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Quasigroups of Fractions 

T. KEPKA 

Praha 

Received 8. June 2000 

Various imbeddings of cancellative groupoids into quasigroups are studied. 
Studují se rozmanitá vnoření groupoidů s krácením do kvazigrup. 

I. Closed subgroupoids 

1.1 Translations 

1.1 A groupoid is a non-empty set together with a binary operation which is 
usually denoted multiplicatively. 

1.2 Let G be a groupoid. For each a e G we define the left translation 
La (= La G) and the right translation Ra (= Ra G) by La(x) = xa and Ra(x) = xa 
for every x e G. Now, the left multiplication monoid Mul,(G) and the right 
multiplication monoid Mulr(G) are the submonoids of the transformation monoid 
of G generated by the sets {L„; ae G} and {R^ a e G}, resp. The multiplication 
monoid is generated by {l̂ , Ra; ae G}. 

1.3 Let H be a subgroupoid of a groupoid G. We denote by Mulj(G, H) the 
submonoid of Mul^G) generated by all La G, ae H. The monoids Mul^G, H) and 
Mul(G, H) are defined similarly. 

1.4 Let G be a groupoid. We say that G is left (right) cancellative if La (Ra) is 
injective for each a e G and we say that G is cancellative if G is both left and right 
cancellative. We say that G is left (right) divisible if La (Ra) is projective for each 
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aeG and we say that G is divisible if G is both left and right divisible. Finally, 
G is said to be a (left, right) quasigroup if G is both (left, right) cancellative and 
(left, right) divisible. 

1.5 Proposition. Let G be a groupoid. 
(i) If G is left (right) cancellative, then the monoid Mul^G) (Mulr(G)j is left 

cancellative. 
(ii) If G is cancellative, then the monoid Mul(G) is left cancellative. 

1.6 Proposition. Let G be a groupoid. 
(i) If G is left (right) divisible, then the monoid Mul,(G) fMulr(G)j is right 

cancellative. 
(ii) If G is divisible, then the monoid Mul(G) is right cancellative. 

1.7 If G is a (left, right) quasigroup, then every (left, right) translation is 
a permutation and we denote by (Mult^G), Mult^G)) Mult(G) the permutation 
group generated by ({l^, a e G}, {R^ a e G}) {I*, Ra, aeG}. 

1.8 Let r be a relation defined on a groupoid G. We say that r is left (right) 
stable if (a, b)er implies (xa, xb) e r ((ax, bx) e r) for every xeG and we say that 
r is stable is it is both left and right stable. We say that r is left (right) cancellative 
if a, b, c e G and (ca, cb) e r ((ac, be) e r) implies (a, b)er and we say that r is 
cancellative if it is both left and right cancellative. Finally, we say that r is 
compatible if (a, b)er and (c, d)er implies (ac, bd) e r. (Clearly, if r compatible 
and reflexive, then r is stable and if r is stable and transitive, then r is compatible.) 

1.9 If S is a non-empty subset of a groupoid G, then <S>G means the sub-
groupoid generated by S. (Clearly, card(<S>) < X0 for S finite and card(<S>) = 
card(S) for S infinite.) 

1.10 For a groupoid G we put: 
A^G) = {ae G; La is injective}, 
Ar(G) = {ae G; Ra is injective}, 
A(G) = A,(G) n Ar(G); 
Bj(G) = {ae G; La is projective}, 
Br(G) = {ae G;Ra is projective}, 
B(G) = B^G) n Br(G); 
Q(G) = A,(G) n B,(G), C^G) = Ar(G) n Br(G), C(G) = C,(G) n Cr(G). 

1.11 Let G be a groupoid. We define two equivalences pG and qG on G by 
(a, b) e pG and (c, d) e qG if and only if La = Lb and Rc = Rd. 

1.12 Let G be a groupoid. We define three transformations oG, xG and pG of 
G by <TG(X) = x2, TG(X) = x - x2 and pG(x) = x2 • x for every x e G. 

1.13 Proposition. Let G be a groupoid such that aG (TG, pG) is an injective 
endomorphism of G. Then there exists a groupoid K with the following properties: 



(i) G is a subgroupoid of K and G, K are equationally equivalent (i.e., they 
satisfy the same groupoid equations). 

(H) &K (TK> PK) is an automorphism of K. 
(Hi) Every finitely generated subgroupoid of K is contained in a subgroupoid 

isomorphic to G. 
(iv) K is (left, right) cancellative if and only if G is so. 
(v) K is (left, right) divisible if and only if G is so. 

Proof. Clearly, there is a subgroupoid H such that G is a subgroupoid of H, 
G ^ H and GH(H) = G. Now, putting G0 = G, Gx = H, etc., we get the chain 

oo 

G0 ^ Gx ^ G2 ^ ... and K = (JG,-. A 
i = 0 

1.14 Let G be a groupoid. We denote by cG (clG, crG) the smallest (left, right) 
cancellative congruence of G. Further, if G is non-trivial, then we denote by eg 
(ci*G> C*G)> the intersection of all non-identical (left, right) cancellative congruences 
of G. Clearly cG c eg (clG c c*G, c rG c c*G) and, if G is not (left, right) 
cancellative, then cG = eg 4= idG (clG = c*G 4 idG, cr>G = c*G 4= idG). 

A non-trivial (left, right) cancellative groupoid G will be said subdirectly 
c-irreducible (cl-irreducible, cr-irreducible) if eg 4 idG (c*G =t= idG, c*G =t= idG). 

1.15 Proposition. Let G be a non-trivial (left, right) cancellative groupoid. 
Then G is a subdirect product of subdirectly c-irreducible (cl-irreducible, 
cr-irreducible) (left, right) cancellative groupoids. 

Proof. For every x = (a, b) e G®, a 4 b, let rx denote a cancellative con
gruence of G that is maximal with respect to x $ rx. Then G can be imbedded onto 
the product \\Glrx, x e G(2)\idG. A 

1.2 Closed subsets 

2.1 Let G be a groupoid. For any subset S of G and all n > 1 we put: 

(a0,G(S)=)a0(S) = S; 
(a„ G(S) =) a„(S) = S = {xe G; ax(a2(... (anx))) e S for some ax,..., ane S}; 

(aG(S)=)a(S)= Qam(S); 
w = 0 

(PoAS) =) P0(S) = S; 
(Pn,o(S) =) P„(S) = 5 = {xeG; (((xa„)...) a2)ateS for some au...,ane S}; 

oo 

(pG(s)=)n(s)= (j/Ms); 
w = 0 

2.2 A subset S of a groupoid G is said to be (left, right) closed in G if (a2(S) .= S, 
j S ^ ^ ^ a ^ u ^ ^ S . 



2.3 The intersection of any non-empty family of (left, right) closed subsets of 
a groupoid G is again (left, right) closed. Hence, given a subset S of G, we denote 
by ([S]i G, [S]r G) [S]G the smallest (left, right) closed subset containing S. Clearly, 
[ S ] , u [ S ] r e ' [ S ] . 

2.4 Remark. Let S be a subset of a groupoid G. 
(i) Put S0 = S and SI+1 = a^S,) u S, for every i > 0. Then S0 ^ Sx .= S2 ^ ... 

a n d [ S ] 1 = Qs f . 
i = 0 

(ii) Put S0 = S and SI+1 = a^S,) u />i(S,) for every i > 0. Again S0 _= Sx ^ 

S2 c ... and [S] = \JSt. 
i = 0 

(iii) Finally, put S0 = S and S/+1 = ccx(S) u S, for every even i > 0 and 
oo 

S.+ 1 = ^(s.) u S( for every odd i > 1. Then S0 c S{ c S2 c ... and [S] = (JS,, 
i = l 

2.5 Lemma. Let H be a subgroupoid of a groupoid G and S a subset of G. 
(i) If S is (lefty right) closed in G, then S n H is (left, right) closed in H. 

(ii) If S £= If, S is (left, right) closed in II, and II is (lefty right) closed in G, 
then S is (lefty right) closed in G. 

(iii) If S c; II, S is (lefty right) closed in G, then S is (left, right) closed in II. 
(iv) IfS <= II, then ([S]lH ^[S]lG, [S]r,„ s [S]r,G) [S]„ s [S]G. 

2.6 Lemma. Ler S be a subset of a groupoid G. Then: 
(i) «(S) £= [5], and ffS) £ [S], 

(ii) ce(S) u j8(S) <= [5]. 

1.3 Closed subgroupoids 

3.1 Let G be a groupoid. The intersection of any non-empty family of (left, 
right) closed subgroupoids of G is either empty or a (left, right) closed sub
groupoid. Hence, given a non-empty subset S of G, (<S>jcG, <S>rcG) <S>cG will 
denote the smallest (left, right) closed subgroupoid containing S. Clearly, ([S^ ^ 
<S>C, [S]r s <S>rc) [S] s <S>C. Moreover, <S>C u <S>rc <= <S>C. 

3.2 Remark. Let S be a non-empty subset of a groupoid G. 
(i) Put S0 = S, Sj+1 = {xy;x, y e S,} for every even i > 0 and SI+1 = OLX(S) U 

CO 

S, for every odd i > 1. Then S0 _= Sj <= S2 .= ... and <S>C = J S , , 
i = 1 

(ii) Put S0 = S, S,+1 = {xy;x, y e St} for every even i > 0 and S/+1 = a^S,) u 
00 

^(S,) u S, for every odd i > 1. Again S0 c St c S2 c ... and <S>C = (JS,, 



(iii) Finally, put S0 = S, S3i+l = {xy;x9yeS3i}9 S3i+2 = cci(S3i+i) u S3i+l and 
oo 

S3.+3 = rM^.+i) u S3.+2 for every i > 0. Then S0 <= St .= S2 .=... and <S>C = \JSt. 
i=l 

3.3 A non-empty subset S of a groupoid G is said to be left (right) strongly 
dense in G if G = <S^C (G = <S>rc) (we will also say that S lc/rc-generates G, 
etc.) and S is said to be strongly dense in G if it is both left and right stronly dense 
in G. 

3.4 A non-empty subset S of a groupoid G is said to be dense in G if <S>c = G 
(we will also say that S c-generates G, etc.). 

3.5 Lemma. Let S be a non-empty subset of a groupoid G. Then: 
(i) S is left (right) strongly dense in <S>>C G «S>rcG>). 

(ii) S is dense in <S>cG. 

3.6 Lemma. Let H be a (left, right) strongly dense subgroupoid of a groupoid 
G and S a non-empty subset of H such that S (left, right) strongly dense in H. 
Then S is (left, right) strongly dense in G. 

Proof. We have H = {S\H c <S>C,G = K. But K is left closed in G and 
consequently K = G and S is left strongly dense in G. A 

3.7 Lemma. Let H be a dense subgroupoid of a groupoid G and S a non-empty 
subset of H such that S is dense in H. Then S is dense in G. 

Proof. Similar to that of 3.6. A 

3.8 Lemma. Let H be a subgroupoid of a groupoid G. Then: 
(i) aG(H) = {xeG; f(x) e H for some f e Mul^G, H)}. 

(ii) pG(H) = {xeG; f(x) e H for some f e Mulr(G, H)}. 
(iii) H c aG(H) c [ff]LG c </f>c,G. 
(iv) H <= /}G(H) <= [H]r,G cz <H>rcG. 

3.9 Let H be a subgroupoid of a groupoid G. We put (ydH) =) y(H) = {xe G; 
/(x) G H for some / e Mul(G, H)}. 

3.10 Lemma. Let H be a subgroupoid of a groupoid G. Then H i= yG(H) ̂  [H]O. 

3.11 Lemma. Let H be a subgroupoid of a groupoid G. Then a„ G(H) c= 
*lG(H) and fln,G(H) c pn

hG(H)for every n > 0. 

3.12 Lemma. I>t cp, ^ fee homomorphism of a groupoid G into a (left, right) 
cancellative groupoid K. Then set {x e G; cp(x) = ^(x)} is either empty or a (left, 
right) closed subgroupoid of G. 

3.13 Corollary. Let H be a (left strongly, right strongly) dense subgroupoid of 
a groupoid G and let cp be a homomorphism of H into a (left, right) cancellative 
groupoid K. Then cp can be extended to at most one homomorphism of G into K. 



1.4 The conditions (A l ) , ..., ( A l l ) and (Bl ) , ..., ( B l l ) 

4.1 Let if be a subgroupoid of a groupoid G. Define the following eleven 
conditions for H in G: 

(Al) There exists n > 1 such that for all q > 1, m = qn, ab..., ame H, x,yeG, 
a2(... (amx))eH, there exist fc > 0, / > 0, bb..., bfc, cb . . . , c, e if with b{(... (bk-xy)) = 
( ^ ( . . . ( ^ x ) ) ) ^ . . . ^ ) ) ) ; 

(A2) If m > 0, a, au..., ame H and x e G, then there exist k > 0, / > 0, 
b1,...,bk,cl,...,cleH such that &-(... (bk • ax)) = (<,-(... (c,a))) (a^... (amx))); 

(A3) For every / e Mul^G, H) there exist g, /z, u, v in Mul^G, if) such that 
g(*y) = /(*) h(y) and u(ay) = v(a) f(y) f o r a11 aeH,x,yeG, f(x) e H; 

(A4) For every / e Mul^G, H) there exist g e Mulj(G, H) such that g(xy) = 
f(x)f(y) for all x,yeG; 

(A5) There exist a transformation t of H such that t(a) • xy = ax • ay for all 
a e H and x, y e G; 

(A6) For every / e Mul^G, H) there exist g, h, u, v in Mul^G, H) such that 
g(xy) = f(x) h(x) and w(wz) = v(w) f(z) for all x j , w , z e G with f(x)eH and 
/ ( - ) e H ; 

(A7) For all / , g e Mul^G, H) there exist h, u in Mul^G, H) such that hf = ug 
(i.e., the monoid Mul^G, H) is right uniform); 

(A8) For all / e Mul{(G, H) and a e H there exist g, h e Mul{(G, H) such that 
aLfljG = hf; 

(A9) For every / e Mul^G, H) there exist g, h, u, v in Mul^G, H) such that 
g(xy) = f(x) h(y) and w(wz) = v(w) f(z) for all x,j; ,w,z6G such that f(x) e H 
and either w e if or f(z) e H; 

(A10) If x, y e G, a e H and b, c e <a>, then bx • cy = be • xy; 
(Al 1) For every / e Mul^G, H) there exist g, h in Mul^G, H) such that /(xa) = 

g(x) h(a) for all x e G and a e H. 

4.2 Proposition. Lef if be a subgroupoid of a groupoid G. Then the following 
implications take place: 

(1) (A3) => (Al), (A2), (A7) and (A8); 
(2) (A4) => (Al), (A2), (A3), (A6), (A7), (A8) and (A9); 
(3) (A5) => (Al), (A2), (A3), (A4), (A6), (A7), (A8) and (A9); 
(4) (A8) => (A7); 
(5) (A9) => (Al), (A2), (A3), (A6), (A7) and (A8); 
(6) (A10) => (Al), (A2), (A3), (A4), (A5), (A6), (A7), (A8) and (A9). 

Proof. First, we show that (A5) => (A4). For, let / e M\x\(G, H). If / = idG, 
then we can take g = / If / 4= idG, then / = Lai... Lan for a some n > 1 and 
ax,...,aneH and we put g = Lt[ai)... Lt{an). 

Now, we are going to show that (A8) => (A7). We have g = Lai... Lan for 
suitable n > 0 and al9..., ane H. If n = 0, then we put h = idG and u = f If 



n = 1, then (A8) applies. If n > 2, then we proceed by induction on n. Put g{ = 
La2... Lan. There are hu ux in Mul^G, H) such that hxf = uxgx. Further, by (A8), 
vLai = tux for some v, t e Mul,(G, H). Thus hf = thxf = tuxgx = vLaigt = vg, 
where h = tuxe Mulj(G, H). 

The remaining implications are easy. • 

4.3 Proposition. Let H be a subgroupoid of a groupoid G such that the 
conditions (Al) and (A2) are satisfied. Then: 

(i) <H\,G = [n],,G = aG(n). 
(ii) x e <H)ic if and only if there exist n>\ and au..., aneH such that 

ax(... (anx))eH. 

Proof. We have H _= a(H) _= [H]j __; {H\ and it suffices to show that <x(H) 
is a left closed subgroupoid of G. 

First, we check that a(H) is a subgroupoid of G. For, let x, y e cc(H). Then 
g(x) e H for some g e Mul^G, H) and we can assume without loss of generality 
that g = Lai... Lam, where m = qn, q>\ and au..., am e H are by (Al). There 
exist k > 0, / > 0 and bx,..., bk, ci,.... C/ in H such that bj(... (bfc • xy)) = 
(a!(... (amx)))(c!(... (C/y))). Further, there is feMulY(G, H) with f(y)eH. Now, 
define two sequences / , f 2 , . . . and / ' , /2,... of transformations from Mul^G, H) as 
follows: / = /; if i > 1, then f+l, f/ eMulY(G, H) are such that /+1(az) = 
/'(tf)/{Z), all a EH, z e G (by (A2)). Then we have fi+ib^.. (bk-xy))) = 
f'+lg(x) • fl+1(Cl(... (Cly))) and fl+l(Cl(... (cty))) = f;(Cl) • f(c2(... (Cly))) = ... = 
fih)(fUc2)(... (f{(c{) f(c))))eH. Thus h(xy)eH, where h = f+2Lbl... Lbke 
Mul,(G, H). 

It reamins to show that a(H) is left closed in G. Let x, y e G, x, xy e a(H). Then, 
similarly as above (by (Al)), there are f,h,ve Mul^G, H) such that v(xy) = 
f(x) h(y) and f(x) e H. Further, g(xy) e H for some g = Lai... Lan, n > 0, ax,..., 
an e H. Now, vn(ax) (r;_i(a2) (... (v[(an) • f(x) h(y)))) = vfa) (v'n_{(a2) (... (v[(an) • 
v(xy)))) = v'ia\)iv'n-i(a2)(• • • (v2(an-1)• v2(an• xy)))) = ...= v'n(ax)vn(a2(a3(... (an• xy)))) = 
vn+\Q(^y)^H (the sequences vx = v, v2,..., v\, v2,... are defined similarly as 
above). Hence p(y) e H, where p = Lv^aiy.. L^JLy^) e Mul^G, H) and it follows 
that y e a(H). • 

4.4 Proposition. Let H be a right closed subgroupoid of a groupoid G such 
that the conditions (A9) and (All) are satisfied. Then aG(H) is closed subgroupoid 
ofG. 

Proof. By 4.2(5) and 4.3, K = a(H) is a left closed subgroupoid. It remains to 
show that K is right closed. 

For, let xeG,a,beK and xa = b. There are fg,he Mul^G, H) such that 
/(a) e H and g(b) = h(x) /(a). Further, by (All), there are u,v,pe Mul^G, H) such 
that ug(b) e H and ug(b) = u(h(x) /(a)) = vh(x) pf(a). From this, vh(x) e H, since 
H is right closed, and hence xeK. We have proved that K is right closed. • 



4.5 In the sequel, the right hand forms (or the duals) of the conditions (Al),... . 
(All) will be denoted by (Bl), ..., (Bll). 

4.6 Theorem. Let H be a subgroupoid of a groupoid G. 
(i) If(A9) is satisfied for H in G, then <xG(H) = <n>|C,G = [#]I,G- If moreover, 

(B9) and (Bll) are satisfied for aG(H) in G, then <5G(H) k pG(<xG(H)) = <H>C G = 
«tf>c,G>lc,G = [[tf]r,G]..G = [H]G. 

(ii) lf(B9) is satisfied for H in G, then (lG(H) = (H}rcG = [iI] r G. If moreover, 
(A9) and (All) are satisfied for j?G(II) in G, then dG(H) b aG(£G(II)) = <II>C G = 
«H>c,G>lc,G = [[II]r,G],,G = [II]G. 

Proof, (i) By 4.3, K = aG(H) = <II>C,G = [II],, G and, by the right hand form 
of 4.3, we have L = (3G(K) = <K>rc G. Now, by the right hand form of 4.4, L is 
closed in G, and so L = (H\G, clearly /?G(ocG(II)) b [II]G b <II>C,G. 

(ii) Dual to (i). A 

4.7 Corollary. Let H be a subgroupoid of a groupoid G suh that (A9) is 
satisfied for H and fiG(H) in G, (B9) is satisfied for H and aG(II) in G, (All) for 
fiG(H) and (Bll) for aG(II) in G. Then pG(aG(H)) = aG(j?G(H)) = «H>c,G>rc,G = 
<H>C,G = [[H] lG]r,G = [[H]r,c],,G = [H]G. 

1.5 The conditions (C I ) , ..., (C7) 

5.1 Let II be a subgroupoid of a groupoid G. Define the following seven 
conditions for II in G: 

(CI) For every / e Mul(G, II) there exist g, h e Mul(G, II) such that g(xy) = 
f(x) h(y) for all x, y e G, f(x) e II; 

(C2) For every / e Mul(G, II) there exist g, h e Mul(G, II) such that g(xy) = 
h(x) f{y) for *nx9yeG,f(y) eH; 

(C3) For every / e Mul(G, II) there exist g,he Mul(G, II) such that g(xa) = 
f(x) h(a) for all x e G, a e II; 

(C4) For every / e Mul(G, II) there exist g, h e Mul(G, II) such that g(ax) = 
h(a) f(x) for all x e G, a e II; 

(C5) For every / e Mul(G, II) there exist g e Mul(G, II) such that g(xy) = 
f(x)f(y) for all x ,yeG; 

(C6) For all / e Mul(G, II) and a e II there exist g, h,u,ve Mul(G, II) such that 
gLfl,G = hf and wRa,G = vf\ 

(C7) For all f, g e Mul(G, II) there exist h, u e Mul(G, II) such that hf = ug 
(i.e., the monoid Mul(G, II) is right uniform). 

5.2 Proposition. Let II be a subgroupoid of a groupoid G. Then the following 
implications take place: 

(1) (C3) and (C4) => (C6) and (C7); 
(2) (C5) => (CI), (C2), (C3), (C4), (C6) and (C7); 

10 



(3) (C6) => (C7); 
(4) (A5) and (B5) => (C5). 

Proof. We will prove only that (A5) and (B5) imply (C5). First, there are 
transformations p and q of H such that p(a) • xy = ax- ay and xy • q(a) = xa- ya 
for all ae H and x, y e G. Now, given / e Mul(G, H), f = T l f l l . . . Tnfln, n > 1, 
ax,..., aneH, Tlf ...,T„e {L,R}, we put bt = p(a) if T, = L and b{ = q(a) if 
T, = R. Then q(xy) = f(x) f(y) for all x,yeG, where g = Thbl... Tnybn. • 

5.3 Theorem. Let H be a subgroupoid of a groupoid G such that the conditions 
(CI) (resp. (C2)) and (C3), (C4) are satisfied. Then yG(H) is a left (resp. right) 
closed subgroupoid of G. 

Proof. First, we check that K = yG(H) is a subgroupoid of G. For, let x, y e K. 
There are g, u, v in Mul(G, H) such that g(x) e H and u(xy) = g(x) v(y); we have 
v = x1>fll... T w where n>0,ateH and Tt e {L,R}. Further, f(y) e H for some 
/ e Mul(G, H). Now, define sequences / , / , . . . , fn+2 and //, f 2 , . . . , fn+l of trans
formations form Mul(G, H) as follows: / = / ; if n > i > 1 and T, = L, 
j = n + 1 — U then / + { and / ' are such that f+\(az) = fr(a) f(z) for allaeH,ze G; 
if n > i > 1 and T7 = R, j = n + 1 — f, then / + 1 and f( are such that /+1(za) = 
f(z) f'(a) for all a e H, z e G; fn+2 and / ' + 1 are such that fn+2(az) = /+ 1(a) fn+l(z) 
for all a e H, z e G. Then we have fn+2u(xy) = fn+2(g(x) v(y)) = fn+1g(x) • fn+lv(y) 
and fn+lv(y) = /n+1(Tlffll ... Tn,fln(y)) = T1>bl/(T2,fl2... Tn>fln(y)) = ... = Tlfbl ... 
Tn,bnfi(y) ^ H, where bt = fn'+l-i(a) e H. Thus fn+2u(xy) e H and xy e K. 

Now, we are going to show that K is left closed in G. Let x, y e G, x, xy e K. 
Then h(xy) = f(x) u(y), f(x) e H, g(xy) eH, g = TUai... T w for some 
/ g,h,ue Mul(G, H), n > 0, a, e H, T, e {L,R}. Define the sequences hu ..., hn+l, 
h'u ••-, K+i similarly as above and put bt = hn+l_i(a) e H. Then we have Tubl... 
Tn,bn(f(x)u(y)) = T U l . . . Tn,bn(h(xy)) = Thbl... T^^T^xy)) = .'.. = 
hn+lg(xy) e H and consequently p(y) e H, where p = Tlbl... Tn^bnLf^ueMul(G,H). 
It follows that yeK. • 

5.4 Corollary. Let H be a subgroupoid of a groupoid G such that (CI), (C2), 
(C3) and (C4) are satisfied. The yG(H) = <H>C G = [H\G and, moreover, if the 
assumptions of 4.7 are satisfied, then also yG(H) = ocG(pG(H)) = fiG((xG(H)). 

1.6 Ex is tensions of cancellative congruences 

6.1 Proposition. Let H be a subgroupoid of a groupoid G such that K = OLG(H) 

is also a subgroupoid. 
(i) If n > 1 and xh..., xneK, then there exists f e Mul^G, H) such that 

f(xx),..., f(xn)eH. 
(ii) If r is an equivalence on H, then r can be extended to at most one left 

cancellative left stable equivalence on K. 
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Proof, (i) Since x- e K, f(x{) e H for suitable, / e Mul(G, H). But K is 
a subgroupoid of G, hence f(x2) e K and ff(x2) e if for some /2 e Mul^G, H)\ 
clearly ff e Muli(G, If) as well. Now, there are f , . . . , /„ G Muli(G, H) such that 
fff(x^ •••, /«/n-i ••• / W e H and it suffies to put / = /„. . . f. 

(ii) Let s, t be left cancellative left stable equivalences on K such that 
s n H{2) = r = tn H®. If (x, y) e s, then /(x), /(y) e H for some / e Mul,(G, H) 
(by (i)) and we have (f(x), f(y)) e s n H® = r ^ t. Since t is left cancellative, we 
have also (x, y) e t. Thus s c t and, quite similarly, £ c s. • 

6.2 Proposition. Let H be a subgroupoid of a groupoid G such that K = OLG(H) 

is again a subgroupoid and let r be a left stable equivalence on H. Define 
a relation s on K by (x, y)e s if and only if(f(x), f(y)) e rfor some f e Mul^G, H). 
Then: 

(i) r ^ s and s is reflexive and symmetric. 
(ii) If (A7) is satisfied for H in G, then s is an equivalence. 
(Hi) If (A6) is satisfied, then s is left stable. 
(iv) If (A6) is satisfied and if r is right stable, then s is right stable. 
(v) If (A6), (A7) are satisfied, then s is left cancellative. 
(vi) If (A6), (A7) are satisfied and r is cancellative, then s is cancellative. 
(vii) If r is left cancellative, then s extends r. 

Proof, (i) Since r is symmetric, s is symmetric, too. If x e K, then f(x) e H for 
some / G Muli(G, H), and hence (x, x) G S. The inclusion r c s is obvous. 

(ii) Let (x, y), (y, z) e s. We have (f(x), f(y)) e r and (g(y), g(z)) e r for suitable, 
/ , g G Mul^G, H). By (A7), there are h, u in Muli(G, H) with hf = ug. Since r is 
left stable on H, we have (hf(x), hf(y)) e r and (ug(y), uz(g)) e r. Therefore 
(df(x), M(z)) e r and (x, z) e s. 

(iii) Let x,y,ze K, (x, y) e s. Again, there are / , g, h in Muli(G, H) such that 
(f(x), f(y)) e z and g(zx) = h(z) f(x), g(zy) = h(z) f(y). Further, there are u, p, q in 
Muli(G, H) with uh(z) e H and p(vw) = u(v) q(w) for all v,weG, u(v) e H. Now, 
pg(zx) = p(h(z) f(x)) = uh(z) • q/(x), pg(zy) = uh(z) • qf(y). Since r is left stable, 
we have (pg(zx), pg(zy)) e r, and so (zx, zy) e s. 

(iv) We can proceed similarly as in (iii). 
(v) Let x,y,ze K, (zx, zy) e s. There is / G Mul^G, H) such that (f(zx), f(zy)) e r. 

