_1|g| dz.
B/

’
R R
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Moreover, since r > R,
1 1 \2 1 1 \2

(4.6) —(1 — —p) / P2 P dae < —(1 — —p) / P22 |P da.
p 2 B, PR 2 By,

Inequalities (4.5) and (4.6) give

5 1 1) 1 132
Er- i ey =S 1——)) —-p/2|, 1P q </ 1=-p/2|, 1P~ 0] de.
(32 p 2‘ pR( 2 /B; el de < | gl de

R

Since 2 < p < 22, we have = — %—% fp—lR(lf%p)2 > 0, if R > R*, with R*
sufficiently large. Thus, from the previous inequality we obtain

J

r_p/2|z8|pd:c < Cl/ rl_p/2|z8|p_1|g|dm

By

1/p (p=1)/p
<Oy (/ rp/Qgpda:> (/ r_p/2|z8pda:) .
Bp B
J

where the constant C' is independent of R and . The sequence (z.) is thus bounded

’
R

Thus

P2z P dae < C’/ rP/2|g|P da,
R By

in L€1/2,O(B}%)’ which is a reflexive space, so z. — z in L111/2,o(33~2)’ and
Izllzr, , By SUminfllzelle sy < Cllgllzr , y):

where z satisfies the equation

7A2+§—;1 =g—apz in Bj.
Let us show that V2z € (LP(B}))?*? and 02/, € LP(B}). Now, the fact that the
function g — agz. is bounded in L?/Q,O(B}z) implies that it is bounded in LP(BY).
Since V?z. remains bounded in LP(B%), it follows that V2z € (LP(BY}))?*? and
(4.7) V22| Loy < lim inf V22|l Lo sy, < Cllgliee | (sr)-

1/2,0

Thus, 0z/0x € LP(BY%) and we have Estimate (4.3). It remains to prove that z = 0
on OB. Since VZz. is bounded in LP(B%), if © is a bounded domain such that
Bp C Q, setting Q@ = QN By, we have

Zze = v in WP(Q).

Since z. = 0 on 0Bf, it follows that v = 0 on 0B%. Moreover, since z. — z in

inl/Q o(BR), it follows that v = z|5 and so z = 0 on B}. O
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We know, according to Proposition 3.18, that for f given in W, "*(R2)NW ) (R?),
where p and q satisfy the relation zl? = % + %, we obtain that V2u and du/dz; belong
to WY(R?). But if f is only given in W;"P(R?), we cannot find the same regularity
on V2u and du/dx;. Then we look at f in Lt > With o+ 3 close to 1. Moreover,
taking account of the conditions put by Kra¢mar, Novotny, and Pokorny in [10] on «
and 3, one takes oo = % and 0 = 7

Theorem 4.2. Assume 2 < p < 32 and f € L1/2 1/4([R2). Then, O * f €
L’il/271/4(R2)78/8x2(0*f) € Lg 14 R?), 8/021(O* f) € LY 1/4([R2), and V(O *

f) € (L7)5,,4(R?*))**2. Moreover, we have the estimate

(4.8) ||0*f||ng4<R2>+Ha%w*f)\ - Haxl ),

+ IIVQ(O* )IIL < ClIflee

1/2,1/4(®%)

1/2, 1/4( 1/2, 1/4 (R?)-

Proof. From [10] we have Ox f € LY Y 1j2—en/a(R %), 8/0x2(Ox f) € LY 1/4([R2),
0/0x1(0 x f) € 1/2—5 1/a(R 2), for all ¢ > 0. It remains to prove that O x f €
L? ) )514(R?) and 0/0x1(O * f) € LY 5, ,,(R?). For R > R*, we use the following

partition of unity

Q1,02 €CP(R?), 0< 1, 02<1, p1+¢y=1in R,
w1 =11in Bgr and Suppy; C Bry1.

