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AND TIME DELAY
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Abstract. In this paper, we are concerned with a delayed multispecies competition
predator-prey dynamic system with Beddington-DeAngelis functional response. Some suffi-
cient conditions which guarantee the existence of a positive periodic solution for the system
are obtained by applying the Mawhin coincidence theory. The interesting thing is that the
result is related to the delays, which is different from the corresponding ones known from
literature (the results are delay-independent).
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1. INTRODUCTION

The dynamic relationship between predators and their preys has long been and
will continue to be one of the dominant themes in both ecology and mathemati-
cal ecology due to its universal existence and importance. Recently, many authors
have studied the predator-prey system with the Beddington-DeAngelis functional
response which was first proposed by Beddington [1] and DeAngelis Goldstein and
O’Neill [5], independently. Although they have made much progress in the study
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of predator-prey models with the Beddington-DeAngelis functional response, such
models are not well studied yet in the sense that all the existing results are based on
the assumption that the predator preys on one prey. This assumption is rarely the
case in real life. Naturally, a more realistic and interesting model should take into
account the predator preying on more than one prey. Zeng and Fan [14] proposed a
more reasonable model in real life which takes on the form

o i ci()y(t)
i (t) = x4(t) [ai(t) — Zbij(t)mj (t) — i (8) + Bi(t)zi(t) + )y (t) )

(1.1) i=1,2,....,n

By applying the comparison theorem they obtained a result on the existence of
almost periodic solutions. As was pointed out by Kuang [8], any model of species
dynamics without delays is an approximation at best. More detailed arguments on
the importance and usefulness of time-delays in realistic models may also be found in
the classical books of Macdonald [12] and Gopalsamy [7]. Some excellent results for
delayed biological systems have been obtained by many researchers such as Beretta
and Kuang [2], Lu [11], Cai, Huang and Chen [4].

Motivated by the above reasons and considering that the delay may occur in the
competition among preys, in this paper we consider the delayed differential system
with Beddington-DeAngelis functional response

(1) = () () — S b (B ( — 7o (£)) — ci()y(t)
Hlt) = 1(’5){ i(8) = 2 big (0 (0 = 73(4) Oéi(t)+6i(t)$i(t)+'Yi(t)y(t)}’
(1.2) i=1,2,...,n

o " fi(t)z;(t)
y(t) = y( { +;aj t) + B (t)x ()+7j(t)y(t)}’

(13) 1’1(9) = 901'(9)7 AS [_7—7 0]7 501(9) € C([_Ta 0]; R+), i1=1,2,...,n
y(0) =4(0), 6¢€[-70], ()< C([-70]Ry),

where z;(t), y(t) denote the size of prey and predator populations at time ¢, re-

spectively, ai(ﬂ? bij(t)v Ci() () fz( )7 () ﬁl() ’Yi(t): R — [0 +OO) (Za.j =
1,2,...,n) are continuous positive periodic functions with a period T,

T =max{7;(t), t €[0,T], j=1,2,...,n},
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7;(t) is a nonnegative and continuously differentiable periodic function with the pe-
riod T on R. Obviously, system (1.1) is a special case of systems (1.2)—(1.3) if one
chooses 7;(t) = 0 in systems (1.2)—(1.3).

We define

__]‘ T d L _ : M _
Tz [ f@d £ = min f0. P = mx f0),

where f is a continuous T-periodic function.

The aim of this paper is to obtain sufficient conditions for the existence of positive
periodic solutions for system (1.2) by using the Mawhin coincidence theorem and
some analysis approaches. It is interesting that the result obtained in this paper
is related to the delay 7;(t) (j = 1,2,...,n) (or delay-dependent), which makes it
different from the previous works [4], [9], [10], [13] that are delay-independent.

2. LEMMAS

In order to present sufficient conditions guaranteeing the existence of a positive
periodic solution for the system (1.2), we first introduce the coincidence degree the-
orem.

Let X and Y be two Banach spaces, L: DomL C X — Y a linear map, and
N: X — Y a continuous map. If dimKer L = codimIm L < 400 and ImL € Y is
closed, then the operator L is called a Fredholm operator with index zero [6]. And
if L is a Fredholm operator with index zero and there exist continuous projections
P: X - X and Q: Y — Y such that In P = Ker L, Im L = Ker@Q = Im(I — Q),
then L|pom nkerp: (I — P)X — Im L has an inverse function; we denote it by K.
Assume € € X is any open set. If QN(Q) is bounded and K,(I — Q)N(Q) € X is
relative compact, then we say N € Q is L-compact.