Further, g(x), g(y) e H for some g e Mul^G, H) and there are u, v e Mul,(G, H) such 
that w(zx) = v(z) g(x) and u(zy) = v(z) g(y). Similarly, pv(z) e H,ps Muli(G, H), 
and there are q, t e Mulj(G, H) such that qu(zx) = q(v(z) g(x)) = pv(z) • tg(x) and 
qu(zy) = pv(z) • tg(y) (all this by (A6)). Now, by (A7), hf = wqu for some 
h,we Muli(G, H). Of course, (hf(zx), hf(zy)) e r, since r is left stable. But 
hf(zx) = wqu(zx) = w(pv(z) • tg(x)) and hf(zy) = w(pv(z) • tg(y)). We have proved 
that (e(x), e(y)) e r for e = wLpv^tg e Muli(G, H) and it follows (x, y) 6 s. 

(vi) By (v), s is left cancellative. Now, let x, y,z e K, (xz, yz) e s. Proceeding 
similarly as in (v), we can show that there are w, p, t, v, g in Muli(G, H) such that 
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g(x), g(y), pu(z) e H and (w(tg(x) • pv(z)), w(tg(y) • pv(z)) e r. Since r is left cancel-
lative, we have (tg(x) • pv(z), tg(y) • pv(z)) e r. But r is also right cancellative and so 
(tg(x), tg(y)) e r. Thus (x, y) e s. 

(vii) Obvious. • 

6.3 Theorem. Let H be a left strongly dense subgroupoid of a groupoid G such 
that the condition (A9) is satisfied. Then: 

(i) G = OLG[H), i.e.,; for every xeG there exist n > 0 and al9..., ane H such 
that ax(a2(... (onx))) e H. 

(ii) Every left cancellative congruence r of H can be extended in a unique way 
to a left cancellative congruence s of G; s is cancellative if an only if r is so. 

Proof, (i) By 4.2(5), the conditions (A3), (A6) and (A7) are satisfied and we 
can use 4.3. 

(ii) Use6.2and6.1(i i) . A 

6.4 Remark. Let G be a groupoid satisfying the following condition: If 
/ e Mulj(G), then there exist g, h,u,ve Mul^G) such that g(xy) = f(x) h(y) and 
u(xy) = v(x) f(y) for all x,yeG. 

(i) Define a relation t on G by (x, y) e t if and only if f(x) = f(y) for some 
/ e Mul^G). From 6.2 (for H = G and r = idG) it follows that t is a congruence 
of G and it is easy to see that t is just the smallest left cancellative congruence of 
G, i.e. t = clG (see 1.14). 

(ii) Let H be a left strongly dense subgroupoid of G such that (A9) is satisfied 
and let r denote the smallest left cancellative congruence of H (r is the intersection 
of all left cancellative congruences of H). By 6.3, r can uniquely be extended to 
a left cancellative congruence s of G. Then t <= s (see (i)), r' = t n H® is a left 
cancellative congruence of H, r .= r' ^ s n H® = r, r = r' and s = t. That is, 
t extends r. 

6.5 Proposition. Let H be a subgroupoid of a groupoid G such that K = yG(H) 
is again a subgroupoid and let r be a congruence of H. Define a relation s on 
K by (x, y) e s if and only if (f(x), f(y)) e r for some f e Mul^G, H). Then: 

(i) r c= s and s is reflexive and symmetric. 
(ii) If (C7) is satisfied for H in G, then s is an equivalence. 

(Hi) If (CI) and (C3) are satisfied, then s is a congruence of K. 
(iv) If (CI), (C2) and (C7) are satisfied, then s is cancellative. 
(v) If r is cancellative, then s extends r. 

Proof. Similar to that of 6.2. • 

6.6 Theorem. Let H be a dense subgroupoid of a groupoid G such that the 
conditions (CI), (C2), (C3) and (C4) are satisfied. Then: 

(i) G = yG(H), i.e., for every xeG there exist n > 0, au ..., ane H and Tu ..., 
T„ e {L,R} such that T l f f l l... Tn, Jx) e H. 
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(ii) Every cancellative congruence of H can be extended in a unique way to 
a cancellative congruence of G. 

Proof. Combine 5.4 and 6.5. • 

6.7 Remark. Let G be a groupoid satisfying the following condition: If 
/ e Mul(G), then there exist g, h,u,ve Mul(G) such that g(xy) = f(x) h(y) and 
u(xy) = v(x) f(y) for all x, y e G. 

(i) Define a relation t on G by (x, y) e s if and only if f(x) = f(y) for some 
/ G Mul(G). Then t is the smallest cancellative congruence of G, i.e. t = cG (see 
1.14). 

(ii) Let H be dense subgroupoid of G such that (CI), (C2), (C3) and (C4) are 
satisfied and let r be the smallest cancellative congruence of H. Then t extends r. 

1.7 Comments 

The chapter is of introductory character, a basic terminology is introduced and 
the results are adapted mainly from [21] and [24]. 

I I . Closed subgroupoids of cancellative groupoids 

II.1 Left closed subgroupoids of left cancellative groupoids 

1.1 Lemma. Let H be a subgroupoid of a left cancellative groupoid G. 
(i) If H is a left quasigroup, then H is left closed in G. 

(ii) If H is finite, then H is left closed in G. 

1.2 Lemma. Let G be a left quasigroup. A groupoid H of G is left closed in 
G if and only if H is also a left quasigroup. 

1.3 Corollary. A subgroupoid H of a left quasigroup G is left strongly dense in 
G if and only if K = G whenever K is a left subquasigroup of G such that H <= K. 

1.4 Lemma. Let H be a left strongly dense subgroupoid of a left quasigroup 
G, let H' be a subgroupoid of a left divisible groupoid G' and let cp : G' -> G be 
a homomorphism such that cp(H') = H. Then: 

(i) cp(G') = G and cp(K') = G, where K' = {H'\G, 
(ii) If G' is a left quasigroup, cp \ H' is injective and K' = OLG(H') (e.g., if (A3) 

is true for H' in G' — see 1.4.1, 1.4.2, 1.4.3), then cp \ K' is an isomorphism of K' 
onto G. 

Proof, (i) Put K = cp(K'). Since K' is left closed in G', K' is left divisible, and 
hence K is a left quasigroup, H — K ^ G. Now, K = G by 1.3. 

(ii) Put i/t = cp \ K'. By (i), \j/(K') = G. On the other hand, ker(^) and id*' are left 
cancellative congruences of K' and they extend idH'. By I.6A(ii), ker(i/t) = id^. A 
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1.5 Corollary. Let H be a left strongly dense subgroupoid of a left quasigroup 
Q such that (A3) is satisfied and let H be a subgroupoid of a left quasigroup G. 
If(p\Q-*Gisa homomorphism such that q> \ H = idH, then (p is an isomorphism 
ofQ onto (H\G. 

1.6 Lemma. Let S be a subset of a left cancellative groupoid G and R = cclG(S). 
(i) IfS is finite, then card(i?) < (card(S))2. 

(ii) If S is infinite, then card(R) < card(S). 

Proof. We have R = [jSa, Sa = {xe G; ax e S},card(Sa) < card(S). A 
aeS 

1.7 Lemma. Let S be a non-empty subset of a left cancellative groupoid G. 
(i) If S is finite, then card([S]1G) < card(<S>iC)G) < K0. 

(ii) If S is infinite, then card([S]lG) = card(<S>!C)G) = card(S). 

Proof. Combine 1.6 and I.2.4(i), I.3.2(i). A 

1.8 Proposition. Let H be a strongly dense subgroupoid of a left cancellative 
groupoid G. Then card(fI) = card(G). 

Proof. If H is infinite, then the result follows from 1.7(ii). If H is finite, then 
H is a left quasigroup, H is left closed in G, and so H = G. A 

1.9 Proposition. Let H be a left strongly dense subgroupoid of a left can
cellative groupoid G such that (A9) is satisfied. IfH is right cancellative, then G is 
cancellative. 

Proof. The result follows easily from I.6.3(ii). A 

1.10 Theorem. Let H be a left strongly dense subgroupoid of a left cancellative 
groupoid G such that (A10) is satisfied. Then the groupoids G and H are 
equationally equivalent (i.e., they satisfy the same groupoid equations or, in other 
words, they generate the same groupoid variety). 

Proof. Of course, every equation which is true for G is true for H. Now, let 
W denote the absolutely free groupoid of groupoid words over an infinite 
countable set X and let u, v e W be such that u = v holds in H. Let (p:W-+G 
be a homomorphism. We have to show that (p(u) = (p(v). 

Let {xi,..., xn},n > 1, be the set of variables from X that occur in uv. There is 
/ e Mul^G, H) such that f(p(x{),..., f(p(xn) are all in H and we have / = Lai... Lam, 
m > 1, ax,..., ame H. For 1 < i < m, let (pt denote the homomorphism of W into 
H such that (pf(x) = a, for each xe X. Further, let i/t: W -> H be a homomorphism 
such that \j/(xj) = f(p(x}), 1 < j < n. 

We prove by induction on length of t that if t e W and var(t) ^ {xl5..., x„}, then 
ij/(t) = L^,)... Lv^q>(t)). This is clear for t = xj9 1 <j < n. Now, let t = pq, 
p,qeW. We have x//(t) = i/,(p) ^(q) = LVl(p)... L^m(p)((p(p)) • L9l{q)... L^m{q)((p(q)) = 
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L OI (P)*I (4) - L<pm(p)<pmU<p(p)<P(<I)) = KM- KMM1)) b y ( A 1 ° ) ( b o t h <P{P) ^ 
(pt{q) are in <4>G). Now, since u = v is true in H, we have i//(u) = i/f(v), i.e., 
KM ••• LMw)((p(t/)) = L„ lW... LMl))(<p(i;)). Again, cp/w) = <p/i;) and G is left can-
cellative. Thus cp(u) = cp(v). • 

1.11 Remark. Let H be a left strongly dense subgroupoid of a left cancellative 
groupoid G and let r be a left cancellative congruence of G such that H/r is a left 
quasigroup (e.g., H/r finite). Then H/r = G/r, i.e., for every xe G there is a e H 
with (a, x) e r. In particular, if H/r is finite, then G/r is so and consequently G/r 
is a left quasigroup. 

1.12 Remark. Let H be a left strongly dense subgroupoid of a left cancellative 
groupoid G. Assume that id# and H x H are the only left cancellative congruences 
of H. Now, if r is a left cancellative congruence of G, then either r \ H = idH or 
r t H = H x H, and hence r = G x G. 

I I .2 Closed subgroupoids of cancellative groupoids 

2.1 Lemma. Let H be a subgroupoid of a cancellative groupoid G. 
(i) If H is a quasigroup, then H is closed in G. 

(ii) If H is finite, then H is closed in G. 

2.2 Lemma. Let G be a quasigroup. A subgroupoid H of G is closed in G if 
and only if H is also a quasigroup. 

2.3 Corollary. A subgroupoid H of a quasigroup G is dense in G if and only 
if K = G whenever K is a subquasigroup of G such that H c= K. 

2.4 Lemma. Let H be a dense subgroupoid of a quasigroup G, let H' be 
a subgroupoid of a divisible groupoid G' and let cp: G' -> G be a homomorphism 
such that cp(H') = H. Then: 

(i) cp(G') = G and cp(K') = G, where K' = (H\G. 
(ii) If G' is as quasigroup, cp \ H' is injective and K' = yG(H') (e.g., if (CI), 

(C2), (C3) and (C4) are satisfied for H' in G' — see 1.5.1 and 1.5.4), then cp \ Kr 

is an isomorphism of K' onto G. 

Proof, (i) Put K = cp(K'). Since K' is closed in G', K' is divisible groupoid, 
and hence K is a quasigroup. By 2.3, K = G. 

(ii) Put \j/ = cp \ K'. By (i), i//(K') = G. On the other hand, ker(i/t) and idx are can
cellative congruences of K' and they extend idH. By 1.6.6(H), ker(i/t) = idx. • 

2.5 Corollary. Let H be a dense subgroupoid of a quasigroup Q such that (CI), 
(C2), (C3) and (C4) are satisfied and let H be a subgroupoid of a quasigroup G. 
Ifcp'.Q^Gisa homomorphism such that cp \ H = idH, then cp is an isomorphism 
ofQonto(H\G. 
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2.6 Lemma. Let S be a non-empty subset of a cancellative groupoid G. 
(i) IfS is finite, then card([5]G) < card«S>c,G) < K0. 

(ii) IfS is infinite, then card([5]G) = card«5>cG) = card(S). 

Proof. Use 1.6, its dual and I.2.4(iii), I.3.2(iii). A 

2.7 Proposition. Let H be a dense subgroupoid of a cancellative groupoid G. 
Then card(i/) = card(G). 

Proof. If H is infinite, then the result follows from 2.6. If H is finite, then H is 
a quasigroup, and so H = G. A 

2.8 Theorem. Let H be a dense subgroupoid of a cancellative groupoid G such 
that (AW), (BIO), (CI), (C2), (C3) and (C4) are satisfied. Then the groupoids 
H and G are equationally equivalent. 

Proof. Using 1.6.6, we can proceed similarly as in the proof of 1.10. • 

2.9 Remark. Let H be a dense subgroupoid of a cancellative groupoid G and 
let r be a cancellative congruence of G such that H/r is a quasigroup (e.g., H/r 
finite). Then H/r = G/r, i.e., for every xe G there is a e H with (a, x) e r. In 
particular, if H/r is finite, then G/r is so, and consequently G/r is a quasigroup. 

2.10 Remark. Let if be a dense subgroupoid of a cancellative groupoid G. 
Assume that idH and H x H are the only cancellative congruences of H. Now, if 
r is a cancellative congruence of G, then either r \ H = idH or r \ H = H x H, 
and hence r = G x G. 

II.3 Reflexions in left cancellative groupoids 

3.1 Let X be an abstract class of groupoids (i.e., K is closed under isomorphic 
images) and let S£ be a non-empty abstract subclass of X. If G e X, then 
a homomorphism cp : G -• L, L e <£, is said to be a reflexion of G in if if for every 
homomorphism t/t: G -> K, Ke S£, there exists just one homomorphism £ : L —> K 
such that £<p = i/r. 

(i) Let (p : G -> L be a reflexion of G in if, G G Jf, L G if. A homomorphism 
cp' : G -> L is a reflexion of G in if if and only if there exists an isomorphism 
X : L -> L with cp = /Up. 

(ii) Let cp : G -• L be a reflexion of G in ££, G e X, L e if. Then cp is injective 
if and only if there exists at least one injective homomorphism ij/ : G -> K e i£. 

(iii) If G e if, then idG : G -> G is a reflexion of G in if. 

3.2 Example. Let X be an abstract class If groupoids and let 5£ be an abstract 
subclass of X such that 5£ is closed under subgroupoids and cartesian products 
and that trivial groupoids are in L. Then every groupoid from X has a (projective) 
reflexion in if; for G e X, the natural projection G -• G/r, r being the smallest 
congruence with G/r G if, is a reflexion of G in S£. 
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3.3 Example. Let JT be the class of cancellative semigroups and ££ the class 
of those semigroups from X which contain an idempotent element (notice that if 
e is idempotent in 5 e jf, then e is a neutral element of S). If S e J£f, then 
id5 : S -> S is a reflexion of 5 in JSf. If S e Jf and S$ ££, then S contains no 
idempotent and ids : S -> T is a reflexion of S in if, where T = S u {e},e £ S and 
e is neutral in T. Thus every semigroup from Jf has an (injective) reflexion in ££. 
Notice that this reflexion is an epimorphism in Jf (viewed as a category) and that 
££ is closed under cartesian products but not under subsemigroups. 

3.4 Proposition. Let ££ be an abstract class of left cancellative groupoids such 
that ££ is closed under cartesian products and left closed subgroupoids and that 
££ contains trivial groupoids. Then every groupoid G possesses a reflexion 
cp : G -> L in ££ such that cp(G) is a left strongly dense subgroupoid of L. 
Moreover, if G is left cancellative, then cp is an epimorphism in the category of 
left cancellative groupoids. 

Proof. It follows from 1.8 that there is a non-empty family cpt: G -> Ah i e I, 
of homomorphisms such that the following two conditions are satisfied: 

(1) If i e I, then At e ££ and cpt(G) is left strongly dense in A{, 
(2) If B e ££ and \j/ : G -> B is a homomorphism such that \j/(G) is left strongly 

dense in B, then there are j e I and an isomorphism £ ' Aj -> B with i/t = t^cpj. 
Now, put A = \\Ab <p{x) = ((Pi(x)) e A for each x e G and L = (cp(G)\A. 

iel 

Then cp(G) is left strongly dense in L e ££ and cp can be viewed as a homomor
phism of G into L. We are going to check that cp : G -> L is a reflexion of G in if. 

Let C e ££ and let i/> : G -• C be a homomorphism. Then 5 = <^(G))|CiG e JSf 
and i/̂ (G) is left strongly dense in B. By (2), i/t = ^cpj for some j e / and an 
isomorphism £: Aj -+ B. Now, l^/icp = £q>j = i/t, ^: L -> 5, where /x means the 
restriction of the j-th projection A ^ Aj to L. The unicity of (^ and the rest are 
clear from 1.3.13. A 

3.5 Remark. Let if be an abstract class of left quasigroups closed under 
cartesian products and left subquasigroups and containing trivial groupoids. By 3.4, 
every groupoid G has a reflexion cp: G -> L in ££ such that K = L whenever 
cp(G) _= K c L and K is a left subquasigroup of L. 

3.6 Remark. Let J5f be an abstract class of left cancellative groupoids as in 3.4 
and let G be a left strongly dense subgroupoid of a groupoid Le ££ such that the 
imbedding G -> L is a reflexion of G in ££. Finally, let cp be an endomorphism of 
G. Then there exists an endomorphism \\i of L with \\i \ G = cp, i.e., i/t extends 9 . 
Of course, i/> is determined uniquely. 

(i) If cp is projective, then G c ^(L) cz L. Now, if L is a left quasigroup, then 
ij/(L) is so, hence i/t(L) is left closed in L and consequently i/̂ (L) = L. Thus 
i/f projective. 
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(ii) If cp is injective and G satisfies (A3) in L, then ij/ is injective (we have 
L = aL(G) and the result follows from I.6.1(ii)). 

(iii) If <p is an automorphism of G, G satisfies (A3) in L and L is a left 
quasigroup, then i/t is an automorphism of L. 

3.7 Remark. Let ^ be a variety of groupoids, JT the class of left cancellative 
groupoids from i^ <£ the class of left quasigroups from if and Jfj the class of 
subgroupoids of left quasigroups from Z£. 

(i) J2? _= Jfi c j f cz f and all the four classes are abstract and closed under 
cartesian products. Moreover, T^ Jf and JfJ are closed under subgroupoids and 
££ under left closed subgroupoids. 

(ii) By 3.4, every groupoid G has a reflexion cp : G -> L in S£ such that (p(G) is 
left strongly dense in L; clearly, cp is injective if and only if G e JfJ. 

(iii) Now, suppose that (A3) is satisfied everywhere in i^ i.e. whenever Gei^ 
and H is a subgroupoid of G. 

Let Q e ££ and let G be a left strongly dense subgroupoid of Q. From the 
existence of a reflexion of G in $£ and from 1.5 it follows that the imbedding 
G —> Q is a reflexion of G in if; in particular, Q is determined uniquely up to 
G-isomorphism. Moreover, if P e ££ and G is a subgroupoid of P, then <G>ic>P is 
G-isomorphic to Q. 

(iv) Suppose, finally, that (A9) is satisfied everywhere in ^ By I.6.3(ii), the 
class Jfi is closed under left cancellative homomorphic images (in particular, 
jfx = C/f, provided that JT-free groupoids belong to JQ . Moreover, by 1.9, if 
Q e <£ and G is a left strongly dense subgroupoid of Q (see (iii)), then Q is 
cancellative if and only if G is so. 

II.4 Reflexions in cancellative groupoids 

4.1 Proposition. Let <£ be an abstract class of cancellative groupoids such that 
££ is closed under cartesian products and closed subgroupoids and that JS? 
contains trivial groupoids. Then every groupoid G possesses a reflexion cp.G^L 
such that cp(G) is a dense subgroupoid of L. Moreover, if G is cancellative, then 
cp is an epimorphism in the category of cancellative groupoids. 

Proof. Quite similar to that of 3.4 • 

4.2 Remark. Let 5£ be an abstract class of quasigroups closed under cartesian 
products and subquasigroups and containing trivial groupoids. By 4.1, every 
groupoid G has a reflexion cp.G-^L in j£? such that K = L whenever 
cp(G) <= K _= L and K is a subquasigroup of L. 

4.3 Remark. Let <£ be an abstract class of cancellative groupoids as in 4.1 and 
Let G be a sense subgroupoid of a groupoid Le ££ such that the imbedding G ^ L 
is a reflexion of G in J5f. Finally, let cp be an endomorphism of G. Then there exists 
an endomorphism i/t of L with \jj \ G = cp. 
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(i) If cp is projective, then G c \\j(L) cz L. Now, if L is a quasigroup, then 
{//(L) = L. Thus t/t is projective. 

(ii) If cp is injective and G satisfies (CI), (C2), (C3), (C4) in L, then i/t is 
injective. 

(iii) If cp is an automorphism of G, G satisfies (CI), (C2), (C3), (C4) in L and 
L is a quasigroup, then i/t is an automorphism of L. 

4.4 Remark. Let V be a variety of groupoids, Jf the class of cancellative 
groupoids from i^ ^ the class of quasigroups from V and J^ the class of 
subgroupoids of quasigroups from c3. 

(i) ^ _= Jfj c j f CZ y and all the four classes are abstract and closed under 
cartesian products. Moreover, f̂  X and Jfi are closed under subgroupoids and 
^ under closed subgroupoids. 

(ii) By 4.1, every groupoid G has a reflexion cp : G -• Q in <& such that (p(G) is 
dense in Q; cp is injective if and only if G e JfJ. 

(iii) Now, suppose that (CI), (C2), (C3) and (C4) are satisfied everywhere in Y. 
Let Q e & and let G be a dense subgroupoid of Q. From the existence of 

a reflexion of G e & and from 2.5 it follows that the imbedding G -> Q is 
a reflexion of G e &; in particular, Q is determined uniquely up to G-isomorphism. 
Moreover, if P e & and G is a subgroupoid of P, then <G>cF and Q are 
G-isomorphic 

By I.6.6(ii), Jfj is closed under cancellative homomorphic images. In particular, 
K = Jfi, provided that Jf-free groupoids belong to Xx. 

II.5 Comments 

Still being of introductory character, the results of this chapter are based on [7], 
[22], [23] and [24]. 

III. Imbeddings of (left/right) cancellative groupoids into (left/right) 
quasigroups 

III. 1 Imbeddings into (left/right) quasigroups in some classes 

1.1 Consider the following three conditions defined for an abstract class JT of 
groupoids: 
(UCH) If G is a groupoid such that G = (JGZ, where I is a non-empty linearly 

i e I 

ordered index set, G, e Jf are subgroupoids of G and G, ?z Gj for i < j , 
then GeX; 

(LDE) If G e JT and a,beG, then there exist K e JT, ue K and an injective 
homomorphism cp.G^K such that cp(a) u = cp(b)\ 
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(RDE) If Ge Jf and a,beG, then there exist Ke Jf, veK and an injective 
homomorphism cp:G -> X such that v(p(a) = <p(fe). 

1.2 Proposition. Let Jf fee an abstract class of left cancellative groupoids 
satisfying the conditions (UCH) and (LDE). Then every groupoid from tf can be 
imbedded into a left quasigroup from X. 

Proof. Let G e Jf. Put I = G(2) and suppose that I is well ordered. Further, 
define a chain Gh i e I, of groupoids from Jf such that G, is a subgroupoid of G} for 
i < j . First, let i0 = (a0, b0) be the smallest element of I. We choose a groupoid 
K = Gio in j f that G is a subgroupoid of K and a0w = b0 for some ue K (by 
(LDE)). 

Now, let i > i0, i = (a, b), and let H = (J G;. Then if is a groupoid, all G, are 
j < i 

subgroupoids of if G Jf (by (UCH)) for / limit and H = Gi_1 e X for / non-limit. 
Again, if is a subgroupoid of a groupoid G, e Jf such that au = b for some w e G,. 

Put s(G) = \jGt. Then e(G) e JT, G is a subgroupoid of a(G) and, if a, b e G, then 
iel 

au = b for some w e e(G). Repeating the operator e, we come by a countable chain 
00 

G c S(G) c g
2(G) c ... of groupoids and we put L = (Je"(G)- T h e n L G # a n d 

n = 0 

L is a left quasigroup. • 

1.3 Remark. Let Jf be an abstract class of left cancellative groupoids closed 
under left closed subgroupoids and satisfying (UCH), (LDE). Using a slightly 
different method, we show the same as in 1.2. 

Let G G X. If G is finite, then G is a left quasigroup itself, and hence assume 
that G is infinite and that G is a subset of a set S such that card(G) < card(S). 
Denote by 31 the set of ordered pairs (R, *), where R is a subset of S with G ^ R 
and * is a binary operation defined on R such that R(*) e Jf and G is a left strongly 
dense subgroupoid of R(*). Then the set 31 is non-empty and is ordered by 
(.Ri, *i) < (R2, *i) 1f ar-d only 1f -^i(*i) is a subgroupoid of -R2(*2)-

Now, let (Rh *,), / G I, be a chain of elements from 31 and let R(*) = (Ji?,(*f). 
iel 

Then R(*) e Jf and G is left strongly dense in R(*), so that R(*)e 31 and 
31 contains maximal elements. 

Let (T, *) be maximal in 31. We show that T(*) is a left quasigroup. First, 
card(T) = card(G) by 1.8. Now, take a,beT. By (LDE) there are a groupoid 
K G Jf; an injective homomorphism cp : T(*) -• K and an element ue K such that 
cp(a) u = (p(b). Put L = <<p(T)>1C5X; then Le Jt,ueL, cp(T) is left strongly dense 
in L and card(L) < card(S). Consequently, taking a copy of L in S, we get 
a groupoid P(o) G Jf such that T ^ P ^ S, T(*) is a left strongly dense 
subgroupoid of P(o) and a O v = b for some v G P. Then (P, o) G 31, (T, *) < 
(P, o), hence (T, *) = (P, o). Thus we have proved that T(*) is a left quasigroup. 

21 



1.4 Proposition. Let X be an abstract class of cancellative groupoids 
satisfying the conditions (UCH), (LDE) and (RDE). Then every groupoid from 
X can be imbedded into a quasigroup from X. 

Proof. By 1.2 and its dual, there are groupoids Q(G) and T(G) in X such that 
G is a subgroupoid of both Q(G) and T(G) and for all a.beG there are u e Q(G) 
and v e T(G) with au = b = va. Repeating these operators, we get the following 
countable chain: 

G = Q(G) = T(Q(G)) = Q(T(Q(G))) = ... . 

Let Q be the union of the chain. Then Q e X, G is a subgroupoid of Q and Q is 
a quasigroup. • 

1.5 Remark. Let X be an abstract class of cancellative groupoids closed under 
closed subgroupoids and satisfying (UCH), (LDE) and (RDE). Using 2.7 and 
proceeding similarly as in 1.3 we may show the same as in 1.4. 

1.6 Remark. Let X be an abstract class of (left, right) cancellative groupoids 
closed under subgroupoids and filtered products and such that every finitely 
generated groupoid from X can be imbedded into a (left, right) quasigroup from 
X We show that then every groupoid from X can be imbedded into a (left, right) 
quasigroup from X 

Let Ge X Denote by s4 the set of non-empty finite subsets of G and for every 
A e G put GA = <-4>G and choose wA e A. Now, there is a (left, right) quasigroup 
QA in X such that GA is a subgroupoid of QA and we put Q = \\ QA. Define 

a relation r on Q by ((x^), (yA) e r if and only if there is A{ e s4 such that xB = yB 

whenever Be si and AX = B. Then r is a congruence of Q, P = Q/r is again 
a (left, right) quasigroup from X and we denote by n:Q -> P the natural 
projection. Finally, define o: G -> Q by o(x) = (xA) e Q where xA = x if x e GA 

and xA = wA otherwise. Then cp = no : G -• P is an injective homomorphism. 

1.7 Remark. Let if be a variety of groupoids, X the class of left cancellative 
groupoids from if and ££ the class of left quasigroups from if\ we have 
JSf = X = if. 