We set u = O % f and we split u into u = u; + ug, where u; = p1u and us = @au.
Since Suppui C Bry1, u1 € L€1/2’1/4(R2) and

HUIHL 24BN C||f||L1/2 17a(R?):

Furthermore, usy is a solution of the following problem

—Au2+% 7],; in R?,

where f = paof + uALpl + 2VuVe, — u(Dp1/0x1). Since the regularity of o f
determines that of f, it follows that f € L1/2 1/4( R?). Setting v = (1 + 5)/*uz, we

have v € L? (R?), and v satisfies the equation

—1/2—¢,0

v 20 (L+ )4 f = 2Vuy - V(1 + 8)/* —uy [A(l o)t -

9 1/4
P (1+9) }

1
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A simple calculation yields

0 1
A——)l 14 _ 2942 2)(1 ~7/4,
(8- )@+t = (2 45 +2)(1+5)
thus ug[A(1 + 5)Y/* — 8/0x1(1 + s)/4] = agv, where ay is defined in (4.2). Hence,
v satisfies Problem (4.1), where g = (1+ $)Y/4f — 2Vuy - V(1 + 8)Y/4 € Ly 9 0(B}).
Applying Lemma, 4.1, there exists a unique solution w € L” “1)2, o(B}%) of this problem.
Setting z = v — w, we have z € L_1/2_8 O([R2)7 and z satisfies

0
—Az+—+apz=0 in R%.

81‘1
Then z = 0, which implies that v € L” “1)2, O(R2) and
[vll e P a0®) S C||9||L1/20 C||f||L1/2 IACDE

Hence us € LP -y 1/4( 2) and

luzllzr, . w2 S Clfllze, | @2
which proves that u € L€1/2’1/4(R2) and
(1.9 e, , e < Clifler oo

Now, using the fact that usy satisfies

0
(Uiﬁlm) = F

A(Uiﬁuz) t+ o B

where

0
—(n)3¢2) € LP(R?),

F—’iiﬁf—uA(niﬁ P2) — QVU-V(niﬁwz)Jr -

we obtain by Theorem 3.9 that there exists a function v such that Vv € (LP(R?))2*2
and Ov/dx, € LP(R?), satisfying

ov 1/2 0, 1/2
—Av + B = A(nlﬂuQ) + — o (771;4 ug).
Moreover,
4.10 V2 Ov < C||IF <C
(4.10) 190l + | ]| gy < I miiny < Oy, i
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We set w = Vv — Vz(ni;iug); since V2u € N (L11)/2—5 1/4(R2))2X2, we have
>0 ’

wE ﬂL’iEO(RQ) and —Aera—w:O in R%.
e>0 ’ 0z

Thus w = 0, which implies that
1/2
V2(y)3u) € (LP(R?))2¥2,

We thus obtain

ou
Veu € (L )5 1,4 (R?))*"2, 9z © L} )3 1/4(R?),
and the estimate
2
(411) IV ”Ll/z 1/a(8?) Haxl L2, 14RY) HfHLW 18
This finishes the proof. O
Let us set

K? () ={ve D'(Q); (1 +s) € LP(Q)},

which is a reflexive Banach space when it is equipped with its natural norm. With
the same arguments as above we can prove the following result. The case 8 = 2
corresponds to Theorem 4.2.

Theorem 4.3. Assume 2 < p < 8/(3— ) and 0 < 3 < L. Then, for f €
K1/2[3(R2), we have O« f € K¥ | , o(R %), 0/0x2(Ox f) € Kf 4(R?), 8/02:1(Ox f) €

K?, ,(R?), and V2(O * f) € (K?

1/2,8 1/2, B(R2))2X2. Moreover, we have the estimates

412 10+ Sl , 0+ 5@ Nl o+ 3@ Dl e

+ ||V2(O*f)||Kf/w([R2 Cllflxr , @2
For a, 8 € R we denote
LY 50)(R?) = {0 € D'(Q); 0*(1 + ) v € LP(R?)},
which is a reflexive Banach space when it is equipped with its natural norm
®2) = [l0*(1 + 5")0[| Lo (w2

ol ¢
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Proposition 4.4. For any given f € L%/z ((571)/2)(3,)([@), with § > 0 close
to zero, Equation (3.1) has a unique solution u € K§/2_170(R2) such that Vu €
L3,y 1 )20(R?). Moreover, there exists a constant C' > 0 such that

< ClIflee

(4.13) lullkz,, | w2 + [ VullLz 2 oty (B

5/471/2,0(R2)