Now we recall the Mawhin coincidence theorem.

Lemma 2.1 ([6]). Let both X and Y be Banach spaces, L: DomL C X — Y a
Fredholm operator with index zero, Q} € Y an open bounded set, and let N: Q — X
be L-compact on Q. If all the following conditions hold:

(C1) Lz # ANz for x € 92N Dom L, A € (0,1);
(C2) Nx g ImL for x € 00N Ker L;
(C3) deg{JQN,QNKer L,0} # 0, where J: Im@Q — Ker L is an isomorphism;

then the equation Lz = Nz has at least one solution on Q N Dom L.
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Lemma 2.2 ([11]). If 7 € CY(R,R), with 7(t + T) = 7(t) and 7(t) < 1 for
t € [0,T], then the function ¢(t) = t — 7(t) has a unique inverse ¢~ (t) satisfying
o € C(R,R) with o~ (s +T) = 1(s)+ T for s € [0,T].
Lemma 2.3 ([3]). Suppose g(t) is a differentiable continuous T-periodic function
on R for Yty € R, Vty1,ta € [to,to + T, then
to+T

to+T
¢w<gun+/’ |amduaw>g@>—/ () dt.

to to

3. EXISTENCE OF PERIODIC SOLUTIONS
Theorem 3.1. Let the following conditions hold:
(A1) (t) <1 (j=1,2,...,n) fort € R;
(A2) @ — >, Bijexp(H;) — (ci/as) exp(H) >0,i=1,2,....,n;

i=1i#i
(A3) any of the following inequalities holds:

Fiexp(S;) — d(af’ + 5} exp(S;)) >0, j=1,2,...,n.

Then system (1.2) has at least one positive T-periodic solution, where B;;(t), H;
H, S; are defined in the following proof.

Proof. Since

m@=MWm{[%@—i%®M%w@)
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the solution of system (1.2) remains positive for all t € R. We let
(3.1) zi(t) = e yt)=e"® i=1,2,... n.

On substituting (3.1) into system (1.2), this system can be reformulated in the form

ai(t) = aq(t) — Z bij (t) exp{u;(t — 7;(t))}
e e () explu(t)}
(3.2) oi(t) + Bi(t) exp{ui (t)} + i(t) exp{o(t)}’
- fi(t) exp{u;(t)}
— a;(t) + B;(t) exp{u;(t)} + v;(t) exp{o(t)}
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In order to apply Lemma 2.1 to the study of existence of positive periodic solutions

to the above system, we set

X =Y ={z(t) = (u(t),v()"

= (u1(t),uz(t),. .., un(t),v(t))" € C(R,R"™): 2(t+T) = 2(t)},

equipped with the norm

n

_ T — .
41 = (@) 00Tl = 32 e us()] + o o0

Then both X and Y are Banach spaces, where T is the transpose.
Take z € X, the periodicity yields that both

File:t) = ailt) = 3 bigt) exp{us(¢ — 75(1))}
- ci(t) exp{u(t)}
a0 + B exp{un(} + @ epfo@) <)

_ - fi () exp{u;(t)}
660 = ~d0+ 2 ST B (w0 + @@ < OB

are T-periodic. Define operators L, P, and @ as follows,

1 T
L: DomLAX — Y, Lzz%, P(z) = 2(0), Q(z)z—/ 2t dt,
0

where Dom L = {z; z € X: z(t) € CY(R,R"™!)}, and define N: X — Y by
Nz = (F(z1), G(20)" = (Fi(z,1), Faz, 1), .., Ful2,1),G(2, 1)) T

Then
Ker L = R"™!  dimKer L = codimIm L,

ImL = {zeY: /OTz(t)dt—O}

is closed in Y, and both P, ) are continuous projections satisfying

and

ImP=KerL, ImL=ZKer@ =In(l-Q).

677



So L is a Fredholm operator with index zero, which implies that L has a unique
inverse. We denote by K,: ImL — Ker P N Dom L the inverse of L. By simple
calculation, we obtain

Ky(z) = / ds——// s)dsdt.