(i) If Q e <£, then we can define a binary operation, say *, on Q by x(x * y) = y 
for all x, y e Q. The algebra Q = Q(% *) with two binary operations satisfies the 
equations x(x * y) = y = x * (xy) and the class 5? = {(>, Q e J*?} is a variety of 
algebras with two binary operations; the correspondence Q <-> Q is an equivalence 
between if and 3?. 

(ii) Let F e 'V be a free groupoid over a (non-empty) set X of free generators. 
Suppose that F is left cancellative and that F is a subgroupoid of a left quasigroup 
Q e JSf. Let E e 2 be a free algebra in i? over X. Denote by G the subgroupoid 
of E e S£ generated by X; we have GeX There exists a homomorphism cp:E -> Q 
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such that cp \ X = idx. Then \j/(G) = F, î  = cp \ G, and, since F is free in ^ there 
is a homomorphism rj: F —> G with >/ f X = id*. Now, Tl̂  = idG, \j/rj = idF and 
we see that both i/t and r\ are isomorphisms. Thus G is free over K in V. 

1.8 Remark. Let Y be a variety of groupoids, JT the class of cancellative 
groupoids from V and ^ the class of quasigroups from V\ we have ^ = C/f = V. 

(i) If Q G J^ then we can define binary operations * and o on Q by x(x * y) = 
y = (y o x) x for all x, y e Q. The algebra Q = Q(-, *, o) with three binary 
operations satisfies the equations x(x * y) = y = x * (xy) and (y O x)x = y = 
(yx) O x and the class 9 = {Q Q e ^} is a variety of algebras with three binary 
operations; the correspondence Q «-> Q is an equivalence between ^ and ^. 

(ii) Let F e TT be a free groupoid over a (non-empty) set K of free generators. 
Suppose that F is a subgroupoid of a quasigroup Q e &. Let £ e § be a free algebra 
over X. Then the subgroupoid G = <X>£ e Jf is free over X in Y. 

1.9 Lemma. Le1 Jf be an abstract class of groupoids closed under cartesian 
products. Suppose that for all a, b e G, a =1= b, there exist Ke CfC and a homo
morphism (p.G^K such that cp(a) #- cp(b). Then G can be imbedded into 
a groupoid from C/f. 

Proof. For each i e G(2KidG, i = (a, b), choose Kt e C/f and cp,: G -• X, cpt(a) =|= 
(pt(b). Now, put K = Y[Ki and cp(x) = ((Pi(x)) e K, xeG. A 

III.2 Minimal imbeddings of left cancellative groupoids into left quasigroups 

2.1 Let G be a left cancellative groupoid. For a e G, we put (Ma(G) =) Ma = 
{(a,b); b e G\aG}; clearly, Mfl = 0 i f and only if a e Cj(G), i.e., the left translation 
La is bijective. 

The sets Ma, ae G, are pair-wise disjoint and we put (M(G) =) M = (J Mfl. 
as G 

Further, we put (Na(G) =)Nfl = M\Ma = (JM5 for every aeG. (Clearly, 
b±a 

M = 0 if and only if G is a left quasigroup.) 
Finally, let (P(G) =) P denote the set of aeG such that card(Na) < card(M); 

clearly, P n Ci(G) = 0. 

2.1.1 Lemma. If M is finite, then P = G\Q(G) is finite. 

Proof. Obvious. • 

2.1.2 Lemma. IfM is infinite, then either P = 0or card(P) = 1. If the latter 
is true and P = {a}, then card(M) = card(Ma) and card(Q(G)) = card(G). 

Proof. Assume that aeP. Then card(Na) < card(M), M is the disjoint union of 
Na and Ma and M is infinite; hence card(Ma) = card(M). Further, for b #= a, we 
have Mb = Na, card(Mfe) < card(M), and so card(N6) = card(M\Mfc) = card(M). 
Consequently, P = {a}. 
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Now, put R = G\Q(G). If b e R, b + a, then card(Mfo) < card(M). On the other 
hand, card(Ma) < card(G), card(R) - 1 < card(Na) and card(R) < card(M). It 
follows that card(Q(G)) = card(G). A 

2.1.3 Lemma. P is a finite set. Moreover, if either card(Q(G)) < card(G) or 
Q(G) is finite, then P = 0 . 

Proof. With respect to 2.1.2, we may assume that M is finite and G infinite (if 
G is finite, then G is a left quasigroup and P = 0 ) . By 2.1.1, P = G\Q(G) is 
finite, and therefore card^^G)) = card(G), a contradiction. • 

2.2 Example, (i) P(N( + )) = 0 = C,(N( + )), where N( + ) is the additive semi
group of positive integers. 

(ii) Define an operation * on N by 1 * j = 2j, 2 * j = j + 1 and i *j = j for all 
ij e N, i > 3. Then N(*) is a left cancellative groupoid, M(N( + )) = {(1,2k + 1); 
k > 0}u {(2,1)},Q(N(*)) = M\{l,2}andP(N(*)) = {1}. 

(iii) Define an operation O on N by 1 Oj = j + 1,2 Oj = j + 1 and ioj = j 
for all iJeN, i > 3. Then N(o) is a left cancellative groupoid, M(N(o)) = 
{(l,l),(2,l)},Q(N(o) = N\{l,2}andP(N(o)) = {1,2}. 

2.3 Theorem. The following conditions are equivalent for a left cancellative 
groupoid G: 

(i) P{G) = 0 . 
(ii) There exists a left quasigroup Q such that G is a subgroupoid of Q and 

Q ~ ai,Q(G) (i.e., for every xeG there exists ae G with ax e G). 
If these conditions are satisfied, then Q may be choosen in such a way that every 

element from Q\G is left neutral in Q and G is strongly dense in Q. 

Proof, (i) implies (ii). Assume that G n M = 0 and put Q = G u M. Since 
P = 0 , for every ae G there is a bijective mapping fa:Na -> M. Now, define 
a binary operation * on Q as follows: 

(1) x * y = xy for all x, y e G; 
(2) u* b = v for all u e M and v e Q; 
(3) a * (a, b) = b for all a,beG, (a, b) e Ma, 
(4) a * u = fa(u) for all a e G, u e Nfl. 
One sees easily that Q(*) is a left quasigroup satisfying the conditions from (ii). 
(ii) implies (i). Suppose, on the contrary, that P(G) + 0 a n d put R = Q\G. If 

(a, b) e M (= M(G)), then ax = b for suitable x e R, and hence we have a mapping 
a: M -> R, a(a, b) = x. With regard to (ii), r/(M) = R and a \ Ma is injective, 
a e G. In particular, card(Ma) < card(R) < card(M). 

Now, assume that M is infinite. By 2.1.2, P = {OQ}; we have card(Mao) = 
card(M), and therefore card(R) = card(M). On the other hand, M = M^ u Nao, 
card(N J < card(M) and R = S u T, where S = a(M J , card(S) = card(R), and 
T = ^ (Nj , card(T) < card(R). But Q = a0Q = a0G u a0S u a0T, a0G c G and 
a0S = G. Thus R c a0T and card(R) < card(T), a contradiction. 
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Next, assume that M is finite. By 2.1.1, P = G\Q(G) is finite. For a0 eP, put 
S = ^M^) and T = R\S. Similarly as above, we have Q = a0Q = a0G u a0S u 
a0T, a0G u a0S c G and R ^ a0T, which yields card(R) = card(T). But R is finite 
and T _= R. Consequently, T = R, S = 0 and Mao = 0 , a contradiction. A 

2.4 Theorem. Let G be a left cancellative groupoid. Then there exists a left 
quasigroup Q such that G is a strongly dense subgroupoid of Q,Q = a2,Q(G) (i.e., 
for every xeQ there are a,beG with a(bx) e G) and every element from Q\G is 
left neutral in Q. 

Proof. First, assume that M is infinite. Let K be a set with card(K) = card(M); 
we also assume that the sets G, M, K are pair-wise disjoint and we put L = M u K 
and Q = G u L. Furher, there are bijective mappings f a : Na u K -> L, a e G, such 
that fa(K) = Na if a <£ P. Now, define a binary operation * on Q as follows: 

(1) x * y = xy for all x,ye G; 
(2) u * v = v for all u e L and v e Q\ 
(3) a * (a, b) = b for all a,beG, (a, b) e Ma; 
(4) a* u = fa(u) for all a e G, u e Na u K. 
Clearly, Q(*) is a left quasigroup and G is a subgroupoid of Q(*). Finally, by 

2.1.2, P # G, and if a e G\P, then a * K c Na c M. Thus K c a2>eW(G). 
Now, assume that M is finite and non-empty. By 2.1.1, P = G\Q(G) is finite 

and also non-empty. Put Q = G u M u N (we assume that G, M, N are pair-wise 
disjoint) and, for every a e G, let f a : Na u V>J -> M u N be a bijection. 

Finally, let a0 e P. We may assume that for every i e N there is b e Q(G) with 
fb(i) e Mao. Now, define * similarly as above. Then Q(*) is a left quasigroup, G is 
a subgroupoid of Q(*) and for every i e N there is b e Q(G) such that 
a0 * (b * i) e G. The rest is clear. • 

III.3 Free imbeddings of (left/right) cancellative groupoids into (left/right) 

quasigroups 

3.1 By a partial groupoid we mean a non-empty set together with a partial 
binary operation (possibly empty). 

3.2 Let G be a partial groupoid. We put N(G) = {(a,b); a,beG, ab is defined}. 
Now, G is said to be left (right) cancellative if b = c whenever (a, b), (a, c) e 
N(G) ((b, a), (c, a) e N(G)) and ab = ac (ba = ca). G is said to be cancellative if it 
is both left and right cancellative. 

3.3 A partial groupoid H(*) is said to be a partial subgroupoid of a partial 
groupoid G(o) if H c G, N(H(*)) c N(G(o)) and a*b = aOb for each 
(a,b)eN(H(*)). 

3.4 Lemma. Let G be a left cancellative partial groupoid. Then there exists 
a left cancellative partial groupoid K such that G is a partial subgroupoid of 
K and G® = N(K). Moreover, K is cancellative if and only if G is so. 
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Proof. Put K = G u A, A = G(2>\N(G) (we assume K n A = 0) and define 
a partial multiplication on K in such a way that G is a partial subgroupoid of K and 
ab = (a, b) e N(G) for each (a, b) e N(G). • 

3.5 Lemma. Let G be a left cancellative partial groupoid. Then there exists 
a left cancellative groupoid L such that G is a partial subgroupoid ofL. Moreover, 
L is cancellative if and only if G is so. 

Proof. L is the union of the countable chain of partial groupoids constructed in 
3.4. • 

3.6 Lemma. Let G be a left cancellative groupoid. Then there exists a left 
cancellative partial groupoid P such that G is a (partial) subgroupoid of P and 
G = aP for every aG G. Moreover, P is cancellative if and only if G is so. 

Proof. Put P = G u G(2) (again, assume G n G(2) = 0 ) and define a(a, b) = b 
for all a, b e G. A 

3.7 Theorem. Let G be a (left, right) cancellative groupoid. Then there exists 
a (left, right) quasigroup Q such that G is (left, strongly, right strongly) dense 
subgroupoid of Q. 

Proof. Just combine 3.5 and 3.6 (and the dual of 3.6) in the countable chain. • 

3.8 Remark. Let G be a (left strongly, right strongly) dense subgroupoid of 
a (left, right) quasigroup Q. Clearly, idQ e Jf where Jf is the set of (left, right) 
cancellative congruence r of Q such that r \ G = idG, and the set Jf is upwords 
inductive. Consequently, the set M of maximal elements of Jf is non-empty and, 
given SG Jt, G imbeds as a (left strongly, right strongly) dense subgroupoid into 
the (left, right) quasigroup Q/s. Moreover, if M s a (left, right) cancellative 
congruence of Q/s such that t \ G = idG, then t = idQ. In this respect, Q/s is 
a minimal (left, right) quasigroup envelope of G. 

3.9 Remark. Let G be a (left strongly, right strongly) dense subgroupoid of 
a (left, right) quasigroup Q such that Q is a minimal (left, right) quasigroup 
envelope of G (see 3.8). That is, r = idG whenever r is a (left, right) cancellative 
congruence of Q such that r \ G = idG. Now, assume that idG and G x G are the 
only (left, right) cancellative congruences of G. If s is a (left, right) cancellative 
congruence of Q such that s =# ide, then s f G 4= idG, s \ G = G x G and, finally, 
s = QxQ. 

III .4 Comments and open problem 

The first and the last sections of the chapter are folklore more or less and the 
second section is an improved version of [23, § 9]. The following problems remain 
open: 
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Characterize the cancellative groupoids G such that G is a subgroupoid of 
a quasigroup Q and the following condition (1) ((2), (3), (4), resp.) is satisfied: 

(1) For every x e Q there is a e G with ax e G. 
(2) For every x e Q there are a, b e G with a- bxeG. 
(3) For every x e Q there are a, b e G with ax- b e G. 
(4) For every xe Q there is a e G such that at least one of the elements ax, xa 

is in G. 
For which (left, right) cancellative groupoids G are the minimal (left, right) 

quasigroup envelopes (see 3.8) determined uniquely up to a G-isomorphism? 

IV. Cancellative selfdistributive groupoids 

IV.1 Dense subgroupoids of left distributive groupoids 

1.1 A groupoid is said to be left (right) distributive if it satisfies the equation 
x • yz = xy • xz (zy • x = zx • yx). A groupoid is said to be (bi-) distributive if it 
is both left and right distributive. 

Notice that, if G is (left, right) distributive, then (Mul^G) = End(G), Mulr(G) = 
End(G))Mul(G) = End(G). 

1.2 Lemma. Let H be a subgroupoid of a left distributive groupoid G. Then: 
(i) For all ftge Mul^G, H) there exists h e Mul^G, H) such that fg = hf 

(ii) Mul(G, H) = Mulr(G, H) • Mul^G, H). 
(Hi) If G is left divisible, then Mul(G, H) = Mul^G, H) • Mulr(G, H). 

Proof, (i) We have g = Lai... Lan, n > 0, ateH and since / is an endo-
morphism of G and f(H) = H, we can put h = L / (a i)... LfM e Mul^G, H). 

(ii) and (iii). The asertions follow easily from the fact that LaRfo = RabLa for all 
a, be G. A 

1.3 Corollary. Let G be a left distributive groupoid. Then: 
(i) For all ftge Mul^G) there exists h e Mul^G) such that fg = hf. 

(ii) Mul(G) = Mulr(G) • Mul^G). 
(iii) If G is left divisible, then Mul(G) = Mul2(G) • Mulr(g). 

1.4 Proposition. Let H be a subgroupoid of a left distributive groupoid. Then: 
(i) The condition (AI), ..., (A9) and (All) (see 1.4.1) are satisfied for H in G. 

(ii) <tf X,G = [H\G = {xe G; f(x) e H for some f e Mul^G, fl)} = aG(H). 
(iii) yG(H) = pG(zG(H)). 
(iv) If G is left divisible, then yG(H) = aG(pG(H)). 

Proof, (i) Immediately clear from the fact that Mul,(G, H) = End(G). 
(ii) If /(x), g(y) e H, then fg(y) e H and fg = hf for some h e Mul,(G, H). 

Now, /g(xy) = /g(x) fg(y) = hf(x) fg(y) e H. Similarly, if /(x), g(xy) e H, then 
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M(x) fg(y) = fg(x) fg(y) = fg(xy) e H; then k(y) e H, where k = Lhf{x)fg e 
Mul^G, H). We have shown that aG(H) is a left closed subgroupoid of G and the 
rest is clear. 

(iii) and (iv). Use 1.2(ii) and (iii). • 

1.5 Proposition. Let H be a subgroupoid of a left distributive groupoid G and 
K = (H\ G. If r is a left cancellative congruence of H, then r can be extended 
in a unique way to a left cancellative congruence s of K; s is cancellative if and 
only if r is so. 

Proof. Define 5 by (x, y)es if and only if (f(x), f(y)) e r for some 
/ e Mul^G, H). Then 5 is an equivalence extending r (use 1.2(i)) and if (x, y) e s, 
zeK, (f(x), f(y)) e r, then gf(x), gf(y), gf(z) e H for some g e Mu\(G, H) and 
we have gf(zx) = gf(z) gf(x), gf(zy) = gf(z) gf(y), (gf(zx), gf(zy)) e r and 
(zx, zy) e s. Quite similarly, (xz, yz) e s. 

Finally, let x,y,zeK, feM\x\(G,H) and (f(zx),f(zy))er. Again, gf(x), 
gf(y\ gf(z)eH, (gf(z)gf(x),gf(z)gf(y))er, (gf(x),gf(y))er and (x,y)es. 
The rest is similar. • 

1.6 Proposition. Let H be a subgroupoid of a left cancellative left distributive 
groupoid G and K = <HX;,G- Then the groupoids H and K are equationally 
equivalent. 

Proof. Let W denote an absolutely free groupoid over an infinite countable set 
X of variables and let u, v e JVbe such that u = v holds in H. Now, let (p : W -> K 
be a homomorphism. Then f(p(x) e H for each x e var(wv) and some 
/ e Mul^G, H) and there is a homomorphism i/t: W -> H such that \j/(x) = f(p(x) 
for each x e var(wv). Now, f(p(u) = \j/(u) = \j/(v) = f(p(v) and, since / is injective, 
we have (p(u) = (p(v). • 

1.7 Theorem. Let H be a left strongly dense subgroupoid of a left distributive 
groupoid G. Then 

(i) For every xeG there exists f e Mul^G, H) such that f(x) e H. 
(ii) Every (left) cancellative congruence of H can uniquely be extended to 

a (left) cancellative congruence of G. 
(iii) If H is cancellative and G is left cancellative, then G is cancellative. 
(iv) If H is right divisible and G is a left quasigroup, then G is right divisible. 
(v) IfG is left cancellative, then the groupoids H and G are equationally equivalent. 

Proof, (i), (ii) and (iii). See 1.4 and 1.5. 
(iv) Let x,yeG. Then f(x), f(y) e H for some / e Mul^G, H) and, since H is 

right divisible, af(x) = f(y) for some a e H. Further, since G is left divisible / is 
a projective transformation of G and a = f(z) for suitable zeG. Now, 
f(y) = af(x) = f(z) f(*) = f(zx) a n d y = zx, f being injective. 

(v) See 1.6. • 
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IV.2 Imbeddings of left cance l lative left distributive groupoids into left 

distributive left quasigroups 

2.1 Proposition. Let G be a left distributive groupoid. Put AX(G) = {aeG; 
La injective} and Aj(G) = {ae AY(G); aa = aa- a). Then: 

(i) AX(G) is either empty or a left closed subgroupoid of G. 
(ii) Aj (G) is either empty or a left closed subgroupoid of G. 

(Hi) A1(G)\A1(G) is either empty or a left ideal of AX(G). 
(iv) ax = aa- x for all a e A{ (G) and xeG. 

Proof, (i) It suffices to take into account that LaLfc = LafcLa = LafcaLafc for all 
a,beG. 

(ii) and (iii). If a, be A,(G), then ab- ab = a- bb = a(bb • b) = (ab • ab) (ab), 
and so abeAj(G) by (i). Similarly, if a,beG, a e A,(G) and ab e AX(G), then 
a- bb = (ab- ab) (ab) = a(bb • b) implies b e Aj(G). 

(iv) aa- ax = (aa • a) (aa • x) = (aa) (aa • x), and so ax = aa- x. A 

2.2 Proposition. Let G be a left distributive groupoid. Then: 
(i) If G is left cancellative and satisfies the equation xx = xx • x, then the 

monoid Mul^G) is cancellative. 
(ii) If Mul^G) is right cancellative, then G satisfies xx = xx- x, the equival

ence pG (see 1.1.11) is a congruence of G and the factor G/pG is idempotent. 
(iii) If Mul^G) is cancellative, then the factor G/pG is left cancellative. 

Proof, (i) Since G is left cancellative, the monoid Mul^G) is left cancellative as 
well. Let fig, he Mul[(G) be such that fh = gh. Proceeding by induction on n > 0, 
h = Lai... LaM, we are going to show that / = g. The result is clear for n = 0, and 
hence let n > 1, k = Lai... Lflfi_1 and a = an. We have fk(ax) = gk(ax) for each 
xeG. Consequently, b = fk(aa) = gk(aa) and bfk(x) = fk(aa • x) = fk(ax) = 
gk(ax) = bgk(x). Thus fk(x) = gk(x), fk = gk and, finally, / = g by induction. 

(ii) We have LaLa = LaaLa for every aeG, and so La = Laa. Further, if 
(a, b) e pG and ceG, then LcaLc = LcLa = LcLb = LcbLc, so that Lca = Lch and 
(ca, cb) e pG. Since (ac, be) e pG by the definition of pG, we see that pG is 
a congruence of G. 

(iii) If (ca, cb) e pG, then LcLa = LcaLc = LcLfe, and therefore La = Lb. A 

2.3 Theorem. Let G be left cancellative left distributive groupoid. Then G can 
be imbedded into a left distributive left quasigroup if and only if G satisfies the 
equation xx = xx - x. 

Proof, (i) Let Q be a left distributive left quasigroup. If a, be Q, then b = ac 
for some ceQ and ab = a • ac = aa - ac = aa • b. Thus Q (and so every sub
groupoid of Q) satisfies xy = xx • y. 

(ii) Let K be the quasivariety of left cancellative left distributive groupoids 
satisfying xx = xx- y, see 2.1 (iv)). By (i), every left distributive left quasigroup 
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is in K. Clearly, K is an abstract class and K satisfies (UCH) (see III. 1.1). We 
show that K satisfies also (LDE). 

Let G e K and a,beG. Put cp = La G, so that cp is an injective endomorphism 
of G and q>(a) b = aa-b = ab = cp(b). 

We have checked both (UCH) and (LDE) and the result now follows from 
III. 1.2. A 

2.4 Theorem. Let G be a left cancellative left distributive groupoid satisfying 
xx = XX- x. Then there exists a left distributive left quasigroup Q such that: 

(i) G is a left strongly dense subgroupoid of Q (i.e., P = Q whenever P is 
a left subgroupoid of Q, G = P). 

(ii) For every xeQ there are n > 0 and ah...,aneG such that ax(...(anx))e G. 
(Hi) Every (left) cancellative congruence of G can uniquely be extended to 

a (left) cancellative congruence of Q. 
(iv) If G is cancellative, then Q is cancellative. 
(v) If G is right divisible, then Q is right divisible, 

(vi) If G is a right quasigroup, then Q is a right quasigroup. 
(vii) The groupouds G and Q are equationally equivalent, 

(viii) The imbedding G c+Q is a reflexion of G in the class of left distributive 
left quasigroups. 

Proof. Combine 2.3, 1.7 and II.3.7(iii). • 

2.5 Example. ([4]) Let J denote the set of injective transformations / of the 
set N of positive integers such that f(N) 4= N. Define an operation * on J by 
f*g = h, where h(i) = /g /_ 1( i) for ief(N) and h(i) = i for I G N \ / ( N ) . Then 
</(*) is a left cancellative left distributive groupoid and / * / 4= ( / * / ) * / for 
every / e J>. 

2.6 Remark. Let Y denote the variety of left distributive groupoids, 5£ the 
class of left cancellative left distributive groupoids, ^ the class of left distributive 
left quasigroup and X the class of subgroupoids of left quasigroups from (S. Then 
^ = X = <£ = r, X = {Ge <£\ xx = xx • x is true in G} and ^ * X * 
if * r (see 2.5). 

2.7 Remark. Let G be a left distributive groupoid and ae Ax (G). According to 
the proof of 2.3, there exists a left distributive groupoid lia(G) = H and an element 
be H such that G is a subgroupoid of H, b e AX(H), a = bb and G = aH = bH. 
The mapping LaH = LbH is an isomorphism of H onto G, G is left strongly dense 
in H and A^G) c A^Hj, AX(G) = A,(H). 

New, we get a chain G = G0 = Gx = G2 = ..., where Gi+1 = iia(G), and there 
are elements at e G, such that a0 = a, af+l = at and G, = ai+1Gi+1 = aG^x. Thus 
L^G/G,) = G0 = G. All the groupoids G, are isomorphic to G. 
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Put K = (JG,. Then G is left strongly dense subgroupoid of K, K = aK, 

AX(G) = A,(K) and AX(G) = AJ(K). 
Using the operator fia and standard transfinite construction, we imbed G as a left 

strongly dense subgroupoid into a left distributive groupoid P such that Aj (G) =~ 
Q(P) = A » . 

2.8 Remark. Let G be a left cancellative left distributive groupoid satisfying 
xx = XX- x and suppose that G is countably lc-generated, i.e., there exists a subset 
S of G such that G = <5>,C,G and 1 < card(S) < K0. 

There is a bijective mapping f:Sx N -> N, N being the set of positive 
integers, and f"\i) = (g(i), h(i)), g(i) e S, h(i) e N, i e N. Now, consider the chain 
G = G0 = Gx = G2 = ..., where Gi+l = /^(G,) for each i > 0 (see 2.7) and put 

00 

Q = (JG,. Then each of the groupoids G, is isomorphic to G, Q is a left 
i = 0 

cancellative left distributive groupoid and G is a left strongly dense subgroupoid 
of Q. We are going to show that Q is a left quasigroup (cf. 2.4). 

Let ae S and xeQ. Then x e G, for some i > 0 and, of course, there is j > 1 
sich that f(a,j) = k > i. We have g(k) = a, and so aGk+x = Gk. But x e Gk, 
ay = x for some y e Gk+l and we have checked that a e Q(<2). Now, 5 <= Q(Q) 
and G = <S>IC,G = <S>k,Q -= Q(Q), since Q(Q) is a left closed subgroupoid of 
Q (see the proof of 2.1). On the other hand, G is left strongly dense in Q. Thus 
Q = Q(Q) and ^ means that Q is a left quasigroup. 

2.9 Remark. Let G be a left strongly dense subgroupoid of a left distributive 
left quasigroup Q and let n > 1 and xh..., xneQ. Then f(xi),..., f(xn) e G for 
some feMul}(Q,G) and we put K = f~\G) = {xe;f(x)eG}. Then K is 
a subgroupoid of Q, G = K and xu..., x„eK; hence <G,.x1?..., x„>e = K. We 
have f(X) = G (since Q is a left quasigroup), and so K ^ G. In particular, we 
have shown that every finitely generated subgroupoid of Q is isomorphic to 
a subgroupoid of G. Consequently, by III. 1.6, Q can be imbedded into a filtered 
product of (finitely generated) subgroupoids of G. 

2.10 Remark. Let G be a left cancellative left distributive groupoid. Con
sidering finitely generated subgroupoids of G and combining 2.8 and III. 1.6 we get 
another proof of 2.3. 

IV.3 Imbeddings of cancellative left distributive groupoids into divisible left 

distributive left quasigroups 

3.1 Theorem. Let G be a cancellative left distributive groupoid. Then G is 
a dense subgroupoid of a left distributive left quasigroup Q such that Q is 
a divisible groupoid. 
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Proof. Since G is right cancellative, G is idempotent (x • xx = xx • xx), 
pG = idG and, in view of 2.4, we can assume that G is already a left quasigroup. 
Now, denote by R the set of rational numbers of the form n/2m, neZ, m e Z, 
m > 0, and define an operation O on R by x O y = (x + y)/2. Obviously, I?(o) 
is a commutative idempotent distributive quasigroup, and so P = G x i?(o) is an 
idempotent left distributive groupoid and a left quasigroup. Furthermore, pP = idP 

and L\P =# idP for all x e P and k > 1. 
Let ^ be the permutation group generated by all LxP, x e P , and let cp(x) = 

Lx p e ^ for every x e P. Define an operation * on ^ by f * g = fgf~l for all 
fge^. Then <S(*) is a left distributive left quasigroup and (D : P -• <S(*) is an 
injective (groupoid) homomorphism. Now, ^ is a subgroup of a simple group 
ffl such that any two elements of the same order are conjugate in &C. Consequen
tly, cp(P) = #(*) is a subgroupoid on J^(*) and any two elements from Jf are 
conjugate in Jf; in particular Jf ~\ J"f (*) * / for every fe Jf. Further, since Jf is 
simple, we have p ^ = id^. 

We have proved that G is a subgroupoid of an idempotent left distributive left 
quasigroup H such that pH = idH and G ~\ Hx for every xeG. Now, we put 

G0 = G,G,-\H and Q = \JG, • 
;=o 

IV.4 Dense subgroupoids of distributive groupoids 

4.1 Let G be a distributive groupoid. Then Mul(G) 9\ End(G). 

4.2 Lemma. Let H be a subgroupoid of a distributive groupoid G. Then: 
(i) For all fge Mul(G, H) there exists h e Mul^G, H) such that fg = hf. 

