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Abstract. Some g-analysis variants of Hardy type inequalities of the form

b x p b
/O <x“—1/0 t—“f(t)dqt) dqx<C’/O FP(t) dgt

with sharp constant C' are proved and discussed. A similar result with the Riemann-Liouville
operator involved is also proved. Finally, it is pointed out that by using these techniques
we can also obtain some new discrete Hardy and Copson type inequalities in the classical
case.
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1. INTRODUCTION AND PRELIMINARIES

In recent years quantum calculus (g-calculus) has been actively developed. Many
continuous scientific problems have their discrete versions by using the so-called
g-calculus. This g-calculus has numerous applications in combinatorics, special func-
tions, fractals, dynamical systems, number theory, computational methods, quantum
mechanics, information technology, etc. (see [2], [8], [9], [10], [18]).

At present g-analogues of many inequalities from the classical analysis have
been established but not g-inequalities of Hardy type (see, e.g., [15], [24] and [19],
126], [27)).

The second author was supported by the Scientific Committee of Ministry of Educa-
tion and Science of the Republic of Kazakhstan, grant No. 1529/GF, on priority area
“Intellectual potential of the country”.
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The Hardy inequality and its various generalizations play an important role in
classical analysis. Therefore during the last fifty years a huge amount of papers
has been devoted to Hardy and Hardy type inequalities in various spaces. The main
results and their applications in classical analysis are given in the books [22] and [20].

The main aim of this paper is to establish the g-analogue of the classical Hardy
type inequalities

(1) /OOO (x“—l/ox 0 dt)pdx < (]#;_l)p/ow ) dt, =0,

where @ < 1 — 1/p with either p > 1 (unless f =0) or p < 0 and f > 0 and (with
the Riemann-Liouville operator involved)

) /Ooo (WF#(Q) /Ox(x—t)alf(t)dt>pdx< [F(a(;—%r/ow 708t
f=0,

where p > 1, > 0, unless f = 0 and with the best constant. For a = 0 inequality
(1) becomes the classical Hardy inequality

® [ ([ 0a)w< () [T row 20520

and its corresponding discrete version reads

00 1 n p p X
@ X(iXa) <(E) S vtz
n=1

n=1 k=1

All these estimates have numerous applications in analysis. We will prove the ¢-
estimate

(5) /Ob <xa1 /OI = f(t) dqt>p dyz < C/Ob fP(t)dgt

of Hardy type (1) for b = oo and b = 1 with the sharp constants, and also the
g-analogue of the estimate (2) with the sharp constant.

The paper is organized in the following way: after definitions and notation below,
in Section 2 we prove the g-analogue of the inequality (1), that is, inequality (5) for
b =00 and b = 1 with the sharp constants.

In Section 3 we define a fractional g-analogue of the Riemann-Liouville operator /"
and prove a g-analogue of inequality (2) with the sharp constant.
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Finally, in Section 4 we are pointing out that using the techniques of g-calculus
we can also obtain some new discrete Hardy, Copson and matrix type inequalities in
the classical case.

We now present some notation and definitions from the g-calculus, which are
necessary for understanding this paper. They are taken mainly from the book [18].

Let 0 < ¢ < 1 be fixed. The definite g-integral or the g-Jackson integral (see [17]
and [18]) of a function f: [0,b) — R, 0 < b < 00, is defined by the formula

(6) | 10 = -0y st ore e 0.0),
0 k=0

and the improper g-integral of a function f: [0,00) — R by the relation

() / Tt =0-0 Y &),

k=—o0

provided that the series on the right hand sides of (6) and (7) converge absolutely.
For 0 < a < b < 0o we define the g-integral

/abf(t)dqt:/Obf(t)dqt—/oaf(t)dqt.

In particular, for x € (0, 00), this yields that

®) / " fydgt = / " pydgt - / " Ft) dyt.

In the theory of ¢g-analysis the g-analogue [a], of a number o € R is defined by

(9) o]y = ==L

2. THE HARDY INEQUALITY IN ¢-ANALYSIS

We counsider the g-integral analogue of the Hardy inequality of the form (1). Our
first main result in this section reads:
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Theorem 2.1. Let o < (p—1)/p. If either 1 < p<ooand f >0 or p <0 and
f >0, then the inequality

(10) /oo gPle=b) (/I t=f(t) dqt>p dyz < C/oo fP(t) dgt
0 0 0

holds with the constant

1

- ool

In the case when 0 < p < 1 the inequality (10) for f > 0 holds in the reverse direction
with the constant (11). Moreover, in all the three cases the constant (11) is the best
possible.

