Acta Universitatis Carolinae. Mathematica et Physica

Miroslav Dont
Sets of removable singularities of an equation

Acta Universitatis Carolinae. Mathematica et Physica, Vol. 14 (1973), No. 2, 23--30

Persistent URL: http://dml.cz/dmlcz/142310

Terms of use:

© Univerzita Karlova v Praze, 1973

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/142310
http://project.dml.cz

1973 ACTA UNIVERSITATIS CAROLINAE - MATHEMATICA ET PHYSICA VOL. 14, NO. 2 Pag. 23-30

Sets of Removabhle Singularities of an Equation

M. DONT
Department of Mathematics, Charles University, Prague

Recetved 14 June 1973

The sets of removable singularities of a partial differential equation (removable
sets, in short) are usually defined in this manner: Let » be a solution of such an
equation in an open set U with a closed set K removed and let # belong to a certain
class of functions (for instance u is in Ly or « is a continuous or a Holder-continuous
function); we shall call K a removable set if it follows from this that the function «
is a solution of that equation in all of U.

1. Notation. Let R" be the n-dimensional Euclidean space, 9, the space
of all infinitely differentiable functions with compact supports in R?, 9, the space
of all distributions on 9, (cf. [2]). For a function (or a measure) ¢ on R” let spt ¢
be the support of p. If £ < R” then we put

D) = {9 € Da; spto = 2}

and let 2'(2) denote the system of all distributions on 2(£2) (cf. [2]).

In this paper we shall deal with sets of removable singularities of the equation

0%u
sy O M

in R2.

Let 2 < R2 be an open set, # a continuous function on . We can define
a distribution T, € 2'(Q2) if we put

Tulg) = [[ ¢x,y) ux y) dedy (g € 2(2) .
The function u is called a solution of the equation (1) in the distributional sense

(in short: u is a solution of (1)), if the distributional derivative 927,/0xdy is the

zero distribution, i.e.
2%
ff W;T(x’ ) u(x, y) dxdy = 0
Q

for any function ¢ € 2(Q).
In this article we shall consider sets of removable singularities in the following
sense: Let £ < R2? be an open set, K < R2 a closed set. We shall say the set K
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is a removable in Q (with regard to the equation (1)) if for every continuous function
u on £ the following implication is valid:
u is a solution of (1) on 2 > K = u is a solution of (1) on 2.

Let us introduce some other notations. A straight line p < R2 will be called
an axially parallel one if p has either the form p = {[xo, ¥]; ¥ € R1} or the form
? = {[x,y0]; x€R}.

We define I as the system of all Borel sets B < R? for which there are countably
many axially parallel straight lines p, such that

B < | pn.
n=1

The aim of this article is to prove the following assertion.

2. Theorem. A closed set K < R2 is removable in R? if and only if K €.

3. If we want to prove that every removable (closed) set in R? belongs to [
it is sufficient to show that for every closed set K < R2, K ¢ I there is a continuous
function % on R2 such that u is a solution of (1) on R2\_K, but « is not a solution
of (1) on R2.

Let K <= R2 be a closed set with K ¢ I. Then it follows from [1] (auxiliary
theorems 4 and 6) that there exists non-negative and non-zero measure x with
spt 4 = K such that the function

M%ﬁ=£!ﬂw—%y—yNM%y)
(where E(x,y) =1 if x >0,y > 0; E(x,y) = 0 elsewhere in R2) is continuous
on R2. Considering that E is a fundamental solution of the equation (1) (cf. [1])
it is seen that # is a solution of, (1) on R2\ K (for sptu < K), but u is not a
solution of (1) on R2 (for u is not zero measure).

4. Lemma. Let o) <f1, az <f2 (where a;, f; are finite or infinite),
2 = (a1, f1) X (az, f2). Then for every L € 2'(Q2)

02L
axdy ° @
holds if and only if '
L=U+V, ©)

where U, V € 2'(22), U is independent of the variable x, V is independent of
the variable y (the definition of the independence of the variable x see for instance
in [2)).

Proof. If L is of the form (3) then certainly (2) holds (in [2] we can see that
a distribution T € 2'(2) is independent of x if and only if 97/dx = 0).