Therefore,

1 (7 1"
QNz = G/O Fi(z,s)ds, f/o Fa(z,5)ds
1 [T 17 '
), Fei g [ g

and
KP(I_ Q)NZ = (7715 2, - - 'annar}/)—ra
where
T T t T
1 t 1
mi/o Fi(z,s)ds—?/o /0 .7-'1'(2,,5;)dsdt—(T—E)/0 Fi(z,s)ds

i=1,2,....n
T T it T
’yz/o g(z,s)ds—%/o/og(z,s)dsdt—(%—%)/o G(z,s)ds

Obviously, it is not difficult to check by the Lebesgue convergence theorem that
both QN and K,(I — Q)N are continuous. By using the Arzela-Ascoli Theorem, we
know that the operator K,(I — Q)N () is compact and QN (2) is bounded for any
open set Q2 € X. So N € Q is L-compact on €.

In order to apply Lemma 2.1, we need to search for an appropriate open, bounded
subset 2. Corresponding to the operator equation Lz = ANz for A € (0,1), we have

an(t) = [ )= 3 by (t) exple (t - 75 (6))}
o ci(t) exp{v(t)} ]
(3.3) i (t) + Bi(t) exp{u;(t)} + i (t) exp{v(t)} ]’
N A Ji(8) exp (1)}
=] 2 DGO R T
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Assume that (u(t),v(t))" = (ui(t),...,un(t),v(t))T € X is a solution of (3.3) for a
certain A € (0, 1). Integrating (3.3) over the interval [0, T], we obtain

(3.4) / S biy (1) expluy (t — () }
j=1

T ci(t) exp{v(t)} [
[ T e ] ey, st
T £i(#) exp{u; (1)} e
(3.5) /0 ; a;(t) + B;(t) exp{u;(t)} + ;(t) exp{v(t)} dt = /0 d(t) dt
It follows from (3.3)—(3.5) that
3 6 / |'U:z |dt < / az dt + / |:Z 1,] eXp{U'J —Tj (t))}

ci(t) exp{v(t)} o
T @ + BilD exp {0} + (D) exp{v(t)}] dt = 2a,T,

(3.7) /OT |z')(t)|dt</0T d() dt

T £5(8) expluy(1)} L
- {Z a0 7 B, oxp{w, ()] + 1,0 exp{v(t)}} a6 = 2dT.

j=1

Since (u(t),v(t))" € X, there exist &, £, C«, ¢* € [0,T] such that

(3.8) u; (i) _tg[l(}f%] ui(t), wi(§) = L u; (1),
(3.9) v(Cx) :tg[l(}r;]v(t) v(¢") = tg[lgg]v(t)-

In view of Lemma 2.2 and condition (A;), we get

T T=7i(T) by; ; exp{u,;
10 [ b@eppue-noya= [ (f_f)gwf({m“)}

:/ bij(@; (1)) exp{u;(t)}
0 1—#(p; ' (1))

T
= /0 B;j(t) exp{u;(t)} dt,

bis (2 ()
1=7(p; 1(0)

dt

dt

It follows

in which goj_l is the inverse function of ¢; =t —17;(t), B;;(t) =
from (3.4), (3.8), and (3.10) that

AT B;; (t) exp{ui(t)} dt < a;T,

679



which yields

(3.11) wi(é) <n gi .

i1

From Lemma 2.3, (3.6), and (3.11), we get

a;

T
(312) uz(t) < uz(&*) +/ |uz(t)| dt <lIn 5 + 2a;T = H;.
0

(%3

In view of (3.5) and (3.9), we obtain

/T ~ _fi(t) exp(H))
0

= m dt > dT,

which implies

(3.13) v(¢) <y (i—j)%f{f)

j=1
From Lemma 2.3, (3.7), and (3.13), we obtain

(3.14) u(t) <v(§*)+/OT o(t)| dt <1n§:(§j)%j{j) +2dT = H.