(ii) Mul(G, H) = Mul^G, H) • Mulr(G, H) = Mulr(G, H) • Mul(G, H). 

Proof, (i) Use the fact that Mul(G) c End(G). 
(ii) Apply 1.2(ii) and its dual. A 

4.3 Corollary. Let G be a distributive groupoid. Then: 
(i) For all fge Mul(G) there exists h e Mul(G) such that fg = hf. 

(ii) Mul(G) = Mul^G) • Mulr(G) = Mulr(G) • Mul,(G). 

4.4 Proposition. Let H be a subgroupoid of a distributive groupoid G. Then: 
(i) The conditions (Al), ..., (All), (Bl), ..., (Bll) and (CI), ..., (C7) are 

satisfied for H in G (see 1.4.1, 1.4.5 and 1.5.1). 
(ii) (H\G = [H]G = {xeG; f(x) e H for some f e Mul(G, if)} = yG(H). 

(Hi) yG(H) c aG(/3G(H)) n pG(ocG(H)). 

Proof. We can proceed similarly as in 1.4 (the conditions (A 10) and (BIO) 
follow from [11, Theorem IV.2.2]). 

4.5 Theorem. Let H be a dense subgroupoid of a distributive groupoid G. Then: 
(i) For every xe G there exists f e Mul(G, H) such that f(x) e H. 
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(ii) Every1 cancellative congruence of H can uniquely be extended to a cancel-
lative congruence of G. 

(Hi) If G is cancellative, then the groupoids H and G are equationally equivalent. 

Proof. Using 4.4, we can proceed similarly as in the proof of 1.7. A 

IV.5 Imbeddings of cancellative distributive groupoids into distributive 

quasigroups 

5.1 Proposition. Let G be a distributive groupoid. Then: 
(i) If AX(G) =1= 0(Ar(G) 4= 0 ) , then AX(G) (AT(G)) is a left (right) closed sub-' 

groupoid of G. 
(ii) If AX(G) * 0 + Ar(G) (e.g., A(G) * 0 ) , then AX(G) = A-(G) = A(G) is 

a closed subgroupoid of G. 
(Hi) If CX(G) * 0 (CT(G) = 0), then CX(G) (CT(G)) is a left (rihgt closed sub

groupoid of G. 
(iv) IfCx(G) 4= 0 4= CT(G), then CX(G) = CT(G) = C(G) is a closed subgroupoid 

ofG. 

Proof, (i) We have LflLfc = LflbLa = Lab.aLab, LaRfc = RflfcLa = La.abRab, RaRfc = 
RbaRa = Rfl.b_Rte> RaLfc = LbaRfl = LfcaaLfca for all a,beG. Now, it follows easily 
that A,(G) (Ar(G)) is either empty or a left (right) closed subgroupoid of G. 

(ii) Let aeAx(G) and b s AJ(G). Since LaRfc = La.abRab, Rab is injective and 
ab e AT(G). But Ar(G) is right closed, and hence a E AT(G). Thus A^G) c= Ar(G) and, 
quite similarly, Ar(G) <= AX(G). 

(iii) and (iv). We can proceed similarly as above. A 

5.2 Proposition. Let G be a cancellative distributive groupoid. Then G is 
idempotent and the moniod Mul(G) is cancellative. 

Proof. First, a- aa = aa- aa, and therefore a = aa for each a e G. Further, the 
transformations from Mul(G) are injective and it follows that Mul(G) is left 
cancellative. 

Let fg,he Mul(G), fh = gh. Then h = Tlffll • T w n > 0, ax e G, T, e {L,R} 
and we proceed by induction on n. Nothing has to be proved for n = 0, and so let 
n > 1, k = T1>fll • Tn_1>_n_1, a = an\ we assume Tn = L, the other case being 
similar. Now, fk(ax) = gk(ax) for every x e G, fk(a) = gk(a), fk = gk and 
/ = g by induction. A 

5.3 Theorem. Every cancellative distributive groupoid can be imbedded into 
a distributive quasigroup. 

Proof. Let Jf designate the class of cancellative distributive groupoids. Then 
Jf is an abstract class satisfying (UCH) (see III. 1.1) and we show that JT satisfies 
also (LDE) and (RDE). 
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Let G e JT and a,beG. Put cp = LaG and \jt = RaG. Then cp, \j/ are injective 
endomorphism of G and cp(a) b = aa-b = ab = cp(b), bi//(a) = b • aa = ba = \j/(b). 

Now, our results follow from III. 1.4. A 

5.4 Theorem. Let G be a cancellative distributive groupoid. Then there exists 
a distributive quasigroup Q such that: 

(i) G is a dense subgroupoid of Q (i.e., P = Q whenever P is a quasigroup of 
Q,G = P). 

(ii) Every cancellative congruence of G can uniquely be extended to a cancel
lative congruence of Q. 

(Hi) The groupoids G and Q are equationally equivalent. 
(iv) The imbedding G c* Q is a reflexion of G in the class of distributive 

quasigroups. 

Proof. Combine 5.3, 4.5 and IL4.4(iii). A 

5.5 Remark. Let G be a distributive groupoid and a e A(G). Then aa e A(G) 
and a- aa = aa- aa implies a = aa. The transformation f = LaG is an injective 
endomorphism of G and f(a) = a, f(G) = a(G). Moreover, G = / (G) and there 
exists a distributive groupoid H = fia(G) such that G is a subgroupoid of 
H,G = aH, G = H and LaH is an isomorphism of H onto G. Clearly, 
A(G) = A(H). 

Dually, there exists a distributive groupoid K = va(G) such that G is a sub
groupoid of K, G = Ka, G = K,RaK is an isomorphism of K onto G and 
A(G) = A(K). 

Now, we get the chain G = G0 = G{ = G2 = ..., where Gi+l = na(G^) for 
oo 

i > 0 even and Gi+l = va(G) for i > 1 odd; G, =• G. Put P = (JG,, Then P is 
;=o 

a distributive groupoid, G is a dense subgroupoid of P, A(G) = A(P) and a e C(P). 
Using the operators \xa, va and standard transfinite construction we can show that 
G is a dense subgroupoid of a distributive groupoid R such that A(G) = 
A(R) = C(R). 

5.6 Remark. Let G be a countably c-generated distributive groupoid, i.e., 
G = <S>C,G for a subset S = G, 1 < card(S) < K0. 

There is a bijective mapping f: S x Z ^ N, Z being the set of integers and 
N that of positive integers. We have f~l(i) = (g(i), h(i)), g(i) e S, h(i) e Z for every 
ieN. Now, consider the chain G = G0 = G{ = G2 = ..., where Gi+l = Hg(i)(G) 
for i > 0 and h(i) > 0 and Gi+l = vg{i)(G) for i > 0 and h(i) < 0 (see 5.5); 

00 

G, = G. Put Q = (JG,. Then Q is a cancellative distributive groupoid and G is 
i = 0 

dense subgroupoid of H. Proceeding similarly as in 2.8, we can show, that 
S = C(Q). By 5.1, C(Q) is a closed subgroupoid of Q and G = <S>C,G = <S>c// = 
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C(H). Since G is dense in Q, we have Q = C(Q), i.e., Q is a quasigroup. As we 
have shown, Q is the union of countable chain of subgroupoids isomorphic to G. 

5.7 Remark. Let G be a dense subgroupoid of a distributive quasigroup Q. If 
xb . . . , xneQ, n > 1, then there exists a subgroupoid K of Q such that 
<G,xl5..., x„>Q .= K and K ^ G. Consequently, every finitely generated sub
groupoid of Q is isomorphic to a subgroupoid of G and Q can be imbedded into 
a filtered product of (finitely) generated subgroupoid of G (see III. 1.6). 

5.8 Remark. Let G be a cancellative distributive groupoid. Considering finitely 
generated subgroupoids of G and combining 5.6 and III. 1.6, we get another proof 
of 5.3. 

5.9 Let G be a cancellative distributive groupoid. Define a relation \iG on G by 
(a, b) e \xG if and only if ab • xy = ax • by for all x,yeG. By [11, § IV.3], fiG is 
a cancellative congruence of G and, if (a, b) e \iG, then the subgroupoid 
(a,b, x, y}G is medial for all x,yeG. 

(i) Assume that G is a dense subgroupoid of a cancellative distributive groupoid 
H. Clearly, \iH \ G ^ \iG and we are going to show that, in fact, /nG = \iH \ G. For, 
let (a, b) e fiG and x,yeH. Then f(x), f(y) e G for some f e Mul(G, H) and we 
have f(a), f(b) e fiG. Thus the subgroupoid <f(a), f(b), f(x), f(y)}G is medial and, 
in particular, f(ab • xy) = f(ax • by). 

(ii) Let <p be an endomorphism of H such that cp(G) .= G and (a, cp(a)) e \iG for 
each aeG. Put K = {xe H;(x,cp(x))e fiH}. Then G _= K and, since \iH is 
a cancellative congruence of H, we see easily that K is a closed subgroupoid of 
H. Then K = H and we have checked that (x, cp(x)) e \iH for each xeH. 

IV.6 Comments and open problems 

The first proof of the basic Theorem 5.3 may be found in [1] (see also [28] and 
[11]). Theorem 2.3 was proved in [18] and Theorem 3.1 in [20]. The important 
Example 2.5 is taken from [4]. It remains an open question whether every 
cancellative left distributive groupoid can be imbedded into a left distributive 
quasigroup. 

V. Cancellative semigroups 
(and also groupoids satisfying short linear equations) 

V . l Dense uniform subsemigroups 

1.1 A semigroup 5 is said to be left (right) uniform if Sa n Sb #- 0 
(aS n bS 4= 0 ) for all a,beS and S is said to be (bi-)uniform if it is both left and 
right uniform. 
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1.2 Proposition. Let S be a subsemigroup of a semigroup R. Then: 
(i) OLIR(S) = <xR(S) and pUR(S) = pR(S). 

(ii) If S is left uniform, then T = OLR(S) = [S\R = <S>ic R and the semigroup 
T is again left uniform. 

Proof, (i) The equalities follow immediately from the associative law. 
(ii) Put T = OLR(S). If x, y e T, a, b,c,de S, ax = b, cy = d, then eb = fc for 

some e,feS and we have eaxy = eby = fey = fde S. Thus xy e T and T is 
a subsemigroup of R. 

Now, let u,ve T, xe R, ux = v, a, b, c, d e S and au = b, cv = d. Again, 
ea = fc for some e,feS and we have ebx = eaux = eav = fev = fdeS and 
xeT. We have shown that T is left closed in R. 

Finally, let u,ve T, a, b,c,de S, au = b, cv = d, e, f e S, eb = fd. Then 
eau = eb = fd = fev, Su n Sv 4- 0 and Tu n Tv 4- 0 . • 

1.3 Proposition. Let S be a subsemigroup of a right cancellative semigroup R. 
IfS is left uniform, then OLR(S) = {S\iR = <S>CjR and pR(S) .= yR(S) = OLR(S). 

Proof. With respect to 1.2, it is enough to show that OL(S) is right closed in R. 
For, let u,ve OL(S), xeR, XU = V. By the proof of 1.2, au = bv for some a,b e S 
and we have bxu = bv = au and bx = a. Thus x e a(S). A 

1.4 Corollary. Let S be a subsemigroup of a cancellative semigroup R. If S 
is uniform, then oclR(S) = ftUR(S) = aR(S) = pR(S) = yR(S) = [S]L R = [S] r ,* = 
[S]# = <S>ic,R = <S>rc,R

 = <^)c,R = T and the semigroup T is again uniform. 

1.5 Corollary. Let S be a left strongly dense subsemigroup of a semigroup R. 
If S is left uniform, then R is left uniform and for every xe R there exists ae S 
such that ax e S. 

1.6 Corollary. Let S be a dense semigroup of a cancellative semigroup R. If 
S is uniform, then R is uniform and for every xeR there exist a,beS such that 
axe S and xb e S. 

1.7 Proposition. Let S be a subsemigroup of a group G such that S generates 
G as a group (i.e., G = (S\G). Then: 

(i) S c aG(S) = {a~lb;a,beS}. 
(ii) S^pG(S) = {ab~l;a,beS}. 

(Hi) G = <S>ic?G = <S>rc?G = <S>c G , (i.e., S is strongly dense in G). 

1.8 Proposition. Let S be a subsemigroup of a group G such that <S>C G = G. 
The following conditions are equivalent: 

(i) OLG(S) (/?G(S)) is a subsemigroup of G. 
(ii) pG(S)^OLG(S)(otG(S)spG(S)). 

(Hi) S is left (right) uniform. 
If these conditions are satisfied, then G = aG(5) (G = PG(S)). 
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1.9 Example. ([3, § 1.10] and [29]) Let S be the set of ordered pairs (n, m) of 
non-negative integers together with a binary operation (n, m) * (k, I) = 
(n + k, T\ + m). Then S(*) is a cancellative semigroup possesing a neutral 
element and S(*) is left uniform but not right uniform. 

1.10 Example. Let F be a free semigroup of rank at least 2. Then F is 
cancellative and F can be imbedded into a group (in fact, a free group). On the 
other hand, F is neither left nor right uniform. 

1.11 Example. Let F denote the free monoid of words over an eight-element 
alphabet A = {a,b, c, d, e, f, g, h] and let S be the set of all the words we F such 
that neither cd or cf or hf is a subword of w. Now, define a binary operation * on 
S according to the following rules: 

Let u,ve S. If 
(1) uv e S, then u* v = uv; 
(2) u = uxc and v = dvu then u * v = uxabv\, 
(3) u = uxc and v = fvx, then u * v = u{aev{; 
(4) u = u{h and v = fvu then u * v = uxgevv 

It is easy to check that S(*) is a cancellative monoid, A ^ S, g *b ^ h* d, 
c * d = a* b, c * f = a* e and h* f = g * e. Consequently, if cp is a homo-
morphism of S(*) into a group G, then the equalities cp(c) (p(d) = cp(a) <p(b), 
cp(c) cp(f) = cp(a) cp(e) and cp(h) cp(f) = cp(g) cp(e) yield the equality cp(g) cp(b) = 
cp(h) cp(d). In particular, S(*) cannot be imbedded into a group. 

V.2 The Ore's construction 

2.1 Throughout this section, let S be a cancellative semigroup such that S is left 
uniform. We put H = S x S and Q(a, b) = {(u, v) e H;ua = vb) for all (a, b) e H; 
since S is left uniform, Q(a, b) =|= 0 . 

2.2 Lemma. If (a, b), (c, d)e H are such that Q(a, b) n Q(C, d) =# 0 , then 
Q(a, b) = Q(C, d). 

Proof. There are u, v e S with ua = vb and uc = vd. If w, z e S, wa = zb, then 
xu = yw for some x, y e S and we have xvb = xua = ywa = yzb, xv = yz, and 
ywc = xuc = xvd = yzd, wc = zd. Thus Q(a, b) ^ Q(C, d) and, quite similarly, 
Q(C, d) ^ g(a, b). • 

2.3 We define a relation ~ on H by (a, b) ~ (c, d) if and only if Q(a, c) = Q(b, d) 
(or Q(a, c) n Q(b, d) -# 0 , i.e., there exist u,veS with ua = vc and ub = vd). 

2.4 Lemma. The relation ~ is an equivalence on H. 

Proof, (i) For each xeS, Q(X, X) = {(y,y); yeS} = id5. Thus, for all a,beS, 
Q(a, a) = Q(b, b), which means (a, b) ~ (a, b). It follows that ~ is reflexive. 

(ii) For all a,beS, Q(b, a) = {(v,u); (u, v) e Q(a, b)}. Now, it is clear that ~ is 
symmetric. 
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(iii) Let (a, b) ~ (c, d) ~ (e, f) and let ua = vc, ub = vd, re = se, rd = sf. 
Then pv = qr for some p, q and we have pua = pvc = qse, pub = pvd = qrd = 
qsf. Thus Q(a, e) n Q(b, / ) =1= 0 and (a, b) ~ (e, / ) . We have shown that ~ is 
transitive. A 

2.5 Lemma, (i) (a, a) ~ (b, b) for all a, be S. 
(ii) (a, a2) ~ (b, b2) for and only if a = b. 

2.6 Define a binary multioperation * on H by (a, b) * (c, d) = Q(b, c) • (a, b) = 
{(ua,vd); ub = vc}. 

2.7 Lemma. If (a, b), (c, d) e H, then the set (a, b) * (c, d) is contained in one of 
the blocks of ~. 

Proof. Let ub = vc, wb = zc. If ru = sw, then rvc = rub = swb = szc and 
rv = sz. Consequently, (ua, vd) ~ (wa, zd). A 

2.8 Lemma. Let (a, b), (c, d), (e, f) e H. Then the set (a, b) * ((c, d) * (e, / ) ) u 
((a, b) * (c, d) * (e, f) is contained one of the blocks of ~. 

Proof. We have (a, b) * (c, d) = {(ua,vd); ub = vc}, (c, d) * (e, f) = {(xc,yf); 
xd = ye}, (ua, vd) * (e, f) = {(wua,zf); wvd = ze}, (a, b) * (xc, yf) = {(pa, qyf); 
pb = qxc}. Further, rz = sqy, ccx = fiwv and yr = <5/J for some r, s, cc, /}, y, 8 e S. 
Now, aye = axd = /iwvd = pze, and so ccy = pz. Consequently, Secy = S/iz = 
yrz = ysqy and 8OL = ysq. Finally, yspb = ysqxc = Sccxc = Sfiwvc = dpwub = 
yrwub and sp = rwu. Thus Q(Z, qy) n Q(WU, p) =# 0 . But then also Q(zf, qyf) n 
Q(wua, pa) =# 0 and it follows (wua, zf) ~ (pa, qyf). A 

2.9 Lemma. Let (a, b), (c, d), (e, f) e H, (a, b) ~ (c, d). Then the set ((a, b) * 
(e, f) u ((c, d) * (e, / )) is contained in one of the blocks of ~. 

Proof. Let au = vc, ub = vd, rb = se and pd = qe. We have to show that 
Q(ra, pc) n Q(sf, qf) =|= 0 . For this purpose, let xs = yq and wxr = zu. Then 
zvd = zub = wxrb = wxse = wyqe = wypd, and so zv = wyp and wypc = 
zvc = zua = wxza and ypc = xza. A 

2.10 Lemma. Let (a, b), (c, d), (e, f) e H, (a, b) ~ (c, d). Then the set ((e, f) * 
(a, b)) u ((e, f) * (c, d)) is contained in one of the blocks of ~. 

Proof. Let ua = vc, ub = vd, rf = sa, pf = qc, xr = yp and wxs = zu. Then 
zvc = zua = wxsa = wxrf = wypf = wyqc, zv = wyq, wyqd = zvd = zub = 
wxsb, yqd = xsb and (x, y) e Q(re, pe) n Q(sb, qd). A 

2.11 Lemma. Let a,b,ce S. Then ((a, b) * (c, c)) u ((c, c) * (a, b)) is a subset of 
the block of ~ that contains (a, b). 

Proof. First, let ub = vc and pua = qa. Then pu = q, pvc = pub = qb and 
(ua, vc) ~ (ab); (ua, vc) e (a, b) * (c, c). 
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Now, let re = sa and xsb = yb. Then xs = y, xrc = xsa = ya and (re, sb) ~ 
(a, b); (re, sb) e (c, c) * (a, b). A 

2.12 Lemma. Let a,b,ce S. Then (a, b) * (b, a) is a subset of the block of 
~ that contains (c, c). 

2.13 Lemma. Let a,beS. Then the set ((a, a2) * (b, b2)) is a subset of the block 
of ~ that contains (ab, (ab)2). 

Proof. Let ua2 = vb, rvb2 = s(ab)2. Then rua2 = rvb = saba, rua = sab and 
(r, s) E Q(ua, ab) n Q(vb2, (ab)2). A 

2.14. Lemma. Let a,beS. Then the set (a2, a) * (b, b2) is a subset of the block 
of ~ that contains (a, b). 

Proof. Let ua = vb and ra = sua2. Then r = sua and rb = suab = svb2. Thus 
(r, s) E Q(a, ua2) n Q(b, vb2) and (a, b) ~ (ua2, vb2). A 

2.15 It follows from 2.9 and 2.10 that the equivalence ~ is a congruence of the 
multigroupoid H(*). Now, denote by G the corresponding factor-multigroupoid, the 
(multi)operation of G being denoted multiplicatively. Let n: H(*) -> G be the 
natural projection. With respect to 2.7, the operation of G is single-valued, so that 
G becomes a groupoid; by 2.8, G is a semigroup and, by 2.5(i) and 2.11, G is 
a monoid. In fact, by 2.11, G is a group. Now, define a mapping q>: S -> G by 
q>(a) = n(a,a2) for each aeS. Then, by 2.5(h) and 2.13, (p is an injective 
homomorphism. Moreover, by 2.12 and 2.14, G = alG((p(S)). 

Finally, let \j/ be an endomorphism of S. Define a transformation g of H by 
c,(a, b) = (ij/(a), \l/(b)). It is easy to see that, for all (a, b), (c, d) E H, the intersection 
g((a, b) * (c, d)) n (a, b) * q(c, d)) is non-empty and that (a, b) ~ (c, d) implies 
g(a, b) ~ g(c, d). Consequently, Q induces an endomorphism £ of G. If a E S, then 
£<p(a) = £n(a, a2) = (p(\l/(a), ^/(af) = (pil/(a), i.e., £(p = (pi//. 

2.16 Theorem. The following conditions are equivalent for a semigroup S: 
(i) S is cancellative and (left, right) uniform. 

(ii) There exists a group G such that S is a subsemigroup of G and (G = CLG(S), 

G = pG(S))G = aG(S) = pG(S). 

Proof. Combine 1.8 and 2.15. A 

V.3 Cancellative permutable groupoids 

3.1 A groupoid G is said to be 
— left permutable if it satisfies the equation x • yz = y • xz; 
— right permutable if it satisfies the equation zy • x = zx • y; 
— permutable (or bi-permutable) if it is both left and right permutable. 

3.2 Let G be a left permutable groupoid. Then the monoid Mul^G) is com
mutative and, if G is left cancellative, then Mul2(G) is cancellative. 
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3.3 Theorem. Let G be a left cancellative left permutable groupoid. Then there 
exists a left permutable left quasigroup Q such that G is a subgroupoid of Q and 
for every xeQ there exists f e Mul^Q, G) with f(x)eG (so that G is left strongly 
dense in Q). 

Proof. To avoid confusion, we denote the operation of the groupoid G by *. 
Now, let S = M u l ^ * ) ) . By 3.2, 5 is a cancellative commutative monoid and we 
denote by T the (abelian) group of fractions of S. Further, we can define a structure 
of a cancellative 5-semimodule on G by setting ax = a(x) for all a e S and x e G 
and we also put X(x) = LXf^) e S for each xeG. Then X is a mapping of G into 
S and x * y = X(x) y for all x,yeG. 

Now, define a relation r on 5 x G by ((a, x), (b, y)) er if and only if ay = bx. 
Then r is on equivalence on S x G and we denote by Q the corresponding 
factor-set (S x G)/r. 

If ((a, x), (b, y)) e r and c,deS, then ay = bx, dacy = dbcx and ((da, ex), (db, cy)) e r. 
If c, d,e,fe S, cd~l = ef~l,aeS and xeG, then cf = de, daex = facx and 

((da, ex), (fa, ex)) e r. 
Using the above observations, we can define a T-scalar multiplication on Q by 

cd~l(a, x)/r = (da, cx)/r and so Q becomes a F-module. If a, be S and xeG, then 
((a, ax), (b, bx)) e r and we put cp(x) = (a, axd)/r. For c e S, we have cp(cx) = 
(acx)/r = c(a, ax)/r = ccp(x). Thus cp is an S-semimodule homomorphism of G into 
Q. If x, y e G are such that cp(x) = cp(y), then ((a, ax), (a, ay)) e r, so that a2x = a2y 
and x = y. This means that cp is injective and we will identify G and cp(G). 

Let Q : Q -> T be a mapping such that Q \ G = X. Define a binary operation 
O on Q by u O v = Q(U) V for all u,veQ. We immediately see that G(*) is 
a subgroupoid of Q(o) and we have u O (v o w) = o(u) ^(v) w = g(i?) g(u) w = 
v O (u O w), so that Q(o) is left permutable. Since T is a group, Q(o) is a left 
quasigroup 

If ueQ, then y = aueG for some aeS, u = a~ly. On the other hand, 
a = X(x{)... X(xn) for some n > 0 and x b . . . , x „ e G . Consequently, y = au = 
X(x{)... X(xn) u = xi o (x2 o (...(xn o u))). A 

3.4 Example. Define a permutation p on Z( + ) (the additive group of integers) 
by p(n) = n + 1 for n < — 2, p( — 1) = 1, p(n) = n + 2 for n > 1 odd and 
p(n) = n for n > 0 even. Further, put x* y = p(x) + y for all x,yeZ. Then 
Q = Z(*) is a left permutable left quasigroup and the set G of non-negative even 
numbers is a subgroupoid of Q; G is a left cancellative left permutable groupoid. 
Clearly, a^G) = cchQ(G) is just the set of even integers. We have — 2 e aQ(G), 
O e G and — 2 * 0 = — 1 <£ ae(G), and so OLQ(G) is not a subgroupoid of Q. 
On the other hand, OLQ(G) = OLIQ(G) + a1?Q(G) = [G\Q = (G\Q = Q, the 
condition (A2) is satisfied and the condition (Al) not (see 1.4.1). Notice also 
that Muli(Q) ^ Z( + ), M u l ^ G ) -= G( + ) and that both (A7) and (A8) arte 
satisfied. 
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3.5 Remark. Let Jf denote the class of left cancellative left permutable 
groupoids and <$ the class of left quasigroups from X. By 3.4, there exists Q e <§ 
and a left strongly dense subgroupoid G of Q such that Q + ae(G). By 3.3, G is 
a subgroupoid of P e <§ such that P = aP(G). Finally, let G c* R be a reflexion of 
G in # (G is left strongly dense in R). Then there are projective homomorphism 
cp:R -* Q and i/t: R -> P extending idG. Of course, cp(oiR) (G)) ~~ OLQ(G) + Q, and 
therefore aR(G) + R. From this, it follows that the imbedding G c> P is not 
a reflexion of G in ^.Finally, ifr is not an isomorphism and ker(i/t), idR are two 
different left cancellative congruences of R, each of them extending idG. 

3.6 Remark, (i) Let G(*) be a left permutable left quasigroup. The group 
S generated by Lx, x e G, is abelian and G is an S-module. We have x * y = X(x) y 
for all x, y e G, X(x) = Lxe S. 

(ii) Let S be an abelian group, G an S-module, X:G -> S a mapping and 
x * y = A(x) y for all x, y e G. Then G(*) is a left permutable left quasigroup. 

(iii) Let G( + ) be an abelian group and t a transformation of G. Setting 
xy = t(x) + y for all X J G G , we get a left permutable left quasigroup G; G is 
right cancellative (right divisible) if and only if t is injective (projective). 

3.7 Remark. Let G be a left permutable left quasigroup, a e G, f = La 

and x * y = f~\xy) for all x,yeG. Then G(*) is a left permutable left quasi
group, a is a left neutral element of G(*) and xy = f(x * y) = x * f(y) for all 
x,yeG. 

3.8 Lemma. Let G be a left permutable groupoid. 
(i) If a, b e G, ab = b and Rb is projective, then a is a left neutral element of G. 

(ii) If G is right divisible (right quasigroup), then G is divisible (quasigroup) 
and G contains at least one left neutral element. 

Proof, (i) We have a • xb = x • ab = sb. 
(ii) We have LXR^ = Rxy for all x,yeG. A 

3.9 Proposition. The following conditions are equivalent for a groupoid G: 
(i) G is left permutable and there exist elements a,b e G such that ab = b and 

both Ra and Rb are projective. 
(ii) G is left permutable and there exists a left neutral element e e G such that 

Re is projective. 
(iii) There exist a commutative semigroup G( +) with a neutral element 0 and 

a projective transformation f of G such that f(0) = 0 and xy = f(x) + yfor all 
x,yeG. 