Let us suppose L € 2'(2) and (2) is satisfied. Then the distribution L, =90L/dy .
is independent of x.

For S€9,, TeP, let S® T denote the direct product of the dis-
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tributions S, T(S® T € 9,,,,; see[2]). Let us define the distribution 4 € 9;;
we put

Alp) = _L @(x) dx

for every function ¢ € 2;. It is seen from the examples behind the chapter IV
in [2] that a distribution T € 9; is independent of x if and only if thereisa T; € 9;
suchthat T = A ® T1.

So there is L; € 2'((ag, f2)) 'such that

Li=A®L;.
Furthermore there exists U € 2'((as, f2)) (see [2], chap. II, theorem 1) such
that
dU*
_ dy
Put U=A® U*, V=L — U. Uis independent of x. It is sufficient to prove
that V is independent of y, which follows from

v oL ou ou’
o A%

5. Lemma. Let Q = (a1, f1) X (a2, f2), u be a continuous function on Q.
Then T, is independent of x if and only if # does not depend on x in the usual
sense.

We could easily prove this assertion from the definition of the distribution T
and the definition of the indipendence of one variable.

6. Lemma. Let 2 = (a1, f1) X (a2, f2). A continuous function » on 2
is a solution of (1) on 2 if and only if we can write

ulx, y) =f(x) +80) (xy] €9Q), 4)
where f(g) is a continuous function on (a1, B1) ((az, B2)).
Proof. If the function u is of the form (4) then u is a solution of (1) on Q
(see lemmas 4 and 5).
Let u be a continuous solution of (1) on 2. It follows from lemma 4 that we
can write

—L.

=L —A®QL; =0.

Tu = U + V,
where U, V € 2'(2), Uisindependent of xand V isindependent of y. Since dV/dy = 0,
ou,. &T—Vv), . oT __.[f op
"@ (P = T (p) = W(‘P) = - u(x, y) ‘537 (x,y)dxdy  (5)
Q

for every ¢ € 2(£2). U is independent of x and thus dU/dy is independent of x. If
@ € 9(2) thereisa hy > 0 such that for every h € R, |h| < hg, is pn € D(2) if

Pr(x, y) = @(x — h, ) .
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Itis seen from (5) and the definition of the independence of x that for every ¢ € 2(Q),
h € Ry |h| <hg

f f (Cx y) — uCx + 1)) g—;’ (x, ) dxdy = 0 ©

Q2

is valid. Let 0 <ho <3}(f1— a1) (we can suppose ai, p1 are finite for
simplicity). For A € Rl with |h| <ho we can define a distribution K €
€ 9'((ax + ho, f1 — ho) X (a2, f2)) in natural way by means of the function

u(x,y) —ulx +hy).
It follows from (6) that for every 2 € R! with |h| <ho
0K
dy

and thus (see lemma 5) there is a function f; which is continuous on (a; —+ Ao,
Br— ho) and

=0

u(x, y) — u(x +h, y) = fu(x)
for every x €(a1 + ko, f1 — ho) and y €(a1, f2). Let xo belong to (a1 + ho,
P1 — ho) and let us put
f(*) = fae-n(x)
if x € (a1 + ho, B1 — ho) () (xo — ho, xo + ko). Then for these x and for y € (ag, B2)
the following equality is valid

u%, y) = fa,-2(x) +ulx +x0— x,9) = f(x) +20),

where g(y) = u(xo, ). Hence we can write the function # in the form (4) on every
set of a form ((a1 + Ao, 1 — ho) () (xo — ho, x0 + ho)) X (a2, B2).

Let us have two sets I, Iz of that form and suppose Ii () Iz # # and
u(x, y) = fi(x) +gi(y) on Ii(Z = 1,2). Then

fi(x) — falx) = g2(3) —&1(y)  (=¢)

on I1 () I (c is a constant). We put f(x) = fi(x) if there is y with [x, y] € [; and
f(x) = fo(x) + ¢ if there is y with [x, y] € I2; then

u(x, y) = f(x) +g1(»)

on I () I.. Consequently, u is of the form (4) on (a1 + ko, f1 — ho) X (az, B2).
It is sufficient for the completion of the proof to let /o tend to zero.

