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ABSTRACT. The notion of internal subdirect decomposition can be defined in
each variety of algebras. In the present note we prove the validity of a cancellation
rule concerning such decompositions for lattice ordered groups and for GMV-al-
gebras. For the case of groups, this cancellation rule fails to be valid.
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1. Introduction

Cancellation rules concerning direct product decompositions of some types of
algebraic structures have been investigated in several papers; cf. e.g., (1], [9],
[11]-{18].

In the present note we deal with a cancellation rule (denoted by (c2)) concern-

ing subdirect decompositions of lattice ordered groups and of GMV-algebras.
The basic definitions on subdirect products of algebraic structures are recalled
in Section 2 below.

Suppose that V is a variety of algebras and A, X,Y € V. If A is a subdirect
product of X and Y, then we write A = (sub)X x Y.
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We say that the cancellation rule (c1) is valid in V if, whenever A, X, X,
YYieVand A~ (sub)X Y, A~ (sub)X; xY}, and Y ~ Y], then X ~ X;.
In view of a well-known Birkhoff’s theorem, each subdirect product decompo-
sition of an algebra A is determined, up to isomorphisms, by a system {p;}, € I

of congruence relations on A such that A p;  po, where pg is the least element
1€1
of the set con A of all congruence relations on A. (Cf. [2].)

We are interested in two-factor subdirect decompositions. Let p1, p2 € con A,
pLApa — po. For p € con A and a € A we put a(p) = {a’ € A: d'pa}. Consider
the mapping ¢: A — A/p; x A/ps2 defined by ¢(a) = (a(p1),a(pz2)) for each
a € A. Then ¢ determines an isomorphism of A into a subdirect product of
A/py and A/ps. We express this fact by writing

A — (int sub) Xy x Xo, (1

where X1 = A/p; and X5 — A/py. We say that (1) is an internal subdirect
decomposition of A (determined by the congiuence relations p; and p).

The internal subdirect decompo ition (1) 1s said to sati fy the condition

(m) (or the maximality condition) if, whenever p11 € con 4, p11 = p1 and

A (intsub)(A4/p11) x (A/p2), (2)
then p; = p11. In such a case, (1) is called an m-subdirect decomposit on.

We say that the cancellation rule (c3) is valid for the variety V if, whenever (1
and

A — (intsub) X] x Xo v
are m-subdirect decompositions, then X; ~ X].

We remark that if p1, p2, p3 € con A such that py A py = pg and p; > p3, then
we have

A — (intsub)(A/p1) (A/p2),
A = (int sub)(A/p3) x (A/p2)

and G/p1 # G/ps; thus the maximality condition cannot be omitted in our
consideration.

It is easy to verify (cf. Section 2 below) that a variety V satisfies the cancel-
lation rule (c;) if and only if each algebra of V has exactly one element.

We prove that the cancellation rule (c2) is valid for each var ety of lattice

ordered groups and each variety of GMV-algebras. On the other hand, (c2)
fails to be valid for the variety of all groups.
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We also show that if V is a variety of lattice ordered groups or a variety of
GMYV-algebras and if for some A € V the relation (1) is valid, then there exists
p11 € con A with p1; 2 p1 such that A has an m-subdirect decomposition

A = (int sub) X711 x Xo,
where X11 = A/p11.

2. Preliminaries

For fixing the notation, we recall the basic definitions concerning subdirect
products of algebras.

Assume that (X;);ers is an indexed system of algebras belonging to a variety V.
The direct product
x=][x

i€l
is defined in the usual way. If I = {1,2,...,n}, then we apply the notation
X=X1 x--xX,.

The elements of X are written in the form z = (z;);er; we say that z; is the
component of z in X; and we denote it also by z(X;). For Z C X and i € I we
put Z(X;) = {2(X;): 2 € Z}.