Proof, (i) implies (ii). See 3.8(i). 
(ii) implies (iii). There is a transformation g of G such that g(e) = e and 

g(x) e = x for every c e G. Put x + y = g(x) y for all x,yeG and 0 = e. Then 
x + 0 = g(x) e = x, 0 + x = g(e) x = ex = x and 0 is a neutral element of 
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G( + ). Further, one may check easily that G( + ) is again left permutable. 
Consequently, x + y = x + (y + 0) = y + (x + 0) = y + x and we see that 
G( + ) is a commutative semigroup. Moreover, g(xe) • ye = y(g(xe) e) = y • xe = 
x • ye for all x,yeG. Thus, for / = RlG, we have f(x) + y = g(xe) y = 
g(xe) • g(y) e = x • g(y) e = xy for all x, y e G. 

(iii) implies (i). Clearly, G is left permutable and it remains to put a = 0 = b. A 

3.10 Proposition. The following conditions are equivalent for a groupoid G: 
(i) G is a right divisible left permutable groupoid. 

(ii) G is left permutable left quasigroup and G is divisible, 
(iii) There exist an abelian G( +) and a projective transformation f of G such 

that f(0) = 0 and xy = f(x) + y for all x,yeG. 

Proof, (i) implies (ii). The condition 3.9(i) is satisfied, and hence, by 3.9(iii), 
there exist a commutative semigroup G( + ) with a neutral element 0 and a pro
jective transformation f of G such / (0) = 0 and xy = f(x) + y. since G is right 
divisible, G( + ) is so, and therefore G( + ) is a group. A 

3.11 Corollary. Every right divisible left permutable groupoid is a left quasi
group. 

3.12 Proposition. The following conditions are equivalent for a groupoid G: 
(i) G is a left permutable right quasigroup. 

(ii) G is a left permutable quasigroup. 
(iii) There exist an abelian group G( +) and a permutation f of G such that 

f(0) = 0 and xy = f(x) + y for all x,yeG. 

Proof. Use 3.10. A 

3.13 Remark, (i) In [8], there is constructed a cancellative left permutable 
groupoid G such that G cannot be imbedded into a left permutable quasigroup. 
According to 3.12, G cannot be imbedded into a left permutable right quasigroup 
(with respect to 3.10 and [8, Lemma 5.4], G cannot be imbedded into a right 
divisible left permutable groupoid either). 

(ii) Every free left permutable groupoid is cancellative and can be imbedded into 
a left permutable quasigroup (see [8]). 

3.14 Remark, (i) Let G be a permutable groupoid. Then xy • uv = u(xy • v) = 
u(xv • y) = xv • uy = (x • uy) v = (u • xy) v = uv • xy for all x, y,u,ve G. Con
sequently, if G = GG, then G is a commutative semigroup. 

(ii) Let F be a free permutable groupoid. By [8], F is cancellative and not 
commutative. Consequently, F cannot be imbedded into a permutable groupoid 
G satisfying G = GG. In particular, F cannot be imbedded into a permutable (left, 
right) quasigroup. 
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V.4 Cancellative groupoids satisfying some short linear equations 

4.1 Proposition, (i) Every left cancellative groupoid satisfying x • yz = x • zy 
is commutative. 

(ii) Every left (right) cancellative groupoid satisfying x * yz = zy • x is com
mutative. 

(Hi) Every groupoid G satisfying x • yz = yz • x and G = GG is commutative, 
(iv) Every left (right) cancellative groupoid satisfying x • yz = y • zx is com

mutative. 
(v) Every left (right) cancellative groupoid satisfying x • yz = zx- y is com

mutative. 

4.2 Remark, (i) Every free groupoid satisfying x • yz = x • zy is right can
cellative ([10, 3.3]). 

(ii) Every free groupoid satisfying x • yz = yz • x is cancellative and cannot be 
imbedded into a (left, right) quasigroup satisfying the same equation (4.1(iii) and 
[10, 7.1]). 

4.3 Proposition. Every left (right) cancellative groupoid satisfying x • yz = 
yx • z is a semigroup. 

Proof. Let G be a groupoid satisfying x • yz = yx • z. Then, for all x, y,z,ue G, 
we have z(xy • u) = z(y • xu) = yz • xu = (x • yz) u = (yx • z)u = z(yx • u) = 
z(x • yu) = xz • yu = (y • xz)u = (xy • z) u. In particular, z(xy • w) = z(x • yu) and 
(x • yz)u = (xy • z) u. Now, if G is either left or right cancellative, then G is 
a semigroup. 

4.4 Remark. Let G be a semigroup satisfying xyz = yxz. If G is right 
cancellative, then G is commutative (and hence it can be imbedded into abelian 
group). If G is left cancellative, then G/pG is a cancellative commutative semigroup. 

(i) Now, assume that G is a left quasigroup. Then G/pG is an abelian group. 
Moreover, for every x e G, there is a uniquely determined element e(x) e G such 
that xe(e) = x. Of course, e(xy) = e(x) e(y) and e(x)/pG = 0G/PG. Consequently, 
(ze(x), z) e pG for every zeG and it follows that ze(x) u = zu and e(x) u = u for 
every u e G, i.e., e(x) is a left neutral element of G. That set Id(G) of idempotents 
is a subsemigroup of G, Id(G) is a semigroup of left units (ef = f for all, 
e,fe Id(G)) and the mapping x -• (x/pG, e(x)) is an isomorphism of G onto the 
product G/pG x Id(G) (if x e G and e e Id(G), then xe • e = xe and (x, xe) e pG). 
Notice also that e(x) = e(y) if and only if x2 = y2 (or xy = yx). 

(ii) Assume that G is left cancellative and define relations r and s on G by 
(x, y) e r if and only if xy = yx and (x, y) e s if and only if x2 = y2. Then both 
r and s are congruences of G and G/r is a semigroup of left units (we have 
(x, xyx) e r for all x,ye G). Moreover, if (x, y)er n pG, then y2 = x2 = 
xx = yx, and therefore x = y (since G is left cancellative). Thus r n pG = idG 
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and G can be imbedded into the product G/pG x G/r. On the other hand, G/pG is 
a cancellative commutative semigroup, it can be imbedded into an abelian group 
and consequently G can be imbedded into a left quasigroup Q such that Q is 
associative and satisfies xyz = yxz (see (i)). 

4.5 Remark, (i) A groupoid satisfies x • yz = z • xy if and only if it satisfies 
x • yz = y • zx (see 4.1 (iv)). 

(ii) Every groupoid satisfying x • yz = z • yx is medial (see VIII.2). 
(iii) Groupoids satisfying x • yz = xz • y are dual to those satisfying x • yz = 

yx • z (see 4.3 and 4.4). 

V.5 Comments 

The idea of the well known Ore's construction goes back to [25] (but see also 
[5], [6] and [26]). Permutable groupoids are studied in [8] and groupoids satisfying 
short linear equations in [9] and [10]. 

VI. Cancellative semimedial groupoids 

VI.1 Introduction 

1.1 A groupoid G is said to be 
— medial if it satisfies the equation xy • uv = xu • yv\ 
— left (right) semimedial if it satisfies the equations xx • yz = xy • xz 

(zy • xx = zx • yx)\ 
— semimedial if it is both left and right semimedial; 
— middle semimedial if it satisfies the equation xy • zx = xz- yx\ 
— strongly semimedial if it is both semimedial and middle semimedial. 

1.2 Lemma. Let G be a left semimedial groupoid and a,beG. Then: 
(1) haaLb = habLa; 
(2) LaaRj, = RabLa; 
(3) La2.aiLb2 = L a f o . a 2L a 6 . 

Proof. LaaLfc(x) = aa- bx = ab • ax = LabLa(x), LaaRfc(x) = aa- xb = ax- ab = 
RJLa(x), La2.a2Lfc2(x) = (a2a2) (b2x) = (a2b2) (a2x) = (ab)2 • a2x = (ab • a2) (ab • x) = 
^aba2^ab(X)' ^ 

1.3 Lemma. Let G be a right semimedial groupoid and a,beG. Then: 
(1) RaaRb = RbaRa>' 
(2) Raa^b = LfcaRa; 
(3) Ra2.a2Rfc2 = Ra2.feaRba. 

Proof. Dual to that of 1.2. A 
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1.4 Lemma. Let G be a middle semimedial groupoid and a,beG. Then 
La&Ra = Ra/>La. 

Proof. LahRa(x) = ab • xa = ax • ba = RbaLa(x). A 

1.5 Lemma. Let G be a semimedial groupoid and a,beG. Then: 
(1) Rfc2.ft2La2 = Rab.biLab; 

(2) Lb2.62Ra2 = Lb2.baRba. 

Proof. R,2 b2La2(x) = (a2x) (b2b2) = (a2b2) (xb2) = (abf - xb2 = (ab - x) (ab • b2) = 
Rab. b2hjx) and L,2. ,2Ra2(x) = (b2b2) (xa2) = (b2x) (b2a2) = b2x - (baf = (b2 - ba) (x • ba) = 
Lfc2.fcaRfoa(x). A 

1.6 Lemma. Let H be a subgroupoid of a groupoid G. Then Mul(G, H) = 
Mul,(G, H) • Mulr(G, H) (Mul(G, H) = Mulr(G, H) • Mul^G, H)) in each of the fol
lowing three cases: 

(1) G is left (right) semimedial and H is left (right) divisible; 
(2) G is right (left) semimedial and cH(H) = H; 
(3) G is middle semimedial and H is right (left) divisible. 

Proof. The assertions follow easily from 1.2(2), 1.3(2) and 1.4, resp. A 

1.7 Lemma. Let H be a subgroupoid of a groupoid G. Then Mul(G, H) = 
Mul,(G, H) • Mulr(G, H) = Mulr(G, H) • Mul^G, H) in each of the following 
cases: 

(1) G is semimedial and GH(H) = H; 
(2) G is middle semimedial and H is divisible; 
(3) G is left semimedial, H is left divisible and GH(H) = H; 
(4) G is right semimedial, H is right divisible and GH(H) = H; 
(5) G is both left and middle semimedial and H is left divisible; 
(6) G is both right and middle semimedial and H is right divisible; 
(7) G is both left and middle semimedial, H is right divisible and oH(H) = H; 
(8) G is both right and middle semimedial, H is left divisible and oH(H) = H; 

Proof. Use 1.7. A 

1.8 Lemma. Let G be a left semimedial groupoid such that Id(G) = [as G; 
aa = a) is non-empty. Then: 

(i) Id(G) is a subgroupoid of G, heG is an endomorphism of G and \,eGReG = 
Re,GLe,Gf<?r every e e Id(G). 

(ii) If G is (left) cancellative, then Id(G) is left closed in G. 

Proof, (i) If a, be Id(G), then ab • ab = aa • bb = ab, a- xa = ax- a and 
a • xy = ax • ay for all x, y e G. 

(ii) If a, be G, a, ab e Id(G), then we have ab = ab • ab = aa- bb = a- bb und 
b = bb. A 
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1.9 Remark. Let G be a left semimedial groupoid and let e e Id(G) be such that 
LeG is injective. Proceeding similarly as in IV.2.7, we can show that there exists 
a left semimedial groupoid K such that G is a left strongly dense subgroupoid of 
X, LeK is an automorphism of K and K is the union of a countable chain of 
subgroupoids isomorphic to G. Moreover, if ReG is injective (resp. projective), then 
the same is true for Re K. 

1.10 Remark. Let G be a semimedial groupoid and let e e Id(G) be such that 
LeG and ReG are injective. Proceeding similarly as in IV.5.5, we can show that 
there exists a semimedial groupoid K such that G is a dense subgroupoid of K, 
LeK and ReK are automorphisms of K and K is the union of a countable chain of 
subgroupoids isomorphic to G. 

VI.2 Dense subgroupoids of left semimedial groupoids 

2.1 Lemma. Let G be a left semimedial groupoid and f e Mul^G). Then there 
exists g e Mulj(G) such that g(xy) = f(x) f(y)for all x, y =)= G. Moreover: 

(i) If G = GG, then g is determined uniquely by f. 
(ii) If H is a subgroupoid of G and f e Mul.(G, H), then g e Mul^G, H). 

Proof. There are n > 0 and au ..., ane G such that / = Lai... LUn and we put 
g = La2... Lfl2. Then g(xy) = aj(... (a2

n • xy)) = a\(... (a2
n_i(anx • any))) = ... = 

(ai(... (anx))) (ai(... (any))) = f(x) f(y) for all x,ysG. The rest is clear. • 

2.2 Corollary. Let H be a subgroupoid of a left semimedial groupoid G. Then 
all the conditions (AI), ..., (A9) (see 1.4.1) are satisfied for H in G. In particular, 
the monoid Mul.(G, H) is right uniform. 

2.3 Corollary. Let G be a left semimedial groupoid. Then the monoid Mul^G) 
is right uniform. 

2.4 Remark. Let H be a subgroupoid of a left semimedial groupoid G. By 2.1, 
for each / e Mul^G, H) there is a transformation / ' e Mul^G, H) such that 
f'(xy) = f(x)f(y) for all X J G G ; we will also use the notation / ^ = / , 
/<') = / ' , . . . , / t ' + 1 ) = (/<'))'. 

Now, suppose that G = GG. Then the transformation / ' is determined uniquely 
by / and we have g'f'(xy) = g'(f(x)f(y)) = gf(x) gf(y) and g'f = (gf). The 
mapping / -> / ' is an endomorphism of the monoid Mul,(G, H); this endomorphism 
is projective, provided that aH(H) = {x2; xeH) = H. 

2.5 Remark. Let H be a subgroupoid of a left semimedial groupoid G and let 
fgeMul,(G,H), g = Lai... Lan, n > 0, au...,aneH. Then f^g(x) = 

/^a,(...M))-/^-V)-/^-W--M)) = "-=/^-V)(/"-^(-»(/(V-i) 
(/<>-) /(*))))) = hf(x), h e Mul,(G, H); we have /<"»« = hf. 

46 



2.6 Proposition. Let H be a subgroupoid of a left semimedial groupoid G and 
K = (H\G. Then: 

(i) K = [H]i,G = %G(H) (i.e., xe K if and only if a{(... (anx))e H for some 
n > 0 and au ..., an e H). 

(ii) Every left cancellative congruence rofH can be extended in unique way to 
a left cancellative congruence s of K; s is cancellative if and only if r is so. 

Proof. Combine 2.2, I.4.3(i) and 1.6.2. A 

2.7 Let W be an absolutely free groupoid over an infinite countable set X of 
variables. By induction, we define quasisymmetric terms from W: Each variable is 
a quasisymmetric term; if u, v e W are quasisymmetric terms of the same length, 
then uv is quasisymmetric. 

A (groupoid) equation u = v,u,v eW, will be caled quasisymmetric if both 
u and v are quasisymmetric of the same length. 

2.8 Proposition. Let H be a subgroupoid of a left cancellative left semimedial 
groupoid G. Then the groupoids H and K = (H\G satisfy the same quasisym
metric equations. 

Proof. Let (p : W -> K be a homomorphism and let u = v be quasisymmetric 
equation that is true in H. We have to show that (p(u) = (p(v). 

First, let {xh..., xn} = var(uv). Then f(xx),..., f(xn) are all in H for some 
/ e Mul^G, H) and we consider any homomorphism \j/ :W -> H such that ^(x,) = 
f(p(xt), i = 1,..., n. Now, by induction on l(w) = 2m, m> 0, we show that 
\l/(w) = f{m)(p(w), whenever we W is quasisymmetric and var(w) c {x1?..., xn). 
This is clear for m = 0 and, if m > 1, then w = pq, where both p and q are 
quasisymmetric and of length 2m~l. Then ^/(w) = \j/(p) ij/(q) = f{m~^(p(p)' 

f{m~Mq) = f{m)W(p)<p(q)) = fH<p(p<i) = fH<pH 
Now, f{k)(p(u) = \l/(u) = ij/(v) = f%(v), \(u) = 2k = \(v), and, since /<*> is an 

injective transformation, we have (p(u) = (p(v). A 

2.9 Theorem. Let H be a left strongly dense subgroupoid of a left semimedial 
groupoid G. Then: 

(i) For every xeG there exist n >0 and au..., ane H such that a{(... (an)) e H. 
(ii) Every left cancellative congruence rofH can uniquely be extended to a left 

cancellative congruence s of G; s is cancellative if and only if r is so. 
(Hi) If H is cancellative and G is left cancellative, then G is concellative. 
(iv) If H is right divisible and G is a left quasigroup, then G is right divisible. 
(v) If G is left cancellative, then the groupoids H and G satisfy the same 

quasisymmetric groupoid equations. 
(vi) If G is left cancellative, then G is right semimedial (middle semimedial) if 

and only if H is so. 

Proof, (i) and (ii). See 2.6. 
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(iii) Since G is left cancellative, idG is a left cancellative congruence extending 
idH. But idH is cancellative, and therefore idG is cancellative by (ii). 

(iv) Let x, y e G. Since G is left divisible, we have y = yu for some ueG. 
Further, there are n > 0 and au...,aneH such that f(x),f(y),f(u)eH, 
f = Lai... Lan. Now, f'(y) = a\(... (a2

ny)) = f(y)f(u)eH and, since H is right 
divisible, we have af(x) = f'(y) for some ae H. Further, we can also find zeG 
with f(z) = a and thus we have f'(y) = af(x) = f(z) f(x) = f'(zx). But the 
transformation f is injective and consequently y = zx. 

(v) See 2.8. 
(vi) All the envoived equations are quasisymmetric. • 

2.10 Lemma. Let H be a right closed subgroupoid of a left semimedial 
groupoid G such that K = KK, where K = (H\ G. Then K = <H>C,G (i.e., K is 
closed in G). 

Proof. It sufficies to show that K is right closed. For, let x, y e G, xy,yeK. 
We have xy = uv for some u,veK and there is / e Mul^G, H) with 
f(u), f(v), f(y) e H. Now, ff(xy) = f'(uv) = f(u) f(v) e H, and hence also 
f(x) f(y) = f'(xy) e H. But f(y) e H and H is right closed in G. Thus f(x) e H 
and xeK. • 

2.11 Lemma. Let H be a subgroupoid of a left semimedial groupoid G such 
that KK = K, where K = aG ((H\G). Then K = <H>C,G. 

Proof. The groupoid L = <H>rc,G is right closed in G and the result follows 
from 2.10. • 

2.12 Proposition. Let G be a left semimedial groupoid such that for every xeG 
there exists y e G with xy = x. If H is a subgroupoid of G, then <H>C G = aG 

« t f > r c , G ! 

Proof. Let xeK = OLG «H>rc,G), y = G and xy = x. Since K is left closed in 
G, we have yeK and it follows that K = KK. Now, we can use 2.11. • 

2.13 Corollary. Let G be a left semimedial groupoid such that for every xeG 
there exists y e G with xy = x. If H is a dense subgroupoid of G, then G = aG 

(<HX,G). 

2.14 Lemma. Let H be a left strongly dense subgroupoid of a left cancellative 
left semimedial groupoid G. Then: 

(i) If GH is injective, then oG is injective. 
(ii) If G is a left quasigroup and aH is projective, then oG is projective. 

Proof, (i) Let x, y e G be such that xx = yy. We have f(x), f(y) e H for some 
/ e MulY(G, H) and f(x) f(x) = f'(xx) = f'(yy) = f(y) f(y), f(x) = f(y). Since 
G is left cancellative, we have also x = y. 
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(ii) Let x e G, / e Mulj(G, H), f(x) e H. Then / = g' for some g e Mul^G, H\ 
f(x) = aa, a e H and a = g(};), yeG. Now, /(x) = g'(x) = aa = g(y) g(y) = g'(yy). 
But g' is injective, and so x = yy. • 

VI.3 Dense subgroupoids of semimedial groupoids 

3.1 Lemma. Let G be a semimedial groupoid and f e Mul(G). Then there exists 
g e Mul(G) such that g(xy) = f(x) f(y)for all x,yeG. Moreover: 

(i) If G = GG, then g is determined uniquely by f. 
(ii) If H is a subgroupoid of G and f e Mul(G, H), then g e Mul(G, H). 

Proof. We have / = Tljfll... T„?flw, n > 0, at e H, Tt e {L,R} and we put g = 
T l f f l2... T^fl2. • 

3.2 Corollary. Let H be a subgroupoid of a semimedial groupoid G. Then all 
the conditions (Al), ..., (A9), (Bl), ..., B(9) and (CI), ..., (C7) are satisfied for H in 
G (see 1.4.1, 1.4.5 and 1.5.1). In particular, the monoid Mul(G, H) is right uniform. 

3.3 Corollary. Let G be a semimedial groupoid. Then the monoid Mul(G) is 
right uniform. 

3.4 Remark. Let H be a subgroupoid of a semimedial groupoid G. By 3.1, for 
each / E Mul(G, H), there is a transformation / ' e Mul(G, H) such that f\xy) = 
f(x) f(y) for all x,yeG; we will also use the notation / ^ = / , / ^ = / ' , . . . , 
/(.-+D = ( / (oy. 

Now, suppose that G = GG. Then the transformation / ' is determined uniquely 
by / and the mapping / -• / ' is an endomorphism of Mul(G, if); this endomor-
phism is projective, provided that GH(H) = H. 

3.5 Remark. Let H be a subgroupoid of a semimedial groupoid G and let 
/,geMul(G,H),g = Tltfll... Tn,an9n > 0, ate H, T, e {L,R}.Then /H? = ft/for 
h = T U l . . . T ^ e Mul(G, H), ft, = f^-\a). 

3.6 Proposition. 2>t H be a subgroupoid of semimedial groupoid G and 
K = <H>C G. Then: 

(i) K = [H]G = 7G(tf). 
(//) Every cancellative congruence of H can be extended in unique way to 

a cancellative congruence of K. 
(Hi) If G is cancellative, then the groupoids H and K satisfy the same 

quasisymmetric groupoid equations. 

Proof, (i) and (ii). Combine 3.2 and 1.5.4, I.6.6(ii). 
(iii) We can proceed similarly as in the proof of 2.8 (or, we can use (i), 2.8 and 

its dual). • 

3.7 Theorem. Let H be a dense subgroupoid of a semimedial groupoid G. 
Then: 
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(i) For every xeG, there exists f e Mul(G, H) such that f(x) e H. 
(ii) Every cancellative congruence of H can uniquely be extended to a can-

cellative congruence of G. 
(Hi) If G is cancellative, then the groupoids H and G satisfy the same 

quasisymmetric groupoid equations. 

Proof. The theorem follows immediately from 3.6. • 

3.8 Remark. Let H be a dense subgroupoid of a semimedial groupoid G and 
let x e G. By 3.7(i), f(x) e H for some / e Mul(G, H). Now, assume that either 
H is left divisible or oH(H) = H. Then, by 1.6, we have / = pq for some 
peMul^G, H) and q e Mul^G, H), and hence there are au...,aneH and 
bl9..., bm e H such that a{(... (^(((xb-)...) bm))) e H. 

3.9 Proposition. Let H be a dense subgroupoid of a semimedial groupoid 
G such that at least one of the following conditions is satisfied: 

(1) H is divisible; 
(2) oH(H) = H; 
(3) For every xeG there exist y,zeG with yx = x = xz. 
Then G = aG(PG(H)) = PG(OLG(H)). 

Proof. See 2.13, 3.8 and their duals. • 

3.10 Remark. Let H be a subgroupoid of a semimedial groupoid G such that 
G = aG(L), L = PG(H) (see 3.9). If x e G, then there are uh ..., une L such that 
y = uA... (unx)) e L. Futher, there is / e Mulr(G, H) such that f(un) e H and we 
have f}n\y) = fr\ux)(... (f(un) /(*))), etc. Now, we find / , g e Mulr(G, H) and 
al9..., aneH such that g(y) = ax(... (anf(x))). Of course, g(y) e L, and conse
quently there exist bh..., bme H and ch...,ckeH such that (((ai(... (an(((xb{) 
...)bm))))Cl)...)ckeH. 

3.11 Lemma. Let H be a dense subgroupoid of a cancellative semimedial 
groupoid G. Then: 

(i) If aH is injective, then oG is injective. 
(ii) If G is a quasigroup and oH is projective, then oG is projective. 

Proof. We can proceed similarly as in 2.14. • 

VI.4 Cancellative semimedial groupoids without irreducible elements 

4.1 Lemma. Let G be a left semimedial groupoid. 
(i) If Muli(G) is right cancellative, then pG is a congruence of G. 

(ii) If Mul^G) is left cancellative, then pG is left cancellative. 

Proof. Both assertions are clear from the fact that LaflLb = LabLa for all 
a,beG. • 
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4.2 Proposition. Let G be a left cancellative left semimedial groupoid such that 
GG = G. Then the monoid Mul^G) is cancellative. 

Proof. Since G is left cancellative, Mul^G) is also left cancellative. Now, let 
f,g,he Mul^G) be such that fh = gh. We have h = Lai... Lan, n > 0, ate G and 
we proceed by induction on n to show / = g. 

The result is clear for n = 0, and so let n = 1 and a = ax. Then f(ax) = g(ax) 
for each xe G and, in particular, f(aa) = y(aa). Further, f(aa) f(xy) = 
f'(aa • xy) = f'(ax • ay) = f(ax) f(ay) = g(ax) g(ay) = g'(ax • ay) = g'(aa • xy) = 
g(aa) g(xy). Since f(aa) = g(aa) and G is left cancellative, we have f(xy) = g(xy) 
for all x,yeG. Since G = GG, we have also / = g. 

Now, let n > 2 and p = Lai...Lan_1. Then fpLan = fh = gh = gpLan, fp = gp 
by the preceding part of the proof and, finally, / = g by induction. A 

4.3 Proposition. Let G be a left cancellative left semimedial groupoid such that 
G = GG. Then pG is a left cancellative congruence of G. 

Proof. Combine 4.1 and 4.2. • 

4.4 Remark. Let cp be an endomorphism of a group G. Define a binary 
operation * on G by x * y = cp(x) yx~l for all x,yeG. Then: 

(i) G(*) is a left semimedial left quasigroup and aG^ = cp. 
(ii) (a, b) e pG^ if and only if a~lb e Z(G) (the centre) and cp(a~lb) = a~lb. 

(iii) If G(*) is right (or middle) semimedial, then cp \ G' = idG' (G' denotes the 
commutator subgroup). 

4.5 Proposition. Let G be a left cancellative left semimedial groupoid such that 
G = GG and pG = idG. Then there exists a left semimedial left quasigroup Q with 
the following properties: 

(1) G is a left strongly dense sub groupoid of Q (for every xe Q there exist 
n > 0 and ax,..., ane G such that a{(... (anx)) e G); 

(2) Q is cancellative if and only if G is so; 
(3) Q is right divisible, provided that G is right divisible; 
(4) The groupoids G and Q satisfy the same quasisymmetric groupoid equations; 
(5) Q is right semimedial (middle semimedial) if and only if G is so. 

Proof. By 4.2, the monoid S = Mul^G) is cancellative and, by 2.3, S is right 
uniform. Now, due to V.2.15, there is a group R such that S is a subsemigroup of 
R and R = {f-lg',f,geS}. 

By 2.4, the mapping ® : / - » / ' is an endomorphism of S and, by V.2.15, O can 
be extended to an endomorphism *P of R. Now, define a binary operation * on 
R by x * y = x¥(x)yx~l for all x,yeR. According to 4.4, R(*) is a left 
semimedial left quasigroup. 

For a e G, put cp(a) = LaG e S ~\ R. Then cp(aa) = Laa = Q>(La) = *F(Lfl) = 
V(cp(a)) and V(cp(a)) • cp(b) = cp(aa) • cp(b) = LaflL, = La,La = cp(ab) • cp(a) for all 
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a, be G. Consequently, (p(ab) = ^(^(a)) • (p(b) • (p(a)~l = (p(a) * (p(b). Thus (p is 
a homomorphism of the groupoid G into the groupoid /?(*). Clearly, ker((p) = 
pG = idG, and so (p is injective. 

Finally, we identify G and (p(G), we put Q = {G\R^ and we take into account 
2.9. • 

4.6 Theorem. Let G be a cancellative semimedial groupoid such that G = GG. 
Then there exists a semimedial quasigroup Q with the following properties: 

(1) G is a dense subgroupoid of Q and Q = &Q(PQ(G)) = /?Q(aQ(G)) (cf 3.10); 
(2) The groupoids G and Q satisfy the same quasisymmetric groupoid equations. 

