
Czechoslovak Mathematical Journal

Rovshan A. Bandaliev
Corrections to the paper “The boundedness of certain sublinear operator in the weighted
variable Lebesgue spaces“

Czechoslovak Mathematical Journal, Vol. 63 (2013), No. 4, 1149–1152

Persistent URL: http://dml.cz/dmlcz/143621

Terms of use:
© Institute of Mathematics AS CR, 2013

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/143621
http://dml.cz


Czechoslovak Mathematical Journal, 63 (138) (2013), 1149–1152

CORRECTIONS TO THE PAPER

“THE BOUNDEDNESS OF CERTAIN SUBLINEAR OPERATOR IN

THE WEIGHTED VARIABLE LEBESGUE SPACES”

Rovshan A. Bandaliev, Baku

(Received March 8, 2013)

Abstract. In this paper the author proved the boundedness of the multidimensional Hardy
type operator in weighted Lebesgue spaces with variable exponent. As an application he
proved the boundedness of certain sublinear operators on the weighted variable Lebesgue
space. The proof of the boundedness of the multidimensional Hardy type operator in
weighted Lebesgue spaces with a variable exponent does not contain any mistakes. But
in the proof of the boundedness of certain sublinear operators on the weighted variable
Lebesgue space Georgian colleagues discovered a small but significant error in my paper,
which was published as R.A.Bandaliev, The boundedness of certain sublinear operator in
the weighted variable Lebesgue spaces, Czech. Math. J. 60 (2010), 327–337.
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This result appears as Theorem 5 in the above-mentioned paper. In other words,

sufficient conditions for general weights ensuring the validity of the two-weight strong

type inequalities for some sublinear operator were found. In this theorem the in-

equality (9) is not true. In this note we give the details of the correct argument. We

presume that the reader is familiar with the contents and notation of our original

paper. At the heart of our correction is the following Theorem 1 which replaces

Theorem 5 in [1]. The numbering in this note remains as in [1].

Theorem 1. Let 1 < p 6 p(x) 6 p̄ < ∞ for x ∈ R
n and suppose that there

exists a constant δ ∈ [0, 1) such that
∫

Rn δpp(x)/p(x)−p dx < ∞. Let T be a sublinear

operator acting boundedly from Lp(R
n) to Lp(x)(R

n) such that, for any f ∈ L1(R
n)
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with compact support and x /∈ supp f ,

(3) |Tf(x)| 6 C

∫

Rn

|f(y)|

|x − y|n
dy,

where C > 0 is independent of f and x.

Moreover, let v(x) and w(x) be weight functions on R
n and assume there exist

numbers 0 < α, β < 1 such that

A1 = sup
t>0

(
∫

|y|<t

[v(y)]−p̄′

dy

)α/p̄′

(4)

×

∥

∥

∥

∥

w(·)

| · |n

(
∫

|y|<|·|

[v(y)]−p̄′

dy

)(1−α)/p̄′
∥

∥

∥

∥

Lp(·)(|·|>t)

< ∞,

B = sup
t>0

(
∫

|y|>t

[v(y)|y|n]−p̄′

dy

)β/p̄′

(5)

×

∥

∥

∥

∥

w(·)

(
∫

|y|>|·|

[v(y)|y|n]−p̄′

dy

)(1−β)/p̄′
∥

∥

∥

∥

Lp(·)(|·|<t)

< ∞,

and that there exists M > 0 such that for any x ∈ R
n the inequality

(6) sup
|x|/4<|y|64|x|

w(y) 6 M inf
|x|/4<|y|64|x|

v(y)

holds.

Then there exists a positive constant C, independent of f , such that for all f ∈

Lp(x),v(R
n)

‖Tf‖Lp(x),w(Rn) 6 C‖f‖Lp(x),v(Rn).

P r o o f. For k ∈ Z we define Ek = {x ∈ R
n : 2k < |x| 6 2k+1}, Ek,1 = {x ∈ R

n :

|x| 6 2k−1}, Ek,2 = {x ∈ R
n : 2k−1 < |x| 6 2k+2} and Ek,3 = {x ∈ R

n : |x| > 2k+2}.

Then Ek,2 = Ek−1 ∪ Ek ∪ Ek+1 and the multiplicity of the covering Ek,2 is equal

to 3.