Let A be a subalgebra of X such that for each ¢ € I the relation A(X;) = X;
is valid. Then A is said to be a subdirect product of the indexed system (X;)ier;
we express this fact by writing

A = (sub) [ ] X:.
iel

In the case I ={1,2,...,n} we write A = (sub)X; x -+ x X,,.

For B € V and p € con B, the quotient algebra B/p is defined in the standard
way. For p and p; in con B we write p < p; if b(p) C b(p1) for each b € B.

Now let us consider the cancellation rule (c;). If V is a variety such that each
algebra belonging to V has exactly one element, then the cancellation rule (c;)
obviously holds.

Assume that V is a variety containing an algebra X such that X, has more
than one element. There exists a set I such that I is infinite and card I >
card Xo. For each ¢ € I we put X; = Xy. Further, we set

X=][Xi; Y=X=Y11, Xi=Xo
i€l
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Then for A = X x Y we have
A~ (sub)X xY, A~(sub)X; xY;, Y~V

but X fails to be isomorphic to X;. Therefore the cancellation rule (ci) is not
valid for the variety V.

We denote by V, the variety of all groups. The following example shows that
the cancellation rule (cz) does not hold for the variety V.

Let R be the additive group of all reals. Put X Y — R, G X xY.
The elements of G will be denoted by (z,y) with z € X, y € Y. We put
7 = {(x,y) eG: z= y}. Then Z is a subgroup of G and Z ~ X. Since A i
abelian, Z is a normal subgroup of G.

For g; = (z4,9;) (i = 1,2) we put gi1p1g2 if 21 = z2, and g1p292 if y1 — ¥yo.
Further, we set g1p392 if g1 — g2 € Z. We get ps € con A. Then we clearly have

A — (intsub)(A4/p1) x (A/p2). (a
If g1,92 € A and g1p292, 91392, then g1 — go. Hence pa A p3  pg. This yields
A = (intsub)(A/p3) x (A/p2). (B

The following steps show that both () and (8) are m-subdirect decompo i
tions of A.

a) Suppose that ps € con A, ps = p1, pa A p2 = po- By way of contradiction,
assume that pg > p;. Hence there exists ¢ = (z,y) € A such that 0psg and
r # 0. Put g1 = (0,y). We have 0p1g1, whence Opsg1, and thus Ops(g — g1 .
But g — g1 = (x,0) and thus 0p2(g — ¢1). This yields ps A p2 # po, which is a
rontradiction. Hence («) is an m-subdirect decomposition.

b) Suppose that ps € con A, ps = p1, ps A p2 = po. Further, assume that
ps > p3. Hence there exists g € A such that Opsg, ¢ = (z,y) and = # y. Put
g1 = (y,y). Then Op3p1, thus Opsg; and so 0ps(g — g1). We obtain g — g4
(x —y,0), whence 0p2(g — g1) and g — g1 # 0. Thus ps A p2 # po, and we arrived
at a contradiction. Therefore () is an m-subdirect decomposition.

We obviously have A/p; # A/p3. In view of («) and (5) we conclude that
the variety V, does not satisfy the cancellation rule (cz).

3. The condition (c3) for lattice ordered groups

For lattice ordered groups we apply the terminology and the notation as in 2]
Thus the group operation in a lattice ordered group is denoted by the symbol
+; the commutativity of this is not assumed to be valid. Let G be the class of
all lattice ordered groups.
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Assume that G € G; consider an internal subdirect decomposition
G = (intsub)A x B. (1)

Hence there are p1, p2 € conG such that A = G/p; and B = G/p. The mapping

¢: G — A x B corresponding to (1) is defined by ¢(g) = (g(p1),g(p2)) for each
g € G.

There is a one-to-one correspondence between f-ideals of G and congruence
relations on G. If p is a congruence relation corresponding to an f-ideal X, then
for g1, 92 € G we have g1pgq iff g1 — g2 € X.

Let X; and X5 be f-ideals of G and py, p2 be the corresponding congruence
relations. Then p1 < pg iff X7 C X,. This yields

XlﬂXQZ{O} << p1/\p2 = po.
Let Z C G. The polar Z+ of Z is defined by

Z+={geG: |g|A|z| =0 for each z € Z}.