Proof. By 4.5, G is a left strongly dense subgroupoid of a semimedial left 
quasigroup P such that P = aP(G) and P is cancellative. By the right hand form 
of 4.5, P is a right strongly dense subgroupoid of a semimedial quasigroup 
Q = fiQ(p). The rest is clear. • 

4.7 Remark. Let G be a groupoid such that G is isomorphic to a subgroupoid 
of GG. Then there exists a groupoid H isomorphic to G such that G is 
a subgroupoid of H and G = HH. Now, it is clear that there exists a chain G = 
G0 != Gi = G2 = ... of groupoids such that G, = GI+1G/+i and G, = G. Setting 
K = (JG, we get a groupoid such that G is a subgroupoid of K and K = KK. 
Notice that the groupoids G and K are equationally equivalent and that K is (left, 
right) cancellative if and only if G is so. 

4.8 Proposition. Let G be a left cancellative left semimedial groupoid such that 
pG = idG and at least one of the following conditions is satisfied: 

(1) oG is injective (or projective); 
(2) G contains at least one idempotent element. 
Then G can be imbedded into a left semimedial left quasigroup. 

Proof. If oG is injective, then oG is an injective endomorphism of G and we 
have oG(G) = GG = G and oG(G) = G. Now, the result follows from 4.7 and 4.5. 
Similarly, if ee = e for some eeG, then q> = Le G, is an injective endomorphism 
of G and again, (p(G) = GG = G, (p(G) ^ G. • 

4.9 Theorem. Let G be a cancellative semimedial groupoid such that at least 
one of the following conditions is satisfied: 

(1) oG is injective (or projective); 
(2) G contains at least one idempotent element. 
Then G can be imbedded into a semimedial quasigroup. 

Proof. Similar to that of 4.8. • 

4.10 Remark. Let G be a left semimedial groupoid containing a neutral 
element e. 

(i) We have xx • y = xx • ye = xy xe = xy x, xx • y = xx • ey = x • xy, 
and so xy • x = x • xy for all x, y = G. 
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(ii) If G is left divisible, then G is commutative. 
(iii) If (a, b) e pG, then a = ae = be = e, so that pG = idG. 
(iv) Assume that G is left cancellative. By 4.5, G is a left strongly dense 

subgroupoid of a left semimedial left quasigroup Q. If x e Q, then ax(... (a„x)) = 
b e G for some n > 0 and a, e G and we have b = eb = e(ax... (a„x)) = 
(ea{) (e(a2... W*))) = ai(e(fl2v-- (

an^)))) = ••• = ax(... (an • ex)). Consequently x = ex 
and we have shown that e is a left neutral element of Q. 

Finally, if G is also right semimedial, then Q is so and e is a neutral element of 
Q (ai(... (a„x)) = b = be = ax(... (an • xe))). By (ii), Q is commutative and con
sequently Q is a commutative Moufang loop and G is also commutative. 

VI.5 Cancellative unipotent semimedial groupoids 

5.1 A groupoid G is said to be unipotent if aa = o = bb for all a, be G. 

5.2 Lemma. Let G be a unipotent left semimedial groupoid. Then: 
(i) L\ = R2 and L0R0 = R0L0. 

(ii) L0 is injective (resp. projective) if and only if R0 is so. 

Proof. We have o • ox = (xx) (xx • x) = (x • xx) (xx) = xo- o for every xeG. A 

5.3 Theorem. The following conditions are equivalent for a groupoid G: 
(i) G is unipotent and left semimedial and at least one of the transformations 

L0,G, RoG is injective and at least one of them is projective. 
(ii) There exist a group G(o) and an automorphism q> of G(o) such that 

xy = <p(x~l O y)for all x, y e G. 
Moreover, if these conditions are satisfied, then G is a quasigroup and G is right 

semimedial if and only if G is middle semimedial (equivalently, G(o) is abelian). 

Proof. First, we show that (i) implies (ii). By 5.2, both the translations L0 and 
R0 are bijections L2

0 = R2, L,R0 = R0L0, i/t = L.R"1 = L^R0 = R^L, = R.L;1 = 
\jj~l. Moreover, L0 is an automorphism of the groupoid G. Now, define a binary 
operation o on G by x o y = R-^x) • L"1^) for all x, y e G. Clearly, o is a neutral 
element of the groupoid G(o) and xy = R0(x) o L0(y) = (xo) o (oy) for all 
x,yeG. Since G is left semimedial, we have R0(R0(x) O L0(x)) O L0(R0(y) O L0(z)) = 
xx • yz = xy • xz = R0(R0(x) O L0(y)) O L0(R0(x) O L0(z)) for all x,y,zeG and 
consequently R0(x O i/t(x)) O L0(y O z) = R0(x O {//(y)) O L0(x O z) for all x,y,ze G. 
Further, L0(w OD) = L0(R0

l(u) • L~l(v)) = L0R0
l(u) • v = f̂(ii) v = R0i//(u) O L0(v) = 

L0(u) O L0(v) showing that L0 is an automorphism of G(o). Now, \j/(x O \j/(x)) O 
(yOz) = L;](R0(x O ^t(x)) o L0(y o z)) = L^(R0(x o ^(y)) o L0(x • z)) = 
\//(x O \j/(y)) O (x O z) for all x,y,ze G. Substituting y = z = o into the latter 

equality, we get i//(x O \j/(x)) = ^(x) O x, and therefore (ij/(x) O x)o (y O z) = 
i/t(x O \l/(y)) O (x O z). On the other hand, î (x) o x = R-^R^^^x)) • L; 1 = 
L-\x) • L-\x) = o and x o i/t(x) = Ro"1^)" L^^L^-^x)) = R"1^) • R-^x) = o. 
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Thus yOz = oO(yOz) = (i/t(x) Ox)o(j ;Oz) = i/t(x o i/t(y)) O (x O z). We have 
proved that 

(*)yOz = i/t(x o \j/(y)) o (x o z) 
for all x,y,ze G. 

Setting y = o in (*), we get the equality ^(x) o (xOz) = z for all x,zeG. Then 
also x O (ij/(x) O z) = z and we see that G(o) is a left quasigroup. However, then 
G is a left quasigroup as well. 

Setting z = o in (*), we get the equality y = i/t(x O {//(y)) O x. Then y = 

Hx ° Hy)) °x = HHx) ° Hy)) ° Hx) = Hx) ° (x ° y) = x ° M*) ° .v)for a11 

x,y~G. Moreover, \//(y) = \j/(xO y)Ox = ^(x) Oy)o i/t(x) = i//(x) O (x O \j/(y)) = 
x O (i//(x) O i//(y)). 

Now, (x O y) O \j/(y) = i/t2(x O y) o (\j/(x O y) O x) = x for all x, y e G. Con
sequently, (x O {//(y)) o y = x and we see that both G(o) and G are right 
quasigroups. Thus G(o) is a loop and G is a quasigroup. Since \j/(x) o x = o = 
x O ij/(x), we have i//(x) = x"1 (the inverse of x in G(o)) and we have already 
proved that x"1 o (xOy) = xO (x_1 O y) = (y O x) O x - 1 = (y O x"1) O x = y, 
(x O y~l)~l O x = y and y O z = (xO y-1)"1 O (x O z). From this, y o x _ 1 = 
((x O y~{)~1 O x) O x_ 1 = (x o y~l)~l for all x,yeG and this equality can also 
be written as (x O y)_1 = y~l o x_1. That is, the permutation x -> x _ 1 is an 
antiautomorphism of the loop G(o). Now, (*) can be rewritten as 

(**) yOz = (yO x"1) o (xOz) 
for all x,y,ze G. 

For y = u o x, we get (u o x) o z = y o z = (y o x"1) o (x o z) = ((u o x) o x_1) o 
(x O z) = u O (x O z) for all x,z,ue G. This means that G(o) is a group. The 
permutation (p = LoG is an automorphism of G(o) and R0,G(*) = <P^(^) = ^i* -1)-
Thus xy = (p(x~l O y) for all x,yeG. 

If G is right semimedial, then R0 G and ifr are automorphisms of both G and G(o), 
and therefore G(o) is an abelian group and G is medial. Similarly, if G is middle 
semimedial, then G(o) is abelian. 

Finally, if (ii) is true, then xx = 0,0 being the unit element of G(o), LoG = (p and 
xx • yz = (p((p(x~l o x)_1 o cp(y~l o z)) = (p2(y~{ Oz) = (p2(y~l OxOx~lo z) = 
(p((p(x~l O y)~l O (p(x~l O z)) = xy • xz for all x, y,z e G. A 

5.4 Theorem. Let G be a unipotent left semimedial groupoid such that at least 
one of the translations L0 G and RoG is injective. Then G is cancellative and, if 
G is right (middle) semimedial, then G is medial. 

Proof. By 5.2(ii), both LoG and R0 G are injective. Now, by 1.9, there exists 
a unipotent left semimedial groupoid K such that G is a (strongly dense) subgroupoid 
of K and L0iK is an automorphism of K. Now, the result follows from 5.2. A 

5.5 Corollary. Let G be a unipotent left semimedial groupoid such that G is 
either left or right cancellative. Then G is cancellative and can be imbedded into 
a (unipotent) left semimedial quasigroup. 
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VI.6 Cancel lat ive semimedial groupoids with injective oG 

6.1 Proposition. Let cp be an endomorphism of a groupoid G. Define a new 
binary operation * on G by x * y = cp(xy) for all x, y e G. Then: 

(i) (x * y) * (u * v) = cp2(xy • uv) for all x, y,u,v e G. 
(ii) G(*) is (left, right, middle) semimedial, provided that G(*) is so. 

(Hi) G(*) is medial, provided that G is so. 
(iv) G(*) is (left, right) cancellative, provided that G is so and cp is injective. 
(v) G(*) is (left, right) divisible, provided that G is so and cp is projective, 

(vi) cp is endomorphism of G(*). 

6.2 Proposition. Let G be a left semimedial groupoid such that cp = oG is 
a bijection (then cp is an automorphism of G). Define a new binary operation * on 
G by x * y = cp~l(xy)for all x,yeG. Then: 

(i) G(*) is an idempotent left distributive groupoid. 
(ii) cp is an automorphism of G(*) and xy = cp(x * y). 

(Hi) G(*) is right distributive (resp. middle semimedial, medial) if and only if 
G is right semimedial (middle semimedial, medial). 

(iv) G(*) is (left, right) cancellative if and only if G is so. 
(v) G(*) is (left, right) divisible if and only if G is so. 

6.3 Corollary. The following conditions are equivalent for a groupoid G: 
(i) G is left semimedial and oG is bijective. 

(ii) There exist an idempotent left distributive groupoid G(*) and an auto
morphism cp of G(*) such that xy = cp(x * y) for all x,yeG. 

If these conditions are satisfied, then cp = oG, G is right semimedial (middle 
semimedial, medial) if and only if G(*) is right distributive (middle semimedial, 
medial) and G is (left, right) cancellative (or divisible) if and only if G(*) is so. 

6.4 Theorem. Let G be a left cancellative left semimedial groupoid such that 
oG is injective. Then these exists a left semimedial left quasigroup Q with the 
following properties: 

(i) G is a left strongly dense subgroupoid of Q. 
(ii) OQ is injective. 

(Hi) oQ is projective, provided that oG is so. 
(iv) Q is right (middle) semimedial if and only if G is so. 
(v) Q is cancellative if and only if G is so. 

(vi) Q is right divisible, provided that G is so. 

Proof. By 1.1.13, G can be imbedded into a groupoid K such that K is left 
cancellative left semimedial, cp = oK is an automorphism of K, etc. Put x * y = 
cp~\xy) for all x,yeK (see 6.2); then K(*) is a left cancellative idempotent left 
distributive groupoid and cp is an automorphism of K(*). By IV.2.4, there exists an 
idempotent left distributive left quasigroup P(*) such that K(*) is a left strongly 
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dense subgroupoid of P(*) and the imbedding X(*) c> P(*) is a reflexion of X(*) in 
the class of left distributive left quasigroups. Now, by II.3.6, cp can be extended to an 
automorphism \j/ of X(*). Again, put xy = ^/(x * y) for all x,yeK. Then X, together 
with this multiplication, becomes a left semimedial left quasigroup. Of course, G and 
K are subgroupoids of P, and hence G is left strongly dense subgroupoid of 
Q = <G>lcP; Q is a left semimedial left quasigroup. For xeP, oP(x) = xx = 
\j/(x * x) = ij/(x), and therefore oP is bijective. Consequently, oQ is injective and we 
have proved (i) and (ii). The asertions (iv), (v) and (vi) are proved in 2.9. 

Finally, assume that oG is projective (i.e., bijective). Then G = K and it is 
enough to show that Q = P. If x e P, then ax * (a2 * (... (an * x))) e G, at e G, and 
it follows that il/~\a{) (i//~\a2) (... (il/~

n(an) il/-
m(x)))) e G. But i/t = oP is bijective 

and \j/ \ G = cp is also bijective. Consequently, \jt~\a) e G, ^/~\a) e G, ^""(x ) e 6 
and* = il/n(i//~n(x))eQ. A 

6.5 Theorem. Let G be a cancellative semimedial groupoid such that oG is 
injective. Then there exists a semimedial quasigroup Q with the following properties: 

(i) G is a dense subgroupoid of Q. 
(ii) OQ is injective. 

(Hi) OQ is projective, provided that oG is so. 
(iv) Q is medial if and only if Q is so. 

Proof. We can proceed similarly as in the proof of 6.4 (using 1.1.13, 6.2, IV.5.4 
and II.4.3) or we can simply use 4.9 and 3.11. A 

VI.7 Cancellative semimedial groupoids with projective aG 

7.1 Proposition. Let G be a left semimedial groupoid such that oG is projective. 
Then there exists a left semimedial groupoid K with the following properties: 

(i) G is a homomorphic image of K. 
(ii) oK is a bijection (and hence an automorphism of K). 

(Hi) The groupoids G and K are equationally equivalent, 
(iv) K is (left, right) cancellative, provided that G is so. 

Proof. K will be the set of sequences (x0, xl9 x2,...)e GNo such that xj+l = x, 
for every i > 0. Then X is a subgroupoid of the power G*° and G is a homo
morphic image of X ((xt) -> x0). Also the remaining assertions are clear. • 

7.2 Proposition. Let G be a left cancellative left semimedial groupoid such that 
oG is projective. Then G can be imbedded into a left semimedial left quasigroup. 

Proof. By 7.1, there exists a projective homomorphism cp : X -> G, where X is 
a left cancellative left semimedial groupoid and oK is an automorphism of X. 
Further, by 6.4, X is a left strongly dense subgroupoid of a left semimedial left 
quasigroup P (such that oP is an automorphism of P). Now, the congruence 
r = ker(cp) of X is left cancellative and it can be extended to a left cancellative 
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congruence s of P (see 2.9). Then the factor Q = P/s is again a left quasigroup 
and G can be imbedded into Q. • 

7.3 Theorem. Let G be a cancellative semimedial groupoid such that oG is 
projective. Then G can be imbedded into a semimedial quasigroup. 

Proof. We can proceed similarly as in the proof of 7.2 (using 7.1, 6.5 and 3.7) 
or we can just use 4.9. • 

VI.8 Cancellative semimedial groupoids where iG (QG) is an endomorphism 

8.1 Proposition. Let G be a left cancellative groupoid such that the trans
formations oG and QG are endomorphisms of G. Then there exist groupoids H and 
K with the following properties: 

(i) Both H and K are left cancellative, oH is an automorphism of H and QK is 
an automorphism of K (see 1.1.12). 

(ii) There exists an injective homomorphism G -> H x K. 
(Hi) The groupoids G and H x K are equationally equivalent. 

Proof. With respect 1.1.15, we can assume that G is non-trivial and subdirectly 
lc-irreducible. If (a, b) e ker(o-G) n ker(gG), then aa = bb and aa • a = bb • b. Since 
G is left cancellative, we have a = b, and so ker(crG) n ker(gG) = idG. Since oG and 
QG are endomorphism of G, both ker(f/G) and ker(^G) are left cancellative congruences 
of G. But G is subdirectly lc-irreducible. Thus either ker(crG) = idG and oG is 
injective or ker(^G) = idG and oG is injective. The rest is clear from 1.1.13. • 

8.2 Proposition. Let G be a cancellative groupoid such that both oG and QG are 
endomorphisms of G. Then there exist groupoids H and K with the following 
properties: 

(i) Both H and K are cancellative, oH is an automorphism of H and QK of K. 
(ii) There exists an injective homomorphism G -* H x K. 

(Hi) The groupoids G and H x K are equationally equivalent. 

Proof. Similar to that of 8.1. • 

8.3 Theorem. Let G be a cancellative semimedial groupoid such that either 
QG or TG is an endomorphism of G (see 1.1.12). Then G can be imbedded into 
a semimedial quasigroup. 

Proof. Combine 8.2 and 4.6. • 

VI.9 Imbeddings of cancellative semimedial groupoids into semimedial 
quasigroups 

9.1 Theorem. Let G be a left cancellative left semimedial groupoid such that 
at least one of the following conditions is satisfied: 
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(1) G = GG; 
(2) GG is infective; 
(3) GG is projective; 
(4) GG is constant (i.e., G is unipotent); 
(5) G contains at least one idempotent element. 
Then G can be imbedded into a left semimedial left quasigroup. 

Proof, (i) With respect to 1.1.15, we can assume that G is subdirectly cl-ir-
reducible. By 4.3, pG is a left cancellative congruence of G. Now, if (a, b)e pG n 
ker(aG), then aa = bb and ax = bx for every xeG. Hence ab = bb = aa and 
a = b, since G is left cancellative. Thus pG n ker(r/G) = idG and either pG = idG 

or GG is injective. If pG = idG, then we can use 4.5. If GG is injective, then 6.4 
shows the result. 

(ii) See 6.4. 
(iii) See 7.2. 
(iv) See 5.4. 
(v) Combine (i) and 4.7. • 

9.2 Theorem. Let G be a left cancellative left semimedial groupoid satisfying 
at least one of the conditions (1), ..., (5) from 9.1. Then there exists a left 
semimedial left quasigroup Q with the following properties: 

(i) G is a strongly dense subgroupoid of Q and for every xeQ there exist 
n > 0 and fe, au ..., ane G such that a{(... (anx)) = b e G. 

(ii) Q is right cancellative if and only if G is so. 
(iii) Q is right divisible, provided that G is so. 
(iv) The groupoids G and Q satisfy the same quasisymmetric groupoid equations. 

Proof. Combine 9.1 and 2.9. • 

9.3 Theorem. Let G be a cancellative semimedial groupoid such that at least 
one of the following conditions is satisfied: 

(1) G = GG; 
(2) GG is injective; 
(3) GG is projective; 
(4) GG is constant; 
(5) xG is an endomorphism of G; 
(6) QG is an endomorphism of G; 
(7) G contains at least one idempotent element. 
Then G can be imbedded into a semimedial quasigroup. 

Proof. Use 4.6, 4.9, 6.5, 7.3 and 8.3. • 

9.4 Theorem. Let G be a cancellative semimedial groupoid satisfying at least 
one of the conditions (1), ..., (7) from 9.3. Then there exists a semimedial 
quasigroup Q with the following properties: 
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(i) G is a dense subgroupoid of Q and for every xeQ there exist n > 0, b, 
a{,..., ane G and T1?..., Tne {L,R} such that Tlai... TnaJx) = b e G. 

(ii) The groupoids G and Q satisfy the same quasisymmetric groupoid equations. 

Proof. Combine 9.3 and 3.7. • 

9.5 Remark. Let G be a (left) cancellative (left) semimedial groupoid that can 
be imbedded into a (left) semimedial quasigroup (see 9.1, 9.2, 9.4 and 9.4). Then 
G is a (left strongly) dense subgroupoid of a (left) semimedial (left) quasigroup Q, 
Q is determined uniquely up to G-isomorphism, G and Q satisfy the same 
quasisymmetric groupoid equations (Q is right cancellative or divisible, provided 
that G is so) and the imbedding G c* Q is a reflexion of G in the class of (left) 
semimedial (left) quasigroups (cf. II.3.5, II.3.6 and II.4.4). 

VI. 10 When semimedial groupoids are strongly semimedial 

10.1 Theorem. A semimedial groupoid G is strongly semimedial, provided that 
at least one of the following conditions is satisfied: 

(1) G is cancellative; 
(2) oG is infective; 
(3) GG is projective; 
(4) G is commutative. 

Proof, (i) If a,b,ce G, then we have ((cc • ca) (ba • ba)) ((ac • ba) (aa • ba)) = 
((cc • ca) (ba • ba)) ((ac • aa) (ba • ba)) = ((cc • ca) (ba • ba)) ((aa • ca) (ba • ba)) = 
((cc • ca) (aa • ca)) ((ba • ba) (ba • ba)) = ((cc • aa) (ca • ca)) ((ba • ba) (ba • ba)) = 
((ca • ca) (ca • ca)) ((ba • ba) (ba • ba)) = ((ca • ca) (ca • ca)) ((bb • aa) (ba • ba)) = 
((ca • ca) (ca • ca)) ((bb • aa) (bb • aa)) = ((ca • ca) (ca • ca)) ((bb • bb) (aa • aa)) = 
((ca • ca) (bb • bb)) ((ca • ca) (aa • aa)) = ((ca • bb) (ca • bb)) ((ca • ca) (aa • aa)) = 
((ca • bb) (ca • bb)) ((ca • aa) (ca • aa)) = ((cb • ab) (ca • bb)) ((ca • aa) (ca • aa)) = 
((cb • ab) (cb • ab)) ((ca • aa) (ca • aa)) = ((cb • cb) (ab • ab)) ((ca • aa) (ca • aa)) = 
((cb • cb) (ca • aa)) ((ab • ab) (ca • aa)) = ((cb • ca) (cb • aa)) ((ab • ab) (ca • aa)) = 
((cc • ba) (cb • aa)) ((ab • ab) (ca • aa)) = ((cc • ba) (ca • ba)) ((ab • ab) (ca • aa)) = 
((cc • ca) (ba • ba)) ((ab • ab) (ca • aa)) = ((cc • ca) (ba • ba)) ((ab • ca) (ab • aa)) = 
((cc • ca) (ba • ba)) ((ab • ca) (aa • ba)). 

(ii) With respect to 1.1.13, we can assume that cp = oG is an automorphism of G. 
Now, consider the idempotent distributive groupoid G(*) constructed in 6.2. By [11, 
IV. 1.4], G(*) is middle semimedial, and therefore G is middle semimedial by 6.2(iii). 

(iii) Combine (ii) and 7.1. 
(iv) Obvious. A 

10.2 Remark. Let F be a free semimedial groupoid. Then F is neither left nor 
right cancelative. In fact, it is easy to see that F is not middle semimedial (e.g., 
(x • xx) ((x • xx) x) =(= (x(x • xx)) (xx • x) for every free generator xe F) and con-
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sequently F is not cancellative (by 10.1). However, F is isomorphic to its opposite 
groupoid and it follows that F is neither left nor right cancellative. 

VI.11 Cancellable (inject ive) elements of semimedial groupoids 

11.1 Let G be a groupoid. An element a e G is said to be left (resp. right) 
injective (or cancellable) if the left (resp. right) translation La G (resp. Ra G) is 
injective. 

We denote by A^G) (resp. Ar(G)) the set of left (resp. right) injective elements 
and we put A(G) = A^G) n Ar(G). 

11.2 Lemma. Let G be a left semimedial groupoid and a,beG. 
(i) If a, ab e A,(G), then b e A{(G). 

(ii) If aa,be A,(G), then a e A,(G). 
(Hi) Ifae A{(G) and ab e Ar(G), then b e Ar(G). 
(iv) Ifaae A{(G) and b e AT(G), then a e A{(G). 

Proof. By 1.2, LaaLb = LabLa and LaaRb = RafoLa. Now, it sufficies to use these 
equalities and the following well known observation: Let f, g be transformations 
of G. If f g are injective, then fg is so. If fg is injective, then g is so. • 

11.3 Proposition. Let G be a left semimedial groupoid. Then: 
(i) A{(G) is a left closed subset of G; if aeG and oG(a) = aae A{(G), then 

a e A{(G). 
(ii) A(G) is a left closed subset of G; if aeG and cG(a) e A(G), then a e A(G). 

Proof, (i) The assertion follows immediately from 11.2(i), (ii). 
(ii) Let, a,b e G, a, ab e A(G). Then a, ab e A{(G) and b e A{(G) by (i). Further, 

a e A{(G), ab e Ar(G) and b e Ar(G) by 11.2(iii). Thus b e A(G) and we have proved 
that A(G) is left closed. Finally, let a e G and aa e A(G). Then aa = A^G), and 
hence a e A{(G) by (i). Consequently, a e A{(G), aa e Ar(G), and so a e Ar(G) by 
11.2(iii). ThusaGA(G). • 

11.4 Proposition. Let G be a left cancellative left semimedial groupoid. 
(i) Ar(G) = A(G) and ifa,beG and ab e A(G), then b e A(G). 

(ii) IfA(G) 4- G, then G\A(G) is a left ideal of G. 

Proof. We have G = A{(G) and it is enough to use 11.2(iii). • 

11.5 Proposition. Let G be a semimedial groupoid. 
(i) A(G) is a closed subset of G. 

(ii) If G is left (resp. right) cancellative and if a,b e G are such that ab e A(G), 
then a, be A(G). In other words, G\A(G) is either empty or an ideal of G. 

Proof, (i) This follows from 11.3(H) and its right hand form, 
(ii) Let ab e A(G). By 11.4 (i), b e A(G). However, by the dual of 11.3(ii), A(G) 

is right closed. Hence a e A(G) as well. • 
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11.6 Proposition. Let G be a left (right) quasigroup such that Ar(G) =f= 0 
(A,(G) * 0 ) . 

(i) If G is left semimedial, then A(G) is a left ideal of G. If, moreover, 
A(G) + G, then G\A(G) is a left ideal. 

(ii) If G is semimedial, then G is cancellative. 

Proof, (i) We have A(G) = Ar(G) 4= 0 a n d , by 11.4, G\A(G) is either empty 
or a left ideal of G. Now, let a e G and b e A(G). We have haaRb = Ra{,La, and so 
Kb = Ka^bK1 1s injective. Thus ab e A{G) = A(G). 

(ii) Let a e G, b e A(G). By (i), ab e A(G). However, then a e A(G) by 11.5(ii). 
Therefore G = A(G). A 

11.7 Remark. Let G be an ideal-simple left (right) cancellative semimedial 
groupoid. Put I = G\A(G). If I = 0 , then G is cancellative. If I = G, then 
A(G) = 0 and hence Ar(G) = 0 (A^G) = 0 ) . The last possibility is I 4= 0 , G . 
Since G is ideal-simple, / = {e}is then a one-element set. Then, of course, e is an 
absorbing element of G and, since G is left (right) cancellative, G = {e} and 
I = G, a contradiction. 

11.8 Let G be a groupoid. Denote by A*(G) the set of a e G such that 
on

G(a) e A{G) for each n > 0. The set A*(G) is defined dually and A*(G) = A?(G) n 
Xr*(G) = {ae G; <r£(a) e A(G) for each n > 0}. Clearly, A*(G) <= A^G), zl*(G) c 
Ar(G), A*(G) c A(G) and the sets A*(G), A*(G), A*(G) are closed under oG. 

11.9 Proposition. Let G be a left semimedial groupoid. Then A*(G) is either 
empty or a left closed subgroupoid of G (in that case, Af*(G) is a left cancellative 
groupoid). Moreover, if ae G and aa e A*(G) then a e Af(G). 

Proof. First, let a, beA*(G). By 1.2, l,a2.aA.h2 = Lab.aiLab. We have a2- a2, 
b2 e A^G), and so Lab is injective and ab G AX(G). NOW, for every n > 0, 
<x£(a), 01(b) e A,*(G), and so o^ab) = on

G(a) on
G(b) e A{G). Consequently, ab s A*(G) 

and we have proved that A*(G) is a subgroupoid (if non-empty). 
Next, let a,beG and a, ab e A*(G). Then, for each n > 0, oG(ab) = 

on
G(a)on

G(b)eA{G) and on
G(a)eA{G). But A,(G) is left closed, and hence 

on
G(b) e A-(G) and b e A,*(G). 
Finally, let aa e A*(G). Then f/£(aa) = on

G(a) on
G(a) e A,(G) for each n > 0. By 

11.3(i), (jS(fl) e A,(G), i.e. a e A^G). A 

11.10 Lemma. 2>r G be a left semimedial groupoid. Then A*(G) is a left closed 
subset of G. 

Proof. Let a, ab e A*(G). Then on
G(a), on

G(a) on
G(b) e A(G) for each n > 0. By 

11.3(ii), on
G(b) e A(G) and we see that b e A*(G). A 

11.11 Lemma. Let G be a semimedial groupoid. If aa e A{G) and bb - bbe 
Ar(G), then ab e A{G) and b e A(G). 
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Proof. By 11.3(H) and its dual, aeA{G) and beAr(G). Further, by 1.3, 
Rfc2.fe2La2 = Rafob2Lafc, and hence Lab is injective and ab e A{G). Since A,(G) is left 
closed, we have also b e A{G). Then, of course, b e A(G). • 

11.12 Theorem. Let G be a semimedial groupoid. Then: 
(i) A(G) is a closed subset of G. 

(ii) A*(G) is either empty or a closed subgroupoid of G (in that case, A*(G) is 
a cancellative groupoid). 