Proof. By the density of D(R?) in L3, (5_1)/9)sr)(R?) (see [2]), there exists a
sequence (fi,) of D(R?) such that fr, — fin L3 )y (5 1)/2)(s)(R?). Since fi € D(R?),
we have fj, € Kf/z’ﬁ(ﬂ@), 0<pB< i. Thus, from Theorem 4.2, the equation

(4.14) —Auy, + g—zll“ = f, in R?,

has a solution uy = O x f € KEUQ’O(RQ) such that Vu, € K&B(Rz), V2uy €

(Klz/zﬁ([ly))2X2 and Oug/dx € Kf/Qyﬁ(R2). Multiplying Equation (4.14) by huy

where h = O % r9~2 with § > 0 and O is the fundamental solution of the operator
—A — 9/0x1, we obtain after two integrations by parts

1
(4.15) / Vug2hda + = / uﬁ(—Ah - @) de = [ fohuyde.
IRQ 2 [RZ 8 RZ

1

Since —Ah — 0h/dx; = r°~2, we have

1
/ |Vug|*h dz + 5/ uir’ 2 dx = frhuy de,
R? R2 R?

and as h > 0 we then get the two inequalities

(4.16) / uir® 2 de < 2/ frhuy, de,
R2 R2

(4.17) /|Vuk\2hdw</ frhuy da.
R2 R2

A simple calculation yields

2_—6 4—6 1 xl)

1 6/24(_____
( +T) 1+r r T

0 5/2—1 __
thus

1 2—9
r2—08

(-a- a%) (h— M(1+7)/271) >
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for 0 < M < 22+9/2/(2 = 6) - (1 — 8)/(2 + §))' /2. Thus, there exists M > 0 such
that h(z) > M (14 )%/2~', so from the inequality (4.17), we obtain

(4.18) M (1+r)5/2—1\vuk|2da;</ fehuy, de.
R2 R2

The Cauchy-Schwarz inequality gives

1/2 1/2
frhup de < (/ fEn%r0 d:c) (/ =22 d:c) .
R2 R2 R2

Hence, from the inequalities (4.16) we get

1+7r

2 1-5 1-6
7(1+3’)1*5h r' (14 s") % de.

/ Pl de <4 | AR 0%de =4 | fF
R2 R2 R2

We adapt the result of Theorem 3.5 obtained in [10]: we have h%r!=%(1 4 s/)179 ¢
L>*(R?), thus uy € K§, | 4(R?*) and there exists C' > 0 such that

(4.19) ”uk”Kg/z—l,o(Rz) < C”fk||L§/2,(5/2—1/2)(S') S C||f||L?/2,<a/271/2>(s’>'

Now, using the inequalities (4.18) and (4.19), we deduce that Vuy, € LF , ;5 o(R?)
and

(4.20) IVuellez , -, , @2 <Clfullez,, oo <Clfllez o0,

So, the sequences u; and v = Vuj remain bounded in K§/2_10(R2) and in

L§ Ja-1 /Q’O(RQ), respectively. These spaces are reflexive, therefore extracting a
subsequence if necessary, we have

up — u in Kg/QfLO(R% and Vup — Vu in L§/471/2’0(R2)

with the estimates

421 gz, , @2 Sminf flugllee @2 <CIflez, o0 s
(4.22) [Vullez , , , o2 SUminf [Vuggz = @2 <Clflez, o0

We get then Estimate (4.13) and we verify easily that v is a solution of Equation 3.1.
The uniqueness of u follows from the fact that the space K7, ; ;(R?) contains no
polynomials. g
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5. BEHAVIOUR OF u) WHEN A — 0

Assume 1 < p < 2, f € LP(R?), and, for A > 0, consider the equation

aU)\ o . 2
(5.1) —AUA+)\a—x1 =f in R“.

