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Hybrid Variational Principles and Their Use
in the Finite Element Method

V. JANOVSKY
Faculty of Mathematics and Physics, Charles University, Prague

The first biharmonic problem is formulated variationally such that no boundary conditions and
relaxed continuity requirements are imposed upon the “test” functions. The application of that
to nonconform finite element method is indicated.

I. Plate Problem

In what follows, £ is a bounded domain of the plane. Let H2(Q) and H3(2)
be the closure of £(£2) and 2 (£2) (standard notation-see e.g. [1]) respectively in the
norm || . [l2,0 =Y > D> . |3, +1 - [F.@)1/2. Let us consider the following

la|=2

Problem 1: Let f € Lo(£2) and uo € H2({2) are given functions. It is necessary
to find a function u € H%() such that
A2y = f on 0 in the sense of distributions )
u—uo € HYQ) . 2

Using the classical variational formulation of Problem 1 in a finite element
approach, we must impose very strong continuity and boundary conditions upon
“trial functions”. It is difficult to fulfil them. Now I should like to give another
variational formulation of Problem 1, imposing relaxed continuity requirements and
no boundary conditions upon “test functions”.

2. Hybrid Variational Formulation
Definition 1: Let 2, = {Q4)7% be a division of 2 for all fixed & € (0,1).
This means that Q@ — ."th)!jm and Qi ) 2sn = ¢ for all { % j where 4,5 € (1, ...,
m(h)), h € (0,1). -
Definition 2: Let H2%(Q)) = :il'(lhi H?(£;3) (Cartesian product of spaces) with

the norm || - [l2, 2, which is induced by the norms of the spaces H%(f:s) as usual.
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o)
Definition 3: Let #-%Q;) = {F; F e (HXQy)) where (H%2;)) is the
space dual to H2(Qy), if ¢ € HY(Q) then F(p) = 0. The norm in the space

0 0
H~%Qp) is defined as the usual supreme norm: F € #-2(Q4), ||F|l-2,00 =

= sup [F(p)
llpllz, 25 = 1

Problem 2: Let feLa(2) and up € H2(Q2) are given functions. Let % be
fixed, ~ € (0,1) and let 25 be corresponding division of Q. It is necessary to find

{un, Fn} € H2(Q4) X .;f—Z(Qh) such that
an(uns @) + Fu(p) + F(un) = [ fo dxidxz + F(uo)

o
for all {p, F} € H¥(2r) X #~2(2s) where an(un, ¢) =

m(h)
_ 0%u 0% 0%u 0% 0%u 0%
= Z f{ﬁﬁ+ (=) 5 oxs mdws T 0 o o
i=1 Q4p
%u 0% | 0% 0% } )
+ (o 3}2?— a—xg —a—xg a—xg dDCI dxz 3 gE (0,1) (3)

This idea was proposed by many authors and proceeds from physical approach
— see [2]. What might be new one in this paper is the pure mathematical conception
and assertion about uniqueness (Theorem 1). Theorems 2 and 3 are giving the
physical interpretation.

Theorem 1: For each f € Ly(2) and wuo € H2(2) there exists one and only
one solution {up, Fp} of the Problem 2. Further it holds

[unll3,0n + [|FrlPe,0n = C(lfl.20 + lleoll3, 2) 4)

where C is independent of f and ug and % too. Finally up € H2(2) and up solves
Problem 1.

Theorem 2: Suppose that u € H3({2), where u is the solution of Problem 1.
Let {un, Fa} be the solution of the corresponding Problem 2 (according to Theorem 1
is up = wu in the space H%(Q2)). It holds:

m(h)

ORI L R )

i=1 Qi
where

o .
Fi(p) € #-1(Q4) (it means that {F] € (HY(Q4))', if p € H{(£2) then FI(p) = 0})
(6
_ u 02u u
Mu=—oAu—(1—o0) (a_xf_ ¥ 42 T, + =) 112) . @)
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Theorem 3: Suppose that u € H4(£2). Then it holds:

m(h) m(h) m(h)
F;.((p)::z fTu @ do —}—z fMu——da —rz fRu—da (8)
i=1 0 i=1 a0 i=1 Qin
where
d 02u 0%u . 02y )
= —— M = _— —_— —_—— -— g _— 9
Tu 3 Au; Ru= (1—o0) ( o 1vs 0% (v} —3) Pre vve) (9)

and Mu is defined by (7).

3. Approximation

0
Definition 4: Let S;, beafinite dimensional subspace of {H2(2n) X #~2(2n)}.
Then {u;, F;} € Sx is an approximate solution of Problem 1 if and only if

an(us, @) + Filp) + F(u;) = [ fo dxidxe + F(uo) (10)
for all {p, F} € Sh.

We can use such finite element trial functions ¢ which are non-conform
according to the classical variational principle but they are conform in accordance
with presented principle. On the other hand we must approximate Fj, — it means
moments and effective forces. We can study the convergence of the finite element
method of this particular kind, using the “conform” methodics.
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