(Hi) I/A*(G) * 0 + Ar*(G) (e.g. if A*{G) * 0), then A*(G) = A*(G) = A*(G). 
(iv) IfaeG and aa e A(G) (resp. aa e A*(G)), then a e A(G) (resp. a e A*(G)j. 

Proof, (i) See 11.5(i). 
(ii) By 11.10 and its dual, A*(G) is a closed subset of G. Let A*(G) -# 0 ; we 

have A*(G) = A*(G) n A*(G) and A*(G) is a subgroupoid of G by 12.9 and its 
right hand form. 

(iii) This assertion follows easily from 12.11 and its dual. 
(iv) See 11.3(H) and 11.9 and its right hand form. • 

VI.12 Divisible (projective) elements of semimedial groupoids 

12.1 Let G be a groupoid. An element a e G is said to be left (resp. right) 
projective (or divisible) if the left (resp. right) translation La G (resp. RaG) is 
projective. 

We denote by B,(G) (resp. Br(G)) the set of left (resp. right) projective elements 
and we put B(G) = B,(G) n Br(G). 

12.2 Lemma. Let G be a left semimedial groupoid and a,b e G. 
(i) Ifa,abe B{G), then aa e B{G). 

(ii) Ifaa, b e B{G), then ab e B{G). 
(iii) Ifae B,(G) and ab e Br(G), then aa e B{G). 
(iv) Ifaae B{G) and b e Br(G), then ab e Br(G). 

Proof. Use 1.2 and the following simple fact: Let / , g be transformation of G. 
If / g are projective, then fg is so. If fg is projective, then f is so. • 

12.3 Proposition. Let G be a left semimedial groupoid. 
(i) B{G) is either empty or a subgroupoid of G. 

(ii) If G is left divisible, then B(G) is either empty or a left ideal of G. 
(iii) If G is a left quasigroup, then G\B(G) is either empty or a left ideal of G. 

Proof, (i) Let a e B{G) and xeG. There are y, z, v e G such that ay = a, az = v 
and av = x. Now, aa • yz = ay az = av = x and we have proved that 
aa e B{G). The result now follows from 12.2(ii). 

(ii) We have B(G) = Br(G) and 12.2(iv) applies. 
(iii) Let a,b eG and ab e B(G), We have Rb = LaaRabLa, and hence Rb is 

projective and b e B(G). • 
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12.4 Corollary. Let G be a semimedial groupoid. Then B(G) is either empty or 
a subgroupoid of G. 

VI. 13 Bijective elements of semimedial groupoids 

13.1 Let G be a groupoid. An element a e G is said to be left (resp. right) 
bijective if the left (resp. right) translation LaG (resp. RaG) is bijective. We denote 
by Q(G) (resp. Q(G)) the set of left (resp. right) bijective elements and we put 
C(G) = Q(G) n Q(G). 

13.2 Lemma. Let G be a left semimedial groupoid and a,beG. 
(i) If a, aa, ab e C,(G), then b e Q(G). 

(ii) If aa, b, ab e Q(G), then a e Q(G). 
(Hi) If a, aa, b e Q(G), then ab e Q(G). 
(iv) If a, b, ab e Q(G), then aa e Q(G). 
(v) If a, aa e Q(G) and ab e Q(G), then b e Q(G). 

(vi) If a, aa e Q(G) and b e Q(G), then ab e Q(G). 
(vii) If aa e C,(G) and b, ab e Q(G), then a e Q(G). 

(viii) Ifae Q(G) and b, ab e Q(G), then aa e Q(G). 

Proof. We have LaaLfr = LflfeLa and LaflRb = RabLa. 

13.3 Let G be a groupoid. Put Q*(G) = {ae G; an
G(a) e Q(G) for each n > 0}, 

Q*(G) = {aeG; on
G(a) e Q(G) for each n > 0} and C*(G) = Q*(G) n Q*(G) = 

{ae G; on
G(a) e C(G) for each n > 0}. 

13.4 Proposition. Let G be a left semimedial groupoid. Then: 
(i) Q*(G) is either empty or a left closed subgroupoid of G (in that case, Q*(G) 

is a left quasigroup). 
(ii) C*(G) is either empty or a left closed subgroupoid of G (in that case, C*(G) 

is a quasigroup). 

Proof, (i) Use 13.2(i), (iii). 
(ii) Use (i) and 13.2(v), (vi). A 

13.5 Corollary. Let G be a semimedial groupoid. Then C*(G) is either empty 
or a closed subgroupoid of G (in that case, C*(G) is a quasigroup). 

VI.14 Comments and open problems 

Many results of this chapter are new and some other results on semimedial 
groupoids and quasigroups can be found in [7], [14] and [16]. The main open 
problem is whether every cancellative semimedial groupoid is a subgroupoid of 
a semimedial quasigroup. 
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VII. Cancellative trimedial groupoids 

VII.1 Introduction 

1.1 A groupoid G is said to be 
— monomedial if every one-generated subgroupoid of G is medial; 
— dimedial if every subgroupoid generated by at most two elements is 

medial; 
— trimedial if every subgroupoid generated by at most three elements is 

medial; 
— left near-trimedial if ab • xy = ax • by for all a,b,x,yeG such that 

a, b e <c>G for some c e G\ 
— right near-trimedial if xy ab = xa- yb for a,b,x,yeG such that a, b e <C>G 

for some c e G\ 
— near-trimedial if G is both left and right near-trimedial. 

1.2 In the sequel, we will consider the following groupoid equations: 
(GE1) (x • xx) (yz) = (xy) (xx • z); 
(GE2) (zy) (xx • x) = (z • xx) (yx)\ 
(GE3) (xx • x) (yz) = (xx • y) (xz)\ 
(GE4) (zy) (x • xx) = (zx) (y • xx)\ 
(GE5) (yx) (xx • z) = (y xx) (xz)\ 
(GE6) (xy) (xy • z) = (x • xy) (yz)\ 
(GE7) (z • xy) (xy) = (zx) (xy • y)\ 
(GE8) (xy) (z • xy) = (xz) (y • xy)\ 
(GE9) (xyz)(xy) = (xyx)(zy)\ 
(GE10) ((xy • xy) (x • xy)) ((xy • y) (xy • z)) = ((xy • xy) (xy • y)) ((x • xy) (xy • z))\ 
(GE11) ((z • xy) (x • xy)) ((xy • y) (xy • xy)) = ((z • xy) (xy • y)) ((x • xy) (xy • xy))\ 

1.3 Proposition. Let G be a left (right) near-trimedial groupoid. Then: 
(i) G is left (right) semimedial. 

(ii) Both TG and QG are endomorphisms of G. 
(Hi) G satisfies (GE1) and (GE3) ((GE2) and (GE4)). 
(iv) G is monomedial. 
(v) The condition (A10) ((BIO)) is satisfied for any subgroupoid H of G (see 

1.4.1 and 1.4.5). 

1.4 Proposition. Let G be a trimedial groupoid. Then: 
(i) G is near-trimedial and strongly semimedial. 

(ii) G satisfies all the equations (GE1), ..., (GE11). 

1.5 Lemma. Let G be a groupoid and a,beG. 
(i) If G satisfies (GE6), then L2

ab = La a bL6 . 
(ii) If G satisfies (GE7), then R2

ab = R6a6Ra. 
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(Hi) If G satisfies (GE8), then LabRab = Rb.abLa. 
(iv) IfG satisfies (GE9), then RabLab = LabaRb. 
(v) If G satisfies (GE6), (GE10) and G is left semimedial, then \^X^ab = 

LdLaabLab, where c = (abf • (abf and d = (abf • (ab • b). 
(vi) If G satisfies (GE7), (GE11) and G is right semimedial, then RcRab = 

R^RabbRab, where c = (abf • (abf and d = (a- ab)- (abf. 

Proof, (v) Put e = ab. Then (e1e1)(e-ex) = (ee-ee)((ab)(ab-x)) = (ee-ee)((a-ab)(bx)) = 
(ee • ee) (ae • bx) = (ee • ae) (ee • bx) = (ee • ae) (eb • ex)=((ab • ab) (a • ab)) ((ab • b) (ab • x)) = 
((ab • ab) (ab • b)) ((a • ab) (ab • x)) = (ee • eb) (ae • ex). • 

1.6 We will say that a groupoid G is 
— a left (right) F-groupoid if a- be = ab- ec (cb • a = ce • ba) whenever 

a, fc, c, e e G and ae = a (ea = a); 
— an F-groupoid if it is both a left and right F-groupoid; 
— a left (right) F-groupoid if a- be = eb • ac (cb • a = ca- be) whenever 

a,b,c,eeG and ea = a(ae = a); 
— an F-groupoid if it is both a left and right F-groupoid. 

1.7 Proposition, (i) Every left cancellative left semimedial groupoid satisfying 
(GE1) is a left F-groupoid. 

(ii) Every left cancellative semimedial groupoid satisfying (GE3) and (GE5) is 
a right E-groupoid. 

Proof. If a, b, c, e e G, a = ea, then (a • ad) (a • be) = (ad) (aa • be) = (ad) (ab • ac) = 
(a • ab) (a • ac) = (a • ab) (ae • ac) = (a • ab) (aa • ec) = (a • aa) (ab • ec), and hence 
a- be = ab- ec. 

(ii) If a,b,c,eeG, a = ae, then (aa • a) (cb • a) = (aa • cb) (aa) = (ac • ab) (aa) = 
(ac • a) (ab • a) = (ac • a) (ab = ae) = (ac • a) (aa • be) and (aa • a) (ca • be) = 
(aa • ca) (a • be) = (ac • aa) (a • be) = (ac • a) (aa • be). Consequently, (aa • a) (cb • a) = 
(aa • a) (ca • be) and cb • a = ca- be. • 

1.8 Corollary. Let G be a cancellative semimedial groupoid. 
(i) If G satisfies (GE1) and (GE2), then G is an F-groupoid. 

(ii) If G satisfies (GE3), (GE4) and (GE5), then G is an E-groupoid. 

1.9 Remark. Let F be a free monomedial (resp., dimedial, trimedial, medial) 
groupoid. Then F is neither left nor right cancellative. Indeed, if x e F is a free 
generator and y = xx, then ((x • xy) (yx)) ((x • yx) (xy - x)) = ((x • xy) (yx)) ((x - xy) (yx - x) = 
((xxy)(x-xy))((yx)(yxx)) = ((xx)(xy-xy^ 
(y(y' yy)) ((**' x) (yx • x) = (y(y - yy)) ((xx • yx) (xx)) = (y(y • yy)) ((xy • xx) (xx)) = 
(y(xy • xx)) ((y • yy) (xx)) = ((xx) (xy • xx)) ((y • yy) (xx)) = ((x • xy) (x • xx)) ((yx) (yy • x)) = 
((x • xy) (yx)) ((x • xx) (yy • x)) = ((x • xy) (yx)) ((xy) (yy - x)). On the other hand, it 
is easy to see that (x • yx) (xy • x) =1= (xy) (yy • x). 
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VII.2 Dense subgгoupoids of cance l lat ive tr imedia l groupoids 

2.1 Let Я be a subgroupoid of a left near-trimedial groupoid G and let a e H 
and a = (a)н. Put ða(H) = <5a G(Я) = {xeG;bxe H for some b e A}. 

(i) If b,ceA and bx, cy eЯ, then bc • xy = bx • cy eЯ, which shows that 
<5a(Я) is a subgroupoid of G; clearly, Я я ða(H). 

(ii) Assume that for all b e A and u e Я, there exists a uniquely determined 
x e G with bx = u (e.g., if G is a left quasigroup). Then the mapping <p: (b, u) —• x 
is a projective homomorphism of A x Я onto <5a(Я). If ((b, u), (c, v)) e ker(<p), then 
bx = u, cx = v for some x e <5a(Я), and therefore db • v = db • cx = dc • bx = dc • u 
for every d є A. Conversely, if b,ceA, u,veH, eb • v = ec- u, e є A and if 
bx = u, cy = v, x, y e ða(H), then ec • bx = ec • u = eb • v = eb • cy = ec • by. 
But ec-bx = ec- ueH and ec e A. Thus Ъx = u = Ъy and x = y. We have 
proved that ((b, u), (c, v)) e ker(<p) if and only if db • v = dc • u for some (and then 
for each) d e A. 

(iii) Now, assume that LbG is injective for every beA and put K = 
{(b,u) e A x Я; bx = u for some x є Я}. Then K is a subgroupoid o f Л x f í and 
q>: K -> <5a(Я), <p(b, w) = x, is a projective homomorphism of K onto <5a(Я). Again, 
((b, u), (c, v) e ker(<p) if and only if db • v = dc • u for some (and then for each) 
deA. 

2.2 Let Я be a subgroupoid of a left near-trimedial groupoid G, let a є Я and 
Л = <a>н. Put єa(H) = єüìH(H) = {xeG; f(x) e H for some / є Mul^G, A)}. 

(i) First, we check that єa(H) is a subgroupoid of G. If n, m > 0, a, є Л, Ъ, e A, 
x, y e є(H), a{(... (anx)) e H and bx(... (bmy)) e Я, then we may assume n = m and 
we get (aүЪx) (... (anbn • xy)) = (я1(... (anx))) (Ц... (bjl))) e Я. Thus xy e ЦЯ) and 
we have proved that єa(H) is a subgroupoid of G; clearly, Я Î= вa,G(Я) ^ aG(Я). 

(ii) Put Я 0 = Я and Hi+Ì = (5aG(Яř) for every i > 0 (see 2.1). Then Я 0 Í= 
ЯJ Í= Я 2 Í= ... is a countable chain of subgroupoids of £a,G(Я) and it is easy to 

00 

see that єaG(H) = ЏЯ f . 
i = 0 

(iii) Now, assume that the left translation LЬ G is injective for every ЪeA. 
According to 2.1(iii), there exist subgroupoids Kt of A^ x Я (here, A' = A x A x 
... x A i-times) and projective homomorphisms ę : Kx,-> Я,. In paгticular, the 
groupoids Я and єa^G(H) are equationally equivalent. 

(iv) We have L = <Я>C,G = [Я],,G = aG(Я) (see 1.4.3). If x e L , then 
a!(... (a„x)) є Я for some n > 0 and a ь ..., aneH and we have also a2(... (aпx)) є 
áai(Я), a3(... (anx)) e <5ű2(<5ai(Я)),..., x є <5j... (<5ai(Я))). Now, it is clear that L is 
just the union of subgroupoids of the form <5Ò1 ,G(<5b2ţG(... (<5bw G(H)))), m > 0, 
bь ..., bme H. Moreover, if all the left translations Lb G, b e Я, are injective, than 
the subgroupoid <5Ьl(<5b2(... (<5Ьm(Я)))) is a homomoфhic image of a subgroupoid of 
the (m -F l)-th power Я ( w + 1 ) . In particular, the groupoids Я and L are equationally 
equivalent. 
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2.3 Lemma. Let H be a left strongly dense subgroupoid of a left cancellative 
left near-trimedial groupoid G and let n>\ and x1?..., x„e G. Then there is 
k > 1 such that the subgroupoid < i f ,x b . . . , x n )G is a homomorphism image of 
a subgroupoid of the k-th power H^k\ 

Proof. Use 2.2(iv). A 

2.4 Proposition. Let H be a left strongly dense subgroupoid of a left cancella
tive left near-trimedial groupoid G. Then the groupoids H and G are equationally 
equivalent. 

Proof. See 2.2(iv) (or combine 1.3(v) and II. 1.10). A 

2.5 Proposition. Let G be a left cancellative trimedial groupoid. Then: 
(i) The subgroupoid <a,6, C)IC,G is medial for all a,b,ce G. 

(ii) Ifa,beG and a = aby then the subgroupouid <a,b, x, y ) G is medial for all 
x,yeG. 

(Hi) G is a left F-groupoid and a right E-groupoid. 

Proof, (i) H = (a,b, c )G is medial, and hence K = <ff)ic,G = (a,b, c ) l c G is 
medial by 2.4. 

(ii) <a,b, x, y ) G = <a,x, y)lc>G and (i) applies, 
(iii) This follows immediately from (ii) (or see also 1.7). A 

2.6 Let H be a subgroupoid of a near-trimedial groupoid G. Then < i 2 \ G is just 
the union of subgroupoids of the form K = Kha^G(K2,a2,G(-~ (Kn,an,G(H))% where 
n > 0, a{,..., ane H and KU ...,Kne {5,5) (5a is the operator dual to 5 — see 2.1 
and 2.2). 

If all the translations LaG and RaG, a e H, are injective, then each of the above 
subgroupoids K is a homomorphic image of a finite cartesian power of H. 

2.7 Proposition. Let H be a dense subgroupoid of a cancellative near-trimedial 
groupoid G. Then the groupoids H and G are equationally equivalent. 

Proof. See 2.6 (or II.2.8). A 

2.8 Proposition. Let G be a cancellative trimedial groupoid. Then: 
(i) The subgroupoid <a,b, c ) c G is medial for all a,b,ce G. 

(ii) G is both an F-groupoid and an E-groupoid. 

Proof. Similar to that of 2.5. A 

VII .3 When cancellative semimedial groupoids are trimedial 

3.1 Proposition. The following conditions are equivalent for a quasigroup Q: 
(i) Q is semimedial and satisfies (GE1). 

(ii) Q is semimedial and satisfies (GE2). 
(iii) Q satisfies ((xx • yz) (vw • uu)) ((p • pp) (st)) = ((xy * xz) (vu • wu)) ((ps) (pp • t)). 
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Proof. See [17, Theorem 6]. 

3.2 Proposition. Let G be a cancellative semimedial groupoid satisfying (GE1) 
(or (GE2)) and such that aG is injective. Then G is trimedial. 

Proof. With respect to 1.1.13, we can assume that (p = oG is an automorphism 
of G. Now, put x * y = (p~\xy) for all x, y e G. Then G(*) becomes a cancellative 
idempotent distributive groupoid, (p is an automorphism of G(*) becomes a can
cellative idempotent distributive groupoid, (p is an automorphism of G(*) and 
xy = (p(x * y) for all x, y e G. Further, (p2((x * (p(x)) * (y * Z) = (x • xx) (yZ) = 
(xy) (xx • Z) = (p2((x * y) * ((p(x) * Z)), and hence (x * (p(x)) * (y * Z) = (x * y) * 
((p(x) * Z) for all x,y,ze G; equivalently, (x, (p(x)) e fiG^ (see IV.5.9). 

By IV.5.4, G(*) is a dense subgroupoid of a distributive quasigroup Q(*) and 
(p extends to an automorphism \jj of Q(*). By IV.5.9, (v, i/t(v)) e fiQ^ for every ueQ-
Now, define a multiplication on Q by uv = i/t(u * v). Then Q is a semimedial 
quasigroup and G is a subgroupoid of Q. For u,v,we Q, we have (u • wu) (t>w) = 
î 2((u * i/f(u)) * (i; * w)) = i/>2((u * v) * (i/f(u) * v)) = (uv) (uw • w). We have shown 
that Q satisfies (GE1). It remains to apply 3.1. • 

3.3 Proposition. Let G be a cancellative semimedial groupoid satisfying (GE1) 
(or (GE2)) and containing at least one idempotent element. Then G is trimedial. 

Proof. Since G satisfies (GE1), the transformation xG is an endomorphism of 
G and then, by VI.8.3, G is a subgroupoid of a semimedial quasigroup Q. Now, 
let e e Id(G). Then (p = ReQ and i/t = Re Q are automorphism of Q, (p(e) = e = \j/(e) 
and (p\j/ = \j/(p. Put x + y = (p~\x) \jj~\y) for all x, y e Q. Then Q( + ) is a loop 
(e = 0 is the neutral element), (p, i// are automorphisms of Q( +) and xy = 
(p(x) + [//(y) for all x, y e Q. 

By VI. 10.1, Q is strongly semimedial. Consequently, ij/(x) (p(y) = ex - ye = 
ey • xe = \j/(y) (p(x) for all x, y e Q and it follows that x + y = (l>-1(x) \l/~\y) = 
(p-x\jj-x($(x) (p(y)) = (p~l^~\il/(y) (p(x)) = (p~\y) ^_1(x) = y + x. We have proved 
that Q( + ) is a commutative loop. Now, Q( + ) is a commutative Moufang loop and 
q>(x) — \j/(x) e Z(Q( + )) (the centre) for every x e Q. 

If if is a subgroupoid of Q such that 0 e H, then i^(if) = 0 • H <~\ H and 
(p(H) = HO = H. Thus H <~\ \\t~\H) n 9_1(if). But, (p, \J/ are automorphism of 
Q, and so both \j/~\H) and (/>_1(if) are subgroupoids of Q and, of course, 
il/~\H) ^ H ^ (p~\H). 

We have Oe G and G <= (p~\G) <= i//-l(p-\G) c ^ - V 2 (G) c i/t-2
9"2(G) c ... 

is a countable chain of subgroupoids isomorphic to H; denote by K the union of 
this chain. Then K is a subgroupoid of Q, K satisfies (GE1) and \//(K) = K = (p(K). 

Now, put L = {a + u\ a e K, u e Z(Q( + ))}. If a + u e L and b + v e L, then 
(a + ii)(ft + i>) = ((/>(a) + (p(u)) + (i//(b) + i//(v)) = ((p(a) + il/(b)) + ((p(u) + il/(v)) = 
ab + w, w = (p(u) + i//(v) e Z(Q( +)) and ab e K. We see that L is a subgroupoid 
of Q; clearly K = L. Further, (p(L) = (p(K) + (p(Z(Q( + ))) = K + Z(Q( + )) = L 
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and, similarly \jj(L) = L. Consequently, if x j e l , then (p~\x), il/~\y)eL and 
x + y = (p~\x) *l/~\y) ' L, and so L( + ) is a subgroupoid of Q( + ). On the other 
hand, -3xeZ(Q ( + )) ~\ L, - 2 x = x + ( - 3 x ) e L and - x = x + ( - 2 x ) e L 
for every x e L. This means that L( + ) is a subloop of Q( + ) and L a subquasigroup 
ofQ. 

Finally, let a,b,ceK and u,v,we Z(Q( + )), x = a + u, y = b + v, z = c + w. 
Then (x • xx)(yz) = (<p2(x) + (ij/(p2(x) + il/2(p(x))) + (x\j(p(y) + i/t2(z)) = (((p2(a) + 
(il/(p2(a) + i)/2(p(a))) + (ij/(p(b) + ij/2(c)) + t = ((a- aa) (be) + t, where t = (p2(u) + 
ij/(p2(u) + \jj2(p(u) + ij/(p(v) + *l/2(w) e Z(Q( + )). Quite similarly, (xy) (xx • z) = 
((ab) (aa • c)) + s, where 5 = (p2(u) + \//(p(v) + i//(p2(u) + il/2(p(u) + ^2(w) e Z(Q( +)). 
However, (a • aa) (be) = (ab) (aa • c), and therefore t = s. Thus (x • xx) (yz) = 
(xy)(xx • z) and the quasigroup L satisfies (GE1). By 3.1, L (and hence G) is 
trimedial. A 

3.4 Proposition. Let G be a cancellative semimedial groupoid satisfying (GE1) 
(or (GE2)) and containing at least one element e such that both LeQ and Re,Q are 
bijections. Then G is trimedial. 

Proof. By IV.4.6, G is a subgroupoid of a semimedial quasigroup Q. Now, by 
[17, Theorem 3], there exist a commutative Moufang loop Q( + ), automorphisms 
7, i/t of Q( + ) and an element q e Q such that q>\\i = \j/(p, (p(x) — ^(x) e Z(Q( + )) 
and xy = ((p(x) + (p(y)) + q for all x, y e Q. Without loss of generality, we may 
assume that e = 0 is the neutral element of Q( + ). 

Since L0,G
 and RO,G are bijections of G, we have (p~\x — q), i//~\x — q) e G 

for every xeG (use the fact that 0 • \//~\x — q) = x = (p~\x — q) • 0). Now, if 
x,y G G, then (x +y)-q = ((x-q) + (y-q)) +q = (p~\x - q) • \l/~\y-q)eG. 

Put L = [a + u\ a ~ G, u e Z(Q( + ))}. Proceding similarly as in the proof of 3.3, 
we can show that L is a subgroupoid of Q and that L satisfies (GE1). If a, be G, 
then (a + b) — q e G. In particular, since 0 e G, we have a — qe G and 
b- qeG. Thus (a + b) - 3q = ((a - q) + (b - q)) - qeG. But 3geZ(Q( +)), 
so that a + b e L. Now, it is easy to see that L( + ) is a subgroupoid of Q( + ) and, 
since Z(Q( + )) ~\ L, in fact a subloop of Q( + ) (see the proof of 3.3). 

If x e L, then (p(x) + q = x • 0 e L, and so (p(x) eL(q = 00eG~\L) and 
(p(L) ~l L. Similarly, \j/(L) and, further, q>~\a — q)eG for each asG. Thus 
(p~\ — q) e G, (p~\a) = (p~\a — q) — (p~\ — q) e L and (p~\G) ~\ L. From this, 
(p~\L) £1 L and (p(L) = L; similarly, <^(L) = L. It follows that L is a subquasi
group of Q and L is trimedial by 3.1. A 

3.5 Theorem. Let G be a cancellative semimedial groupoid satisfying (GE1) 
(or (GE2)). Then G is trimedial (and can be imbedded into a trimedial quasigroup) 
in each of the following cases: 

(i) The transformation oG is injective. 
(ii) The transformation oG is projective. 
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(Hi) G contains at least one idempotent element. 
(iv) G contains at least one element e such that both Le G and Re G are bijections 

ofG. 

Proof. See 3.2, 3.3, 3.4 and VI.7.L • 

3.6 Remark. Let G be a cancellative semimedial groupoid satisfying (GE1). By 
VI.8.2 (in fact, the dual form of VI.8.2), there exist cancellative semimedial 
groupoids H and K satisfying (GE1) such that oH is an automorphism of H, TK of 
K and G can be imbedded into the product H x K. Now, by 3.5, H is trimedial. 
In particular, G is trimedial if and only if K is so. 

3.7 Remark. Let G be a cancellative semimedial groupoid satisfying (GE1) 
and such that q> = xG is an automorphism of G (cf. 3.6). Put x * y = (p~\xy) for 
all x, x e G. Then G(*) is a cancellative semimedial groupoid, x * (xx) = x for 
every xeG and G(*) is a left F-groupoid (see 1.6). 

3.8 Remark. Let G be a groupoid such that (p = xG and i/t = QG are auto
morphisms of G (see 1.1.12,1.1.13). Then (p\j/ = ij/(p (we have (p\j/ = q>(xx • x) = 
(p(x) (p(x) • (p(x) = i//(p(x)) and we will define a binary operation * on G by 
x * y = (p~\x) \l/~\y) for all x.yeG. Then G(*) is a groupoid, q>, \j/ are auto
morphism of G(*) and xy = q>(x) * \jj(y) for all x,yeG. 

(i) For every x e G, we have x * \j/((p~\x) (p~\x)) = (p~\x) • q>~\x) (p~\x) = 
qxp~\x) = x and (p(\l/~\x) ̂ _1(x)) * x = \l/~\x) il/~\x) • il/~\x) = i/ti/t_1(x) = x. 

(ii) G(*) is left (right) semimedial if and only if G satisfies the equation 
(xx • x) (x • xx)) (xy) = ((xx • x) y) ((x • xx) z) ((zy) ((xx • x) (x • xx)) = (z(xx • x)) (y(x • xx))). 

(iii) If G satisfies (GE1) ((GE2)), then G(*) is a left (right) F-groupoid. Indeed, 
x * (y * z) = ^ ( x ) • (i//~x(p~\y) (p~2(z)) = (p~2((x • xx) (iA~V(y) *A~ V(-0) = 
(p~2(xij/~l(p(y)) (xx • i/t_2(p-2(z))) = (x * y) * (i^((p_1(x) <l>-1(x)) * z) (see (i)). The 
other case is similar. 