If we set
y=2Xz, ur(x)=o(y), and f(z)=Ng(y),

then v satisfies the equation

ov

_ — 1 2
+ o (y) =g(y) in R%,

(5.2) —Av(y)

where, clearly, g € LP(R?). We know by Theorem 3.9 that, if 1 < p < 2, Equa-
tion (5.2) has a solution v such that, in particular, Vo € L%*/C-P)(R2?), V?v €
(LP(R?))?*2, Qv/dz1 € LP(R?) and

(5.3) V0l 2o/ 2-m 2y + [IV?0] Lor2) < CllgllLe@2)-

By a simple calculation we obtain from Inequality (5.3) the estimate

(5.4) IVull p2os - r2) + [VurllLe@2) < CllfllLe w2,

where C' does not depend on A\. We deduce that the sequences Vuy and VZuy
remain bounded in LP(R?) and (LP"(R?))?*2, with p* = 2p/(2 — p), respectively.
Now, setting

(5.5) —Auy = fy in R?,

then the sequence fy is bounded in LP(R?) "W, "*? "(R?). These spaces are reflexive,

so extracting a subsequence if necessary, also denoted fy, we have
fr— fin LP(R?) and f\— f in W, P (R?).
Further, note that p* > 2, so there exist z € Wo'* (R?) and w € W2 (R?) such that
—Az=—-Aw=f in R%.

Since Vz € LP" (R?), Vw € LP" (R?) by Sobolev embedding and Vz—Vw is harmonic,
it follows that Vz — Vw = 0 in R?. Hence there exists k € R C W, *(R?) such that
z=w+k, thus z € WJP(R?) N Wy* (R?). Now, since the norm in W;*(R?)/R
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is equivalent to its semi-norm, we deduce from the inequality (5.4) that there exist
kx € R and u € WEP(R?) N W, P (R?) such that

uy +ky — u in W2P(R?) and in WP (R?).

Since —Au = f in R?, there exists k € R such that z = u+k. We have thus recovered
the result obtained by Amrouche, Girault, and Giroire in [1] for f € LP(R?). The
following proposition is thus acquired.

Proposition 5.1. Assume that 1 < p < 2 and let f € LP(R%?). Then
Equation (5.1) has at least a solution uy of the form (3.41) such that Vuy €
L3P/ G=P)(R2) 0 L2/ 2=P)(R2), V2uy € (LP(R?))?*2, and duy/0x, € LP(R?). More-
over, if 1 < p < 3, then uy € L*/G~2P)(R?) N L>°(R?). Furthermore, there exists
kx € R such that, when A — 0,

uy +ky — u in W2P(R?) and in Wl (R?),
where u is the unique solution of Poisson’s Equation
(5.6) —Au=f in R?,
with the estimate

(5.7) IVl o g2y + V20l Lrw2) < ClIfIlr@w2)-

For f € W "(R?) we have the following result.

Proposition 5.2. Assume 1 < p < 2 and let f € Wo_l’p([R2) satisfy the com-
patibility condition

(5.8) — 0.

s g tr @y w2)

Then Equation (5.1) has a unique solution uy € L?*/3=P)(R2) N LP" (R?) such that
Vuy € LP(R?) and duy/dx, € Wy "P(R?). Moreover,

uy — u in Wy P(R?) as A — 0,
where u is the unique solution of Poisson’s Equation
(5.9) —Au=f in R?,
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and the following estimate holds

(5.10) [ull Lo w2y + IVl Loy < Clifllyrr @2

Proof. By Isomorphism (2.7), there exists F' € LP(R?) such that f = div F
and

(5-11) ||F||LP([R2) < CHf”WO*LP(W)-
Setting
y=2Az, ur(x)=v(y), F(r)=AG(y), and g=divG,

v satisfies Equation (5.2) where g € W, "?(R?) L R. By Theorem 3.11, this equation
has a unique solution v € L3/(3=P)(R?) N LP"(R?) such that Vv € LP(R?) and
dv/dx; € W, VP(R?), with the estimate

(5.12) [0l o= (m2) + IVl Lrr2) < Cllglly-1rg2) < ClGlLr@2)-
As previously, we get the estimate
(5.13) [urll Lo 2y + [IVurllLr(r2) < C[|F||Log2).

The sequences uy and Vuy remain bounded in LP" (R?) and LP(R?), respectively.
These spaces are reflexive, so there exists u € LP” (R?) such that uy — u in L? (R?)
and Vuy — Vu in LP(R?). We easily verify that u is a solution of Poisson’s Equa-
tion (5.9) and satisfies Estimate (5.10). The uniqueness of u follows by the fact that
the space LP" (R?) contains no polynomials. We deduce that u € W,"*(R?) and we
have also recovered the result obtained in [1] for f € Wy "7(R?). O
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