7. Let us show now that every axially parallel straight line is a removable set.
We are going to prove the following simple assertion (in which we consider the case
when the straight line p has the form p = {[xo, ¥]; ¥ € R1}; in the other case the
assertion can be proved in a similar way).

Let u# be a continuous function on 2 = (a1, f1) X (a2, f2), xo € (a1, f1) and
let u be a solution of (1) on 2 with the set {[xo, ¥]; ¥ € (az, f2)} removed (i.e. u is

26



a solution of (1) on (a1, x0) X (az, f2) and on (xq, f1) X (a2, f2))- Then the function
u is a solution of (1) on 2.
Proof. If follows from lemma 6 that there are functions f;, g; ( = 1,2) such
that '
u(x, ) = fi(x) +&1(»)

for every [x, y] € (a1, x0) X (ag, f2) and
u(x, y) = fa(x) + g2()
for every [x,y] € (xo0, 1) X (az, f2). For any y €(as, f2)
a= lim fi(x) = lim (u(x,y) —g1(y)) = u(xo, y) — £1(¥)

X—>Xo— X—>X)—

and
c2 = lim fo(x) = lm (u(x,y) — g2(y)) = u(x0, y) — g2(¥)

X—>Xo+ X—>Xo+
and it is seen from this that
&(y) =gi(y) +ec1—ce

for every y €(ag, f2). Defining a function f on (ai, £1) as follows

f1(x) x € (a1, Xo)
fx) = '\:Cl X = Xo
fo(x) —c2 a1 x € (x0, B1) »

we see that the function f is continuous on (a1, #1) and

u(x, y) =f(x) + &)

on 2 and thus « is a solution of (1) on all of Q.

Let us note that a “cross” (a set of a form
{lx0, ¥]; ¥y € RY} | {[x, ¥0]; x € R'}) is a removable set. That may be proved in
the same manner as the last assertion. We shall next use this fact.

In the end let us remark that a straight line which is not axially parallel is not
a removable set. Put 2 = (0,1) x (0,1) and define a function # on Q putting

u(x, y) = min {x, ¥} (E2 y] €Q).
It can be easily seen the function u is continuous on £, « is a solution of (1) on
2 — {[x,y]; x =y}, butis not a solution of (1) on the whole L.
8. Lemma. Let Kel with K#@ be a closed set. Then there are
[x0, yo] € K, 6 > 0 such that
K\ {lxy]; 0<lx— x| <8 0<ly—yo| <8} =10. <)

Proof. Let us suppose that there are no such [x,y0] € K and 6 > 0 and
show that then for any axially parallel straight line p the set K () p is nowhere
dense in K. Since K () p is a closed set it is sufficient to show that the set K\ p
is dense in K. Let [a,b] € K() p; then forany 6 >0

{lxy]; 0<|x—al <9, O<|y—b| <O} NK#*0
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(as we suppose that (7) holds for no [xo, yo] € K, 0 > 0) and this set is contained
in KN\ p. So K< K\ p.

K el and thus there are axially parallel straight lines p,(n=1,2,...)
such that

K= U (KNpw).

But this is a contradiction since K is of the second category in itself and we have
just shown the sets K () p» are of the first category in K.

Let us note that the term square will here stand for an open set of a form
(x,x +h) X (9,y +h) (where [x,y] €eR% 0 <heR!) and the term rectangle
will signify an open set of a form (x,x + A1) X (y,y + h2) (where [x,y] € R?,
0 < hi, b2 € RY).

9. Lemma, Let C = (a1, f1) X (ag, B2) (as, fi are finite or infinite) and
K eI be a closed set. Let f be a continuous function on C and suppose that for
any square M < C, M () K= the function f may be written on M in a form

f(x3) = o(x) +v() . (8)

Then the function f is of the form (8) on the whole C.
Proof. Let M stand for the system of all squere M < C on which there are
decompositions (8) of the function f. Putting

Ky = K\Mte)mM (=(K\OU(C \MLe)mM))

it would be easy to prove that for any rectangle A = C, 4 () K1 = # there is a
decomposition (8) of f on A (at first we should prove that f is of the form (8) on any
rectangle A = C for which 4 = C\_K (as for such a rectangle there are finitely
many squares belonging to N which cover 4) and then we prove it for any rectangle
A = CN\_Ky).