(iv) G(*) is left (right) near-trimedial, provided that G is so. 
(v) G(*) is medial if and only if G is so. 

(vi) Let H be a subgroupoid of G. Then (p(H) ~\ H and H _= K = cp"1^). 
Clearly, K is a subgroupoid of G and <p f X is an isomorphism of K onto H. 
Similarly, H 9\ L = ij/~\H) and i/t f L is an isomorphism of L onto H. Now, we 
get a countable chain of subgroupoids H = H0 — H{ ~\ H2 ~\ ..., where H, = 
//. = cp-i^V2 • ^-l)/2(H) for / > 1 odd and Ht = (p~i/2^~i/2(H) for i > 0 even. 

OO 

If P = (J H„ then P is a subgroupoid of G, P and G are equaationally equivalent 
i = 0 

(p(P) = P, i/̂ (P) = P and P(*) is a subgroupoid of G(*). 
(vii) Suppose that G is trimedial, let x,y,zeG and H = <x,y, z>G. Now, 

consider the subgroupoid P constructed in (vi). Then P is medial, and hence P(*) 
is also medial. But <x,y, z ) ^ ~\ P. We have shown that the groupoid G(*) is 
trimedial. 

70 



(viii) G(*) is (left, right) cancellative if and only if G is so. 
(ix) G(*) is (left, right) divisible if and only if G is so. 

VII.4 Imbeddings of cancellative trimedial groupoids into trimedial 
quasigroups (the Sholander's construction) 

4.1 Let G be a groupoid and let A be a subgroupoid of G such that L^G is injective 
for each ae A and that ab • xy = ax • by for all a, b e A and x,yeG (it follows that 
A is a left cancellative medial groupoid). Now, put H = Ax G and define a relation 
r on H by ((a, u), (b, v)) er if and only if ca • v = cb • u for every ceA. 

4.1.1 Lemma. Let a,beA and u,veG. The following conditions are equivalent: 
(i) ((a, w), (b, v)) e r. 

(ii) aa- v = ab • u. 
(Hi) ba- v = bb • u. 
(iv) da- v = db • u for some de A. 

Proof. It is enough to show that (iv) implies (i). If c e A, then (dd • d) (ca • v) = 
(dd • ca) (dv) = (dc • da) (dv) = (dc • d) (da • v) = (dc • d) (db • u) = (dc • db) (du) = 
(dd • cb) (du) = (dd • d) (cb • w), and hence ca- v = cb- u. A 

4.1.2 Lemma, r is an equivalence. 

Proof. Clearly, r is reflexive and symmetric. Now, let ((a, w), (b, v)) e r and 
((b, v), (c, w)) e r. Then ba- v = bb- u, be- v = bb • w and (bb - bb) (aa • w) = 
(bb • aa) (bb • w) = (bb • aa) (be • v) = (ba • ba) (be • v) = (ba • be) (ba • v) = 
(ba • be) (bb • u) = (bb • ac) (bb • u) = (bb • bb) (ac • u), and so aa • w = ac • u. By 
3.1.1, ((a, w), (c, w))er. A 

4.1.3 Lemma, r is a congruence of the groupoid H. 

Proof. Let ((a, u), (b, v)) e r and ((c, w), (d, z)) e r. Then (ac • ac) (vz) = 
(aa • cc) (vz) = (aa - v) (cc • z) = (aa - v) (cd • w) = (ab • w) (cd • w) = (ab • cd) (uw) = 
(ac • bd) (uw) and it follows that ((ac, uw), (bd, vz)) er. A 

4.1.4 Lemma. Let a, be A and u,v e G. Then ((a, au), (b, bv)) e r if and only if 
u = v. 

Proof. If ((a, au), (b, bv)) e r, then aa- bv = ab • au = aa- bu, bv = bu and 
u = v. Conversely, if w = v, then aa- bu = ab- au. A 

Now, denote by K the factor-groupoid H/r and define a mapping cp : G -> K by 
cp(u) = (a, au)/r e K, ae A. According to 3.1.4, cp is an injective mapping. 

4.1.5 Lemma, cp is an injective groupoid homomorphism. 

Proof. For u,veG, cp(u) cp(v) = (a, au) (a, av)/r = (aa, aa • uv)/r, and cp(uv) (a, a • uv)/r = 
(aa, aa • uv)/r, ae A. A 
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4.1.6 Lemma. For all ae A and ueG, cp(a) • (a, u)/r = cp(u). 

Proof. cp(a) • (a, u)/r = (a, aa) (a, u)/r = (aa, aa • u)/r = <p(u). • 

4.1.7 Lemma. The translation L^a) x is injective for every ae A. 

Proof. Let (p(a) • (b, u)/r = cp(a) • (c, v)/r. Then (ab, aa • u)/r = (ac, aa • v)/r and 
this means that (ab • ab) (aa • v) = (ab • ac) (aa • u), (ab • aa) (ab - v) = (ab • aa) (ac • u), 
ab- v = ac- u and (b, u)/r = (c, v)/r. • 

4.1.8 Lemma. If G is left cancellative, then K is left cancellative. 

Proof. Let (a, u) (b, v)/r = (a, u) (c, z)/r. Then, for d e A, (du) (ab • z) = 
(d • ab) (uz) = (d • ac) (uv) = (du) (ac • v) (since ((ab, uv), (ac, uz)) e r), and hence 
ab- z = ac- v and (b, v)/r = (c, z)/r. • 

4.2 Proposition. Let G be a left cancellative left near-trimedial groupoid, let 
ae G and A = <a>G. Then there exists a groupoid K with the following properties: 

(i) G is a left strongly dense subgroupoid of K and K = OLXK(G) (in fact, for 
every xeK there exists be A with bx e G). 

(ii) G ^ bKfor every be A. 
(Hi) K is left cancellative. 
(iv) K is right cancellative if and only if G is so. 
(v) K is a homomorphic image of the product Ax G. 

(vi) K is left near-trimedial. 

Proof. See 4.1 and VI.2.9. • 

4.3 Proposition. Let G be a left cancellative left near-trimedial groupoid, ae G 
and A = <a>G. Then there exists a groupoid P with the following properties: 

(i) G is a left strongly dense subgroupoid of G. 
(ii) For every b e A, the left translation haP is a bijection of P. 

(Hi) P is a left cancellative left near-trimedial groupoid. 
(iv) P is right cancellative if and only if G is so. 

Proof. The result follows from 3.2; we get P as the union of countable chain 
G = G0 ^ Gi ^ G2 .= ... of subgroupoids constructed by means of 4.2. Notice 
that Gt is a homomorphic image of A^ x G. • 

4.4 Theorem. Let G be a left cancellative left near-trimedial groupoid. Then 
there exists a left near-trimedial left quasigroup Q with the following properties: 

(i) G is a left strongly dense subgroupoid of Q (cf. 2.1, 2.2 and 2.3) and Q is 
determined uniquely up to G-isomorphism. 

(ii) Q is right cancellative if and only if G is so. 
(Hi) Q is right divisible, provided that G is so. 
(iv) The groupoids G and Q are equationally equivalent, 
(v) Q is trimedial if and only if G is so. 
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(vi) The imbedding G c» Qis a reflexion of G in the class of left near-trimedial 
left quasigroups. 

Proof. Let Jf denote the class of left cancellative left near-trimedial groupoids. 
Then Jf is an abstract class and Jf satisfies the condition (UCH) from III. 1.1. 
Moreover, by 4.4, JT satisfies (LDE) as well and the result follows from III. 1.2 
(see also III.L3), VI.2.9 and 2.4. • 

4.5 Theorem. Let G be a cancellative near-trimedial groupoid. Then G is 
trimedial and G is a dense subgroupoid of a trimedial quasigroup Q (cf 2.6); the 
groupoids G and Q are equationally equivalent. Moreover Q is determined 
uniquely up to G-isomorphism and the imbedding G c+ Q is a reflexion of G in the 
class of trimedial quasigroup. 

Proof. Using 4.4 and its dual (see also III. 1.4), we can imbed G into 
a near-trimedial quasigroup Q. Now, by 3.1, Q is trimedial. • 

4.6 Remark. Let G be a trimedial groupoid such that G is a dense subgroupoid 
of a cancellative semimedial groupoid H with H = HH. By VI.9.3, H is a dense 
subgroupoid of a semimedial quasigroup Q, and hence G is a dense subgroupoid 
of Q and the imbedding G c> Q is a reflexion of G in the class of semimedial 
quasigroups (II.4.4(iii)). On the other hand, by 4.5, G is a dense subgroupoid of 
a trimedial quasigroup P and consequently, the quasigroups Q and P are 
G-isomorphic (II.4.4). In particular, Q and H are trimedial. 

VII.5 Cancellable ( injec t ive) elements of trimedial groupoids 

5.1 Lemma. Let G be groupoid. 
(i) If G satisfies (GE6), then G\A}(G) is either empty or a left ideal of G (or, 

equivalently, if a,b e G and ab e A,(G), then b e Ai(G)). 
(ii) If G satisfies (GE8) and if a, be G, ab e A(G), then a e AX(G). 

Proof, (i) Let ab e Aj(G). By 1.5(i), L2
ab = La.a^L6, and hence Lb is injective and 

b e A,(G). 
(ii) By 1.5(iv), LabRab = RbabLa, and hence La is injective and a e A}(G). • 

5.2 Proposition. Let G be a semimedial groupoid satisfying the equations 
(GE6) and (GE9) (resp. (GE7) and (GE8)). Then: 

(i) G\ A(G) is either empty or an ideal of G (or, equivalently, if a, be G and 
ab e A(G), then a, b e A(G)). 

(ii) G\A*(G) is either empty or an ideal of G (or, equivalently, if a,b e G and 
ab e A*(G), then a, be A*(G)/). 

(iii) G\A(G) <= G\A*(G). 

Proof, (i) Let a,beG and ab e A(G). By VI.H.13(i), b e AX(G) and, by the dual 
of VI.11.14(ii), b e Ar(G), so that b e A(G). However, A(G) is closed by VI.H.12(i), 
and therefore a e A(G) as well. 
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(ii) Using the endomorphism oG, we can proceed similarly as in (i). 
(iii) This is obvious. A 

5.3 Proposition. Let G be a semimedial groupoid satisfying the equations 
(GE6) and (GE7) (resp. (GE8) and (GE9)). Then G\A*(G) is either empty or an 
ideal of G. 

Proof. Let a,beG and ab e A*(G). Then, for each n > 0, on
G(a) on

G(b) e A{G), 
and hence on

G(b) e A{G) by VI.11.13(i) and on
G(a) e Ar(G) by the dual of VL11.13(i). 

From this, b e A*(G) and a e A*(G). However, A*(G) = A*(G) = A*(G) by 
VI.11.12(iii). 

Similarly the other case (use VI.11.13(ii) and its dual). 

VII.6 Divisible (projective) elements of trimedial groupoids 

6.1 Lemma. Let G a groupoid. 
(i) If G satisfies (GE6) and if A{G) 4- 0 , then Br(G) .= A^G). 

(ii) If G satisfies (GE7) and if Ar(G) * 0 , then BX(G) ^ A{G). 

Proof, (i) Let beBr(G). Then ab e A{G) for some aeG. By 1.5(i), L2
ab = 

Lfl.fcLfo, and hence Lb is injective and b e A{G). 
(ii) Dual to (i). A 

6.2 Lemma. Let G be a groupoid. 
(i) If G satisfies (GE8) and if A(G) -# 0 , then B{G) .= A{G). 

(ii) If G satisfies (GE9) and if A(G) -# 0 , then Br(G) ^ A^G). 

Proof, (i) Let a e B{G). Then ab e A(G) for some b e G. By 1.5(iii), LafcRab = 
RbafeLfl, La is injective and a e A{G). 

(ii) This is dual to (i). A 

6.3 Corollary. Let G be a groupoid satisfying (GE6), (GE7), (GE8) and (GE9) 
and such that A(G) * 0 . Then B{G) u Br(G) ^ A(G). 

6.4 Proposition. Let G be a semimedial groupoid. 
(i) If G satisfies (GE6) and A{G) 4= 0 , then Br(G) c A*(G). 

(ii) If G satisfies (GE8) and A(G) + 0 , then B{G) C A^G). 

Proof. Combine VI.12.3(i), its dual and 6.1, 6.2. A 

6.5 Proposition. Let G be a semimedial groupoid satisfying (GE6). If AX(G) -# 
0 4= A*(G), t/zeri Br(G) c A*(G). 

Proof. By 6.4(i), Br(G) _= A*(G). However, A*(G) = A*(G) by VI.11.12(iii). A 

6.6 Proposition. L^t G be a semimedial groupoid satisfying (GE6) and (GE9) 
(resp. (GE7) and (GE8)). If A(G) * 0 , then BX(G) u Br(G) ^ A*(G). 
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Proof. By 5.2(i), B,(G) u B^G) c A(G). However, B^G) (resp. B^G)) is either 
empty or a subgroupoid. • 

6.7 Proposition. Let G be a semimedial groupoid satisfying (GE6) and (GE7) 
and such that A,(G) #= 0 #= A,(G) and B^G) * 0 * Br(G). 77ten B^G) u Br(G) c 
A*(G) * 0 . 

Proof. By 6.1(i), (ii) and VI.12.3 (and its dual), Br(G) u B^G) c A,*(G). Now, 
the result follows from VI. 11.12. • 

VII.7 Bijective elements of trimedial groupoids 

7.1 Proposition. Let G be a left semimedial groupoid satisfying (GE6) and 
(GE10). Then G\Q*(G) is either empty or a left ideal of G (equivalently, ifa,beG 
and ab e Q*(G), then b e C?(G)). 

Proof. We have on
G(ab) = o^(a) on

G(b) e Q*(G) for each n > 0. Further, by 
(GE6), L\b = LflabLb, and hence beA,(G) and a- abeB^G). Put c = ab. By 
1.5(v), LC2.C2LC = Lc2.CfrLac, and so ac e A^G). But ac e B^G), and therefore ac = 
a- abe Q(G). Since L2

C = La(Lb, Lb is bijective and b e Q(G). Quite similarly, 
on

G(G) e Q(G) for each n > 1 and we have proved that b e Q*(G). • 

7.2 Proposition. Let G be a left semimedial groupoid satisfying (GE6) and 
(GEIO). IfQ*(G) 4= 0 , then BJ(G) _= Q*(G). 

Proof. If 6 e B^G), then ab e Q*(G) for some a e G. By 7.1, b e Q*(G). • 

7.3 Theorem. Let G be a semimedial groupoid satisfying the equations (GE6), 
(GE7) and such that each of the sets A](G), Ar(G), B,(G) and BJ(G) is non-empty. 
Then: 

(i) B}(G) = Q(G) = Q*(G) c A*(G), C^G) is a left closed subgroupoid of 
G and it is a cancellative left quasigroup. 

(ii) Br(G) = Q(G) = C*(G) <= A*(G), Cr(G) is a right closed subgroupoid of 
G and it is a cancellative right quasigroup. 

(Hi) B(G) = C(G) = C*(G) _= A*(G) and C(G) is either empty or a closed 
subgroupoid of G (in that case, C(G) is a quasigroup). 

(vi) IfG satisfies the equation (GE10), then C(G) = Q(G) c Q(G) and G\C,(G) 
is either empty or a left ideal. 

(v) IfG satisfies the equation (GE11), then C(G) = Q(G) _= Q(G) and G\Cr(G) 
15 either empty or a right ideal. 

(vi) If G satisfies the equations (GE10) and (GE11), then CX(G) = Q(G) = 
C(G) #= 0is a closed subgroupoid of G and G\C(G) is either empty or an ideal 

(vii) A?(G) = A*(G) = A*(G) =(= 0 , A*(G) is a closed subgroupoid of G and 
G\ A*(G) is either empty or an ideal of G. 
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Proof. Clearly, C*(G) c: C{G) _= B,(G). By 6.7 B,(G) _: A*(G). Consequently, 
B^G) = Q(G). However, by VI. 12.3(i), B,(G) is a subgroupoid of G. Thus 
B^G) = Q*(G). Finally, Q(G) is left closed by VI.13.4(i). 

(ii) This is dual to (i). 
(iii) B(G) = B^G) n Br(G) = Q(G) n Cr(G) = C(G) = Q*(G) n C*(G) = 

C*(G) _: A*(G) by (i) and (ii). By VI. 13.5, C(G) is either empty or a closed 
subgroupoid. 

(vi) Use (ii) and 7.2. 
(v) This is dual to (iv). 

(vi) Use (iii), (iv) and (v). 
(vii) See VI. 11.12 and 5.3. A 

7.4 Corollary. Let G be a trimedial groupoid such that each of the sets A^G), 
Ar(G), Bi(G) and Br(G) is non-empty. Then 0 + B^G) = Br(G) = B(G) = C,(G) = 
Cr(G) = C(G) = C*(G) = Cr*(G) = C*(G) <= A*(G) = A*(G) = A*(G), both C(G) 
and A*(G) are closed subgroupoids of G, G\C(G) is either empty or an ideal and 
G\ A*(G) is either empty or an ideal of G. 

VII.8 Comments 

The main portion of the results in this chapter is new and further results on 
trimedial quasigroups may be seen in [15]. In VII.4, a generalization of the 
Sholander's construction (see [27]) is used to show that every cancellative 
trimedial groupoid imbeds into a trimedial quasigroup. 

V I I I . C a n c e l l a t i v e m e d i a l and p a r a m e d i a l g r o u p o i d s 

VIII .1 Dense subgroupoids of medial groupoids 

1.1 (See VI.2 and VII.2.) Let H be a subgroupoid of a medial groupoid G. 
(i) ochG(H) = {xe G; Hx n H -# 0 } is a subgroupoid of G and H _= oclG(H). 

Moreover, if all the left translations Lfl G, aeH, are injective (e.g., G left 
cancellative), then ochG(H) is a homomorphic image of a subgroupoid of the product 
HxH. 

(ii) H = a? G(H) _= oc\G(H) __; oc\ G(H) _= ... is a countable chain of subgroupoids 
of G and the union is just the closure (H\G. 

(iii) H _= a1G(H) _= j81?Ga1 G(H) _= ochGpiGoclG(H) _= ..., is a countable chain of 
subgroupoids of G and the union is just the closure {H}cG. 

(iv) For every n > 0, a„ G(H) (see 1.2.1) is a subgroupoid of G and oclG(ocnG(H)) _: 
oc2n+hG(H). Consequently, a^G(H) _= a2m_i ,G(II) for every m > 0. Now, it is clear 
that H = oc0 G(H) _= oc{ G(H) _= oc2 G(H) _= ... and the union of this chain is just 
<#>lc,G. 
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1.2 Lemma. Let H be a subgroupoid of a medial groupoid G such that 
H = HH. Define a relation r on G by (x, y)er if and only if xH = yH. Then: 

(i) r is a congruence of G. 
(ii) If H is right closed in G and H is a left divisible groupoid, then H is 

a block of r. 
(in) If G is cancellative and aH = H = Hb for some a,b e H, then r is 

cancellative. 

Proof, (i) Obviously, r is an equivalence. Now, let xH = yH and let z e G. If 
ae H, then a = be for some b,ceH and xc = yd for some de H. Consequently, 
zx • a = zx • be = zb • xc = zb • yd = zy • bd and zxH _= zyH. Similarly, the 
converse inclusion, and so zxH = zyH, i.e., (zx, zy) e r. Similarly, (xz, yz) e r. 

(ii) Since H is left divisible, aH = H for each ae H, and therefore H is 
contained in a block of r. If xH = H for some xeG, then xeH, since H is right 
closed in G. 

(iii) Let zxH = zyH. Then, for every ueH there is v e H with za- xu = 
zx • au = zy • av = za • yv, i.e., xu = yv and xH c yH. Similarly, yH .= xH and 
(x, y) e r. We have proved that r is left cancellative. Similarly, r is right 
cancellative. • 

1.3 Corollary. Let H be a subquasigroup of a cancellative medial groupoid G. 
Then H is a block of a cancellative congruence of G. 

1.4 Proposition. Let H be a subquasigroup of a cancellative medial groupoid 
G. Then every cancellative congruence of H can be extended to a cancellative 
congruence of G. 

Proof. G is a subgroupoid of a medial quasigroup P (see VII.4.5). Now, let r be 
a cancellative congruence of H and Q = </I>c,R. By I.6.6(ii), r can be extended 
to a cancellative congruence s of Q and, by [7, 5.5.2], s can be extended to 
a cancellative congruence t of P. Then t \ G extends r. A 

VIII .2 Imbedd ings of cancellative medial groupoids into medial quasigroups 

2.1 Let G be a left cancellative medial groupoid. Put H = G® and define 
a relation r on H by ((x, y), (u, v)) er if and only wx • v = wu • y for every w e G. 
Then (see VII.4.1) r is a left cancellative congruence of the groupoid H and the 
factor-groupoid K = H/r is a left cancellative medial groupoid. The maping 
cp : x -» (y, yx)/r e K, y e G, is an injective (groupoid) homomorphism of G into 
K and cp(G) is a left strongly dense subgroupoid of K. Moreover, cp(u) • (u, v)/r = 
cp(v) for all u,veG. Thus cp(G) <= cp(u) K. 

Now, repeating this process, we imbed G as a left strongly dense subgroupoid 
into a medial left quasigroup P such that P is the union of a countable chain 
G = G0 .= Gj _= G2 -= ... of subgroupoids where each G, is a homomorphic 

77 



image of G^2X The groupoids G and P are equationally equivalent, P is right 
cancellative if and only if G is so and P is right divisible, provided that G is so. 

2.2 Every cancellative medial groupoid can be imbedded into a medial quasi-
group. To show this, we can use the following methods: 

(1) According to 2.1, we imbed G as a left strongly dense subgroupoid into 
a medial left quasigroup P which is also right cancellative. Now, applying the right 
hand form of 2.1, we find a medial right quasigroup such that P is a right strongly 
dense subgroupoid of Q. Then, however, G is a dense subgroupoid of Q and Q is 
a quasigroup. 

(2) Using VII.4.1 and its right hand form, we construct a chain G = G0 ^ 
Gx <= G2 .= ... of groupoids such that G, is a left (for i > 0 even) or right (for i > 1 
odd) strongly dense subgroupoid of Gi+1 and G, ^ aGi+l or G, ^ Gi+la for each 
a e G. Each of the groupoids G, is cancellative and a homomorphic image of G(2,). 
Now, Q = (JG, is a medial quasigroup and G is a dense subgroupoid of Q. 

(3) By VI.9.4, G can be imbedded into a semimedial quasigroup Q such that 
G and Q satisfy the same quasi-symmetric groupoid equations. Consequently, Q is 
medial. 

(4) There exist a free cancellative medial groupoid F and a projective homo-
morphism cp.F-^G. Using the equational theory of cancellative medial groupoids, 
one can show that F imbeds into a medial quasigroup P (see [7, Theorem 5.3.1]). 
Further, the cancellative congruence ker(cp) can be extended to a cancellative 
congruence r of P, and so Q = P/r is a medial quasigroup and G can be imbedded 
into it. 

VIII.3 Bijective elements of medial groupoids 

3.1 Lemma. Let G be a medial groupoid such that C*(G) =t= 0 + Ar(G). Then 
A,(G) s Ar(G). 

Proof. Let aeC*(G), b e AX(G) and ceAr(G). First, L^L^L;1 = Lab and 
aa e C,*(G) implies be e Ar(G). But Ar(G) is right closed by the dual of VI.1.13(i). 
Therefore b e Ar(G). A 

3.2 Lemma. Let G be a medial groupoid such that C*(G) =t= 0 . Then 
A,(G)A r(G)cAr(G). 

Proof. Let a e Q*(G), b e A,(G) and c e A^G). Further, let x,y e G, x = au, 
y = av.lf ab • x = ab • y, then aa- bu = aa- bv, and hence u = v and x = y. We 
have proved that ab e A{(G). Similarly, if x • be = y • be, then ab • uc = au • be = 
av be = ab- vc, uc = vc, u = v and x = y. We have proved that be e Ar(G). A 

3.3 Theorem. Let G be a medial groupoid such that each of the sets A^G), 
Ar(G), B,(G) and Br(G) is non-empty. Then A,(G) = Ar(G) = A(G) = A*(G) = 
B,(G) = Br(G) = C(G) = C*(G). 
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Proof. By VII.7.4, C*(G) * 0. Now, by 3.1 and its dual, AX(G) = Ar(G) = 
A(G). Further, by 3.2, A(G) is a subgroupoid. Hence A(G) = A*(G). • 

3.4 Remark. The foregoing result can also be proved by means of a semigroup 
representation: 

Let G be a medial groupoid with non-empty C(G). By [7, Proposition 3.1.3], 
there exist a commutative semigroup G( + ) with a neutral element 0, commuting 
automorphisms cp, \j/ of G( + ) and invertible element eeG( + ) such that xy = 
cp(x) + \j/(y) + e for all x, y e G. Now, it follows immediately that Bj(G) = B^G) = 
B(G( + )), A,(G) = Ar(G) = A(G( + )) and Q(G) = Cr(G) = C(G( + )). But 
B(G( + )) = C(G( + )) is the subgroup of invertible elements and A(G( + )) is 
a subsemigroup of G( + ). Moreover, eeA(G( + )) and A(G( + )) is closed under 
cp and \j/. Consequently, A(G) is a subgroupoid of G. 

3.5 Example. Let G( + ) be the quasicyclic Priifer 2-group. Put xy = 2x — y 
for all x, y e G. Then G becomes a divisible idempotent medial groupoid which is 
a left quasigroup and we have A,(G) = A*(G) = B,(G) = Q(G) = Q*(G) = G = 
Br(G) = B(G), Ar(G) = Cr(G) = 0 

3.6 Example. Let G be the free medial groupoid with one free generator x. Put 
y = xx. It is easy to see that both x and y belong to A(G). However, by VII. 1.9, 
(x • xy) (yx) <£ A(G), A*(G) + A(G). Similarly, (xy) (yx • x) $ Ar(G), x $ Ar*(G) and 
A*(G) * Ar(G). 

VIII.4 Paramedial groupoids 

4.1 A groupoid G is said to be paramedial if it satisfies the equation xu * vy = 
yu - vx. 

4.2 Lemma. Let G be a paramedial groupoid, n > 1 and x, y,au ..., an, bu ..., 
bn 6 G. Then: 

(i) (ax(... (a^j))^... (bny))) = ^ and (((ybn) 
...) b{) (((xan)...) ax) = (axbx) (... ((b„_ia„_i) ((anbn) (xy))))for n odd. 

(ii) (a{(... (a^)))^... (bny))) = ((((xy^ and (((xan) 
...) ax)(((ybn)...) bx) = (afi^... ((an^bn_x)((bnan)(yx))))for n even. 

Proof. Easy. • 

4.3 Lemma. Let H be a subgroupoid of a paramedial groupoid G. Put 
An = ocnG(H) and Bn = pn,G(H)for every n > 0. Then: 

(i) AnAn c: Bn and BnBn = An. 
(ii) Ax _: A2 n B2 and BX = A2C\ B2. 

(iii) AXBX u BXAX = A2n B2. 
(iv) (Ax u Bx) (Ax u Bx) = A2 u B2. 
M otlG(Ax) c A3 and PhG(Bx) = B3. 
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Proof, (i) Use 4.2(i), (ii). 
(ii) Clearly, A{ c= A2 and, if ax = b e H, a e H, x e G, then xa • aa = aa • ax = 

aa- beH. Thus xeB2. 
(iii) By (i) and (ii), A{B{ ^ A2A2 ^ B2. Similarly the other inclusions. 
(iv) Combine (i), (ii) and (iii). 
(v) Let ux = v, u, v e Al9 xe G. Then au = c, bv = d, a, b,c,de H, and we 

have (fc) (b • ex) = (ex • c) (bf) = (ex • au) (bf) = (ux - ae) (bf) = (v • ae) (bf) = 
(f - ae) (bv) = (f-ae)deH for all eJeH. Thus x e A3. A 

4.4 Theorem. ([13]) Every cancellative paramedial groupoid can be imbedded 
into a paramedial quasigroup. 

V I I I . 5 C o m m e n t s and o p e n p r o b l e m s 

The fundamental construction of the medial quasigroup of fractions for a can
cellative medial groupoid (2.1, 2.2) was discovered by M. Sholander in [27]. 

The existence of the paramedial quasigroup of fractions for a cancellative 
paramedial groupoid is proved in [13] (see also [2] and [12]). To find a direct 
construction of this quasigroup (mimicking the Sholander's approach) is the main 
task to be done. 
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