On the other hand, from (3.4), (3.8), (3.10) and condition (As), we get

BT exp{u; ()} + Z Bi;Texp(H;) + (%)Texp(ﬁ) > a;T,
J=1.5#i ‘

* 1 — . o) C_l
(3.15) wi(€) > In {ai - 3" Bijexp(H)) - (a—) exp(H)].
We derive from Lemma 2.3, (3.7), and (3.15) that

T
(316)  wilt) > ui(€) - / (1)

1 [ - = ~ _
> In 5. {ai — j_;# B;jexp(H;) — (a_z) exp(H)] —-2a,T = 8S;,
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which, together with (3.12), yields

(3.17) max |u;(t)] < max { ‘ln di
te[0,T] B

+ 2a;T,

Ci

In El [ai - zn: B exp(H;) — ( )exp(ﬁ)} ‘ + 2aiT} = R,.

: j=1,j#i

o
Similarly, from (3.5), (3.9), and (3.16), noticing that t/(m + nt) (m,n > 0) is in-

creasing for ¢t > 0, we have

[T exp(S;)

<dl, j=1,2,..
oM 1 B exp(S;) + 7 exp(C7) /

5N

In view of condition (As), assuming without loss of generality, that when j = jo
(jo =1,2,...,n), the inequality

Fioexp(Sj,) — d(agy + B exp(Sj,)) > 0

holds, one has

(3.18) v(¢) >1n_

d7j0
Thus,
T I Sj,) —d S; -
(3.19) o(t) >v(g*)—/ o(0)]dt > In 12 PP 50) Moy + 6 ex0(5in) o
0 d%o
which together with (3.14) gives
- fj exp(H;) 7
(3.20) tIEI[ISLX] lo(t)| < max{ ln' (’y )T + 24T,
j=1 Y
‘mfme%J (o +5MMM%Jw+mU}ER

d’YJ 0

Clearly R;, R in (3.17) and (3.20) are independent of A. Set M = Z R + R+

Ry, where Ry is taken sufficiently large such that each solution (if it ex1sts) * =
(u*,v*)T = (ui,...,us,v*)T € R"! of the algebraic equation

(3.21) QNz = (iiy,...,1n,0) =0
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n
satisfies [|z*[| = [|(u*, v*) T|| = 3 |uj| + [v*| < M, in which
j=1

n_o -
~i =a; — bz — ’
U; = @ ; j exp(u) (ai + Biexp(ug) + v exp(v)) exp(v)

TR i o1
o= X (et T ) P

We now take Q = {z = (u(t),v(t))" = (us(t),...,un(t),v(t)) |z € X,||z|| < M}.
It is clear that € verifies the condition (C;) in Lemma 2.1. When z = (u,v) €
ONNKerL = 90 NR" 2 = (u,v)" is a constant vector in R™*! with |z| =

n
[|(u,0) || = 3= |u;| + [v| = M, then we have QNz # 0. This proves that condition

j=1
(C2) in Lemma 2.1 is satisfied.

Finally, we will show that condition (C3) in Lemma 2.1 holds. Since

z=(u,v)" = (u1,...,up,v)"

is a constant vector in R"™! by virtue of the mean value theorem there exist 6;, 0;
such that
QNz=QN(u,v)" =(P1+q,....Pn+dn,d+ )7,

where
pi = @i — by exp(u;),

o B exn(is) — ¢ exp(v)
G == 2 Do) s e (un) T8 ()

N i exp(uy) .
" ;Oéj(~j)+ﬁj(§j)exp(uj)+7j(§j)exp(v)7 =0

Define the homotopy ¢: Dom L x [0,1] — X by

QD((U,’U)T,‘LL) = (plv s 7pn7ﬁ)—r + :u‘((hﬂ .- qu’q)—r,

where p € [0,1] is a parameter, (u,v)" € IQNKerL = 0Q N R (u,v)" is a

n
constant vector in R with |[(u,v)"|| = 3 |u;| + |v| = M. We will show that
j=1

when (u,v)" € 92N Ker L, then ¢((u,v)", i) # 0. Assume that the conclusion is

n
not true, i.e., the constant vector (u,v)" with ||(u,v) || = 3 |u;|+|v| = M satisfies
j=1
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¢©((u,v) ", ) = 0. Similarly to the arguments of (3.11)—(3.20) and from the definition
of M, we have ||(u,v)"|| = 3 |u;j| + |v]| < M. Obviously, the algebraic equation
j=1

QN (u,v)" =p((u,v)",0) =0

has a unique solution (u*,v*)" = (u},...,u’,v*)". We select .J, the isomorphism
of Im @ onto Ker L as an identity map. So, due to the homotopy invariance theorem
of topology degree we have

deg{JQN (u,v)",QNKerL,0} = deg{p((u,v)",1),2NKer L,0}
= deg{o((u,v)",0),Q N Ker L,0} = sign{det A} = (=1)"! £0,

where
—Bne“I e 0 0
A= 0 c —bppetn 0
_ Fiw () exp(uj+v”)
1 Lo (05) 485 (05) exp(u})+7;(05) exp(v*)]?