Let us show now that

KinNc=4¢ ®

(when that has been proved the proof will be complete).

Let us suppose that (9) does not hold. Then, since K is closed and K; < K,
there are & > 0, [xo, yo] € K1 () C such that

(%] 0 <|x—xo| <8 0<|y—my| <}NKiNC=0¢ (10)
(we apply lemma 8 to the set K; ) C).

First we show that
[x0, ¥0] ¢ C. (11)

Let us suppose that (11) is not valid, i.e. [xo, y0] € C; we then can assume that ¢
is chosen such that

M ={[x,y]; |x— x| < |y—2y| <8} <=C.
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Then the squares
{[x,5]5 0 <x—x0 <8, 0 <y—yo <8}, {[x,y]; 0 <x—x0 <d, —0 <y—y0 <0},
{[xy]; —0 <x—x0<0, 0 <y—y0<<d},{[x,¥]; —6 <x—x0 <0, —6 <y— y0 <0}
do not meet K; (see (10)), are contained in C and there are decompositions (8) of the
function f on those squares. Now it follows from the part 7 that f is of the form (8)
on the whole M; i.e. M e€IR. But that is a contradiction ([xo0, ¥0o] € M () K1 and
M ) K; = @ which follows from the construction of K and the fact that M e ).

We have thus shown that [xo, yo] € dC. If C = R2 (i.e. all as, B are infinite)
then dC = # and that is a contradiction. _

Assuming dC # @ let B stand for the set of all [xo, yo] € K1 () C for which
there is § > 0 such that (10) is valid.

Let [x0, y0] € B and 6 > 0 be such a number for which (10) holds. Then any
point

[x,31] e CN KL N{[xy]; |x— xo| <6, |y — yo|l <6}

is either of the form [x1, yo], where |x; — xo| < 6, or of the form [xo, y1], where
l 5% yo] < 4. _

Let the point [x1,y1] €C () Ky be for instance of the form [x1, yo],
|x1 — xo| < d, x1 5% x0. Putting 41 = min {|xo — x1|, 6 — |[x0 — x1|} we get

{{x3]5 0 <|x1 — x| <01, 0 <|y—yo| <6}NCNK=10

and thus [x1, y0] € B. It is seen from this the set B is an open set with regard
to Eﬂ Kl.

Let us put

K =C( K1\ B. 12)

Then (as B < 0C and we suppose Ki () C # @) Ke # 0 and Kz is closed.
It follows from lemma 8 that there are [x,, ¥9] € K2, 6’ > 0 such that

{90 <|x — x| <9, 0<|y—y|l <d}NKz=4.
If we apply a similar consideration as preceding, we get [xg, ¥o] € dC. There is
61 > 0 such that the set
{lx: 915 |x — xol <01, [y — yol <01} \ {lxo ¥o]}

does not contain any “corner point” of C (i.e. a point of the form [a, B3], where
7,7 = 1,2 and a4, B; are finite). Then

{6515 0 <|x — x| <41, 0 <y —yo| <&}V B =14
and putting é = min {¢’, 61} we arrive at
{lx¥]5 0 <|x — x| <8, 0<|y—yo| <SBNCNKi=0

from which it follows that
(x> 0] € B .
That is a contradiction to (12). In fact, (9) is valid.
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If we assume that C is bounded the assertion follows directly from (9) (as is this
case it follows from (9) that C e I).

If C is not bounded then C can be expressed as a sum of an increasing sequence
of rectangles. On any such rectangle there is a decomposition (8) of f (as it does
not meet K;). Hence we can deduce the function f is of the form (8) on C.

10. Theorem. Let G < R2be an open set, K € I be closed and « be a continuous
function on G which is a solution of (1) on G \_K. Then f is a solution of (1) on G.

Proof. It is sufficient to prove that for any point which lies in G there is an
open set containing that point, on which u is a solution of (1).

Let [xo0,y0] € G. There is a rectangle 2 such that [xo, yo] €2 < G. Then
the sets £, K and the function u satisfy the presumptions of lemma 9 (that follows
from lemma 6) and thus we can write on £ the function f in the form (8). But this
means that the function f is a solution of (1) on C.

Let us note that theorem 2 follows now from the theorem 10 and the part 3.
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