Proof. Let1 < p < co. Consider the estimate (10) based on the definitions (6)
and (7). We have

P
L(f) == = pla- 1>< = f(t)d t) dyx
plam 1><1_q

p
q(la)zf(qu)> dgx

o0
=(1-gq) p+1 Z qu(a 1) (Z q(zﬂ)(l a)f( z+1)) J

_]_—oo 1=0

00
— p+1 Z q (a— 1+1](Zq11 ) z) E(l—q)erle.

j=—o00

Let g = {gx}72 o € ly(Z), g 20, [|g|l1,, = 1, where 1/p+1/p’ = 1. Moreover, let
0(z) be Heaviside’s unit step function, that is, §(z) = 1 for z > 0 and 6(z) = 0 for
z < 0. Then, based on the duality principle in [,(Z), p > 1, and the Holder-Rogers
inequality (cf. [23] for the explanation why not only Holder name should be here),
we find that

= sup Zzgqﬂa 1/1))9 )qi(l/p’*a)qi/pf(qi)

lglle,, =1

< sup (Zzg gilo—1/v )0(i — 5)q i(1/p' —a))

llglle,, =1

o , 1/p
< (XS a0t )
i

1/p’
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1/p
< swp (Zg e 1/p>zqz<1/p —a))

llgll,, =1

1/p

(pr Ygiqi /P - Z qj(al/p/)> = sup ILi(g9)(f).

P g, =1

Since
e o SN 1 /
D & D S e I
i i=0 1 j
1 / 1 i
_ o p
== 19l = T =1 /p—al, i
and

o0
Z fP(q q z(l/p —a)qi(a—l/z)’) Z qj(l/p’—a)

=0

p 1 > P
- wfazqf - T— ' —1)/p—a1q/o F2) dat

it follows that

P 1 > 4
! <<1—q)pﬂ[(p—1>/p—a15/0 FHD) dat

Putting the above calculations together we deduce that

/OOo zPe=) (/Ox oL (1) dqt)p dgz = (1 —q)PTLIP < m /Ooo fP(t) dgt

which means that inequality (10) holds with constant (11).
Now, we will show that the constant (11) is the best possible. For 8 > —1/p let
fg(t) = tBX(OJ] (f,), t > 0. Then

/0 POdt=0-0 S ¢ =0-93 ¢
i=—00 =0
1—¢q 1

T 1 —gltes [1+pBl,
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and

L - | xp<°‘1>< / t“f/a(t)dqt) dyr

oo

00 p
—(-0) Y e (- 3o () )
=0

j=—o0

) ) P
> (1—qPth Dy gt (Z qi“‘”t]”)
o i=

N8 (N i(—at8) l—qg 1
= (1 =a)P JL+p l-a = ( ) .
= o (S ) = (=)

=0 i=0

Since
1 1 1

1— gl-atp R gl 1/r—a B qP—D/p—a’

sup
B>-1/p

it follows that for the best constant C' in (10) the following estimate is valid:

p
sup 9) Z Sup — ) = y
s>—1/p fo FE(t)dgt ~ ps—1/p N1 — gt Tt [(p—1)/p—alg

which shows that the constant (11) is the sharp constant in (10).
If p=1, then

00 A

L(f) = (1—q)* Z jach“ D f(g') = (1-q)? Z ¢ f(q") Z ¢°
1 N2 SR - —ja _ >
=0 3 A Y = [ o

Let p < 0 and f > 0. If we denote u = (1/p’ — a)/p’, then

L(f) = /OOO gPle=b) (/OI tOf(t) dqt>p dyx

p
—(—gp Y e (zqm fa))

j=—o00

P

=(1—q)P*! Z qj[p(afl)Jrl] (Z qwq%(lau)f(qz)> )
j=—0c0 i=j
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Taking into account the assumption p < 0 and the fact that then the Holder-Rogers
inequality holds in the reverse direction, in this case we obtain

[e )

o] p—1 o
L(f) < (1 —q)P*t Z gPle—D+1] (Z q*® u) Z qu(lfa*u)fp(qg
j=—00 =i

i=j

o] p—1 o 00
q)p+1 (Z qip’u) Z qj[p(a—1)+1+pu] Z qip(l—a—u)fp(qi)
i=0 j=—o00 =i
1
- (1( —g/’” Z 2 (q)gi+1/7 —) Z j(a—1/p)
1— gl=D/p—a
1=—00 j=—00
(1 -t

(1 —«
(1_qp 1)/p— a)p— lzq /e Z pr

= (r=g) /fp ag =[5 -], /f”

This implies that inequality (10) holds with the constant C' in (11). Now, we will
give a lower estimate for the best constant C' in inequality (10). For o —