Each polar is a convex ¢-subgroup of G.

LEMMA 3.1. Let Z be an {-ideal of G. Then Z* is an {-ideal of G as well.

Proof. It suffices to verify that Z+ is normal, i.e., that for each z € G and
2 € Z1 the relation —z + z + x € Z* is valid. There exist z,,z, € Gt with
L o1 — x2. Similarly, there exist 21,29 € (ZL)+ such that z = 21 — 29. From
this we easily obtain that if suffices to prove that —z + z + = € Z+ is valid for
each r € G* and each z € (Z+)*.

By way of contradiction, assume that there exist x € G and 2/ € (Z+)*
such that —z +2'+2 ¢ Z+. Then we must have 2’ > 0, whence —z +2'+z > 0.
Further, there exists z € Z with z A (—z + 2’ + z) > 0. From this we obtain

(x+z—z)NZ >0.

Put 2y = x4+ 2z — x. Since Z is an {¢-ideal, we get 21 € Z. Therefore z; A 2’ > 0;
we arrived at a contradiction. [l

Consider the relation (1). There are f-ideals A; and B in G such that p;
corresponds to A; and pg corresponds to B;. Put C = Bi. In view of 3.1, C
is an ¢-ideal; let p3 be the congruence relation which corresponds to C'. Denote

A G/ps.
We have C N By = {0}, whence p3 A ps = pg. Thus the relation

G = (intsub)A x B (2)

is valid.
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LEMMA 3.2. The relation (2) is an m-subdirect decomposition of G.

Proof. Assume that we have a subdirect decomposition
G = (intsub)A’ x B, (3)

where B is as above and A’ = (G/p4 with ps € conG such that py > p3. Let ¢’
be an ¢-ideal of G having the property that p4 corresponds to C’. In view of (3)
we have pa A pa = po, whence C'N By = {0}. Thus |c¢/| A |by| = 0 for each ¢’ € C’
and b; € B;. Hence C' C Bf = C. This yields ps < p3. Summarizing, we get
ps4 = ps and therefore (2) is an m-subdirect decomposition. O

Under the notation as above, we also have p; A p2 = po, hence A; N B; = {0}
and thus A; C Bi = C; therefore p; C ps.

From this and from 3.2 we conclude that the assertion concerning subdirect
decompositions of ¢-groups formulated at the end of Section 1 is valid.

LEMMA 3.3. Assume that (1) is valid and let us apply the notation as above.
Then the following conditions are equivalent:

(i) (1) s an m-subdirect decomposition;

(i) A; = Bi.

Proof. Suppose that (i) is valid. Consider the relation (2). Since p3 2 p1, in
view of the maximality condition we obtain p3 = p;, whence A; = C. Thus
Ay = Ag.

Conversely, suppose that (ii) holds. Then A; = C, thus A — A. According
to 3.2, (i) is valid. O

COROLLARY 3.4. If (1) and
G = (intsub)A’ x B (v
are m-subdirect decompositions, then A = A’.
Therefore we have:

THEOREM 3.5. The variety of G of all lattice ordered groups satisfies the can-
cellation rule (cz).

As a consequence we obtain that each subvariety of G satisfies (c2) as well.

In the following Section we will apply Theorem 3.5 for proving an analogous
result on GM V-algebras.
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4. The cancellation rule (cz) for GMV -algebras

The non-commutative generalization of the notion of M V-algebra was intro-
duced in [6] and [7] (under the name of pseudo M V-algebra) and, independently,
in [19] (under the name of generalized M V-algebra or, shortly, GMV-algebra).

A GMV-algebra can be defined as an algebraic structure A = (4;®, ~,~,0,1)
of type (2,1,1,0,0) such that the axioms (A1)—(A8) from [6] are satisfied.