* * * —

By now we have verified all the requirements of the Mawhin coincidence theorem in
) and hence the system (1.2) has at least one positive T-periodic solution. Therefore,
the system (1.2) has at least one positive T-periodic solution. O

Remark 3.1. From the condition (A;) in Theorem 3.1, we can see that the
result of this paper is related to the delays 7;(¢),j = 1,2,...,n, which makes it
different from the corresponding ones of [4], [9], [10], [13], i.e., the results obtained in
[4], [9], [10], [13] are not related to the delays (delay-independent). The time delays
7i(t),7 =1,2,...,n, are very important for our results.

4. EXAMPLES AND NUMERIC SIMULATIONS
When 7(t) is a nonnegative constant, we give two suitable examples together with
their numeric simulations to verify the result by using MatLab.
Example 4.1. As an application, we consider the following system:

= a(t) [3 +0.5sint — (0.5 + 0.1sint)z(t — 0.5)

(0.8 —0.2cost)y(t)
(4.1) T (03— 01sint) + (0.6 + 0.1 cost)a(t) + y(t)} ’
. . (1.8 — 0.5sint)x(t)
y=y®) [_(0'3 —0.2sint) + (0.3 —0.1sint) + (0.6 + 0.1 cost)x(t) + y(t)}’

with initial conditions ¢;(0) = 2.5, ¢(0) = 0.5.
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It is not difficult to verify that the coeflicients of system (4.1) satisfy the conditions
in Theorem 3.1, so we see that the system (4.1) has at least one positive 2n-periodic
solution. Its integral curves and orbits are shown in Figs. 1-4, respectively; we see
that the predator-y and prey-z are persistent.

10

g 4

8 4

L L L L L
0 10 20 30 40 50 60 70 80 90 100
t

Fig. 1. The integral curve of prey(x)-time(t).

30

251

201

= 156

L L
0 10 20 30 40 50 60 70 80 90 100

0 L L L L
t

Fig. 2. The integral curve of predator(y)-time(t).

30

251 1

201 q

0 L T 1 I 1 L L L

Fig. 3. The orbit of predator(y)-prey(z).
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100
80
5 60
40
20
X 0o t

Fig. 4. The orbit of predator(y)-prey(z)-time(t).

Example 4.2. We consider a three-species competition system with time delays

o [(2.5 +0.1cost) — 0.3z1(t — 0.1)
—0.1302(1& — 0.1) —

0.1y(t) }
0.2 4 0.1z () + 0.3y(t) 1’

o {(2 —0.2sint) — 0.221(t — 0.1)

0.1y(t)
~0das(t = 0.1) = Fo= 0.225(t) + 0.3y(t)} :
y=y(t) [—(0.5 +0.1cost) 32,0 2al®)
021 0La1(t) + 039() | 03+ 0.22a(t) + 0.3y(t)} ’

with initial conditions ¢;(0) = 2, ¢2(0) =2, ¢(0) = 1.5.

It is obvious that (A1), (Az), and (A3z) hold. So by Theorem 3.1 we claim that
the system (4.2) has at least one positive 2rn-periodic solution. Its integral curves

and orbits are shown in Figs. 5-8, respectively. From Figs. 5-8, we see that the

predator-y and prey-x are persistent.

6

55

5

45

= 4

35

3

25¢

2

L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
t

Fig. 5. The integral curve of prey(z1)-time(t).
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L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
t

Fig. 6. The integral curve of prey(z2)-time(t).

20 1

0 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

t

Fig. 7. The orbit of predator(y)-time(t).

Fig. 8. The orbits of predator(y)-prey(z2)-prey(z1).
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