Given f ∈ Lp(x),v(R
n), we have

|Tf(x)| =
∑

k∈Z

|Tf(x)|χEk
(x)

6
∑

k∈Z

|Tfk,1(x)|χEk
(x) +

∑

k∈Z

|Tfk,2(x)|χEk
(x) +

∑

k∈Z

|Tfk,3(x)|χEk
(x)

= T1f(x) + T2f(x) + T3f(x),

where χEk
is the characteristic function of the set Ek, fk,i = fχEk,i

, i = 1, 2, 3.
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The estimates

‖T1f‖Lp(x),w(Rn) 6 C‖f‖Lp(x),v(Rn) and ‖T3f‖Lp(x),w(Rn) 6 C‖f‖Lp(x),v(Rn)

remain precisely as in Theorem 5 in [1].

The mistake of author was in assuming that the inequality

(9) ‖T2f‖Lp(x),w(Rn) 6 ‖T ‖Lp(·)(Rn)M
∑

k∈Z

‖fv‖Lp(x)(Ek,2) 6 C3‖fv‖Lp(x)(Rn)

holds. But after publication it was discovered that the inequality (9) is not true.

Now we deduce the correct variant of this inequality. Since the operator T is

sublinear it suffices to prove that ‖f‖Lpv(Rn) 6 1 implies

∫

Rn

wp(x)(x)

[

∑

k∈Z

|Tfk,2|χEk

]p(x)

dx 6 C,

where C > 0 is independent of k ∈ Z (see [2]).

We have

∫

Rn

wp(x)(x)

[

∑

k∈Z

|Tfk,2|χEk

]p(x)

dx =
∑

k∈Z

∫

Ek

(|Tfk,2|w(x))p(x) dx.

By virtue of the boundedness of the operator T and the condition (6), we have

∑

k∈Z

∫

Ek

(|Tfk,2|w(x))p(x) dx

=
∑

k∈Z

∫

Ek

( |Tfk,2|

C1‖fk,2‖Lp(Rn)

)p(x)

(C1‖fk,2‖Lp
w(x)

)p(x)

dx

6 C2

∑

k∈Z

sup
x∈Ek

(‖fk,2‖Lp(Rn)w(x))p(x)

∫

Rn

( |Tfk,2|

C1‖fk,2‖Lp(Rn)

)p(x)

dx

6 C2

∑

k∈Z

sup
x∈Ek

(‖fk,2‖Lp(Rn)w(x))p(x) = C2

∑

k∈Z

sup
x∈Ek

(‖f‖Lp(Ek,2)w(x))p(x)

= C2

∑

k∈Z

sup
x∈Ek

(‖fw(x)‖Lp(Ek,2))
p(x) 6 C3

∑

k∈Z

sup
x∈Ek

(‖f inf
x∈Ek,2

v(x)‖Lp(Ek,2))
p(x)

6 C3

∑

k∈Z

sup
x∈Ek

(‖fv‖Lp(Ek,2))
p(x) = C3

∑

k∈Z

sup
x∈Ek

(‖f‖Lp,v(Ek,2))
p(x)

= C3

∑

k∈Z

(‖f‖Lp,v(Ek,2))
inf

x∈Ek

p(x)
6 C3

∑

k∈Z

(‖f‖Lp,v(Ek,2))
p.
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Further, we obtain

∑

k∈Z

(‖f‖Lp,v(Ek,2))
p =

∑

k∈Z

(
∫

Ek,2

|f(x)v(x)|p dx

)

=
∑

k∈Z

(
∫

Ek−1

+

∫

Ek

+

∫

Ek+1

)

|f(x)v(x)|p dx

= 3

(
∫

Rn

|f(x)v(x)|p dx

)

= 3‖f‖
p

Lp,v(Rn) 6 3.

Thus ‖Tfk,2‖Lp(·),w(Rn) 6 C‖f‖Lp,v(Rn) and taking into account the condition
∫

Rn δpp(x)/(p(x)−p) dx < ∞, which guarantees the embedding Lp(x),v(R
n) →֒ Lp,v(R

n)

(see [2]), we obtain

‖Tfk,2‖Lp(·),w(Rn) 6 C‖f‖Lp,v(Rn) 6 C1‖f‖Lp(·),v(Rn).

The proof of Theorem 1 is complete. �

Acknowledgement. The author thanks Prof.V. Kokilashvili who called my at-

tention to the gap in the proof. I am grateful to the referee for valuable suggestions.
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