If the operation @ is commutative, then the unary operations ~ and ~ coin-
cide; in this case A turns out to be an M V-algebra; for MV-algebras, cf. [3].

Let z,y € A; weput x S yif = @y = 1. Then (A4; =) is a distributive lattice
with the least element 0 and the greatest element 1.

An element u of a lattice ordered group G is a strong unit if for each g € G
there exists n € N such that g < nu. In such a case, (G,u) is called a unital
lattice ordered group.

For a unital lattice ordered group (G, u) consider the interval A = [0,u] and
for each z,y € A put

z®y=(z+y)Au, (1)

T =u—z, 0 =—z+u, l=u (2)
Then (A;®, ~,~,0,1) is a GMV-algebra which will be denoted by I'( G, u).

In [4] it was proved that for each GMV-algebra A there exists a unital lattice
ordered group (G, u) such that A = I'(G;u); the relation < in A coincides with
the partial order defined in G.

In what follows, we assume that A is a GMV-algebra and that (G,u) is a
unital lattice ordered group with A =T'(G, u).

Let J(G) be the system of all £-ideals of G; this system is partially ordered by
the set-theoretical inclusion. It is well known that the mapping con G — J(G)
defined by p — 0(p) is an isomorphism of con G onto J(G).

A normal ideal of A is defined to be a nonempty subset X of A such that

(i) X is closed with respect to the operation @,
(il) if x € X, z1 € A and z; £ z, then z; € X
(ili) a® X = X @ a for each a € A.

Let N J(A) be the system of all normal ideals of A; we suppose that it is
partially ordered by the set-theoretical inclusion. The mapping con A — N J(A)
defined by p +— 0(p) is an isomorphism of con A onto N' 7 (A) (cf. [6], [19]).

207



JAN JAKUBIK

LEMMA 4.1. (Cf. [5].) For eachY € J(G) we put Y(Y) =Y NA. Then vy is
an isomorphism of J(G) onto NJ(A).

Let p! € conG. Put 0(p!) = Y. There exists a uniquely determined p € con A
with 0(p) = ¥(Y).
LEMMA 4.2. (Cf. [1].) The mapping x: conG — con A defined by x(p') = p

for each p! € conG is an isomorphism of con G onto con A.

Subdirect product decompositions of MV-algebras have been investigated
in [8]. In [10] it was remarked that the main result of [8] can be generalized for
GMV-algebras. The notation applied in [8] and [10] was different from that used
in the present paper; in our present notation [10, Proposition 3.4, Lemma 3.5
can be formulated as follows:

LEMMA 4.3. (Cf. [10].) Assume that
G = (intsub) [ [(G/p").
iel
Then
A= (it sub) [ [(4/x(p")

iel
and for each i € I, A/x(p") is isomorphic to T(G/p°, u(p?)).
LEmMA 4.4. (Cf. [10].) Assume that

A = (int sub) [J(A4/p}).
i€l

Put p* = x71(p}) for each i € I. Then
G = (int sub) H(G/pi).

el
In view of 4.2 and 4.3 we obtain:

PROPOSITION 4.5. Let G = (intsub)(G/p1) X (G/p2) be an m-subdirect decom-
position. Put p;, = x(pi) (i = 1,2). Then A = (intsub)(A/p}) x (A/p5) is an
m-subdirect decomposition.

Similarly, in view of 4.2 and 4.4 we have:

PROPOSITION 4.6. Let A = (intsub)(G/p}) x (G/pl) be an m-subdirect decom-
position. Put p; = x"1(p}) (i = 1,2). Then G = (intsub)(G/p1) x (G/p2) is an
m-subdirect decomposition.
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THEOREM 4.7. The variety Gm, of all GMV -algebras satisfies the cancellation
rule (cg).

Proof. This is a consequence of 3.5 and of 4.2-4.6. O

In view of 4.7, each variety of GMV-algebras satisfies (cg).
Also, the assertion concerning subdirect decompositions of GM V-algebras
formulated at the end of Section 1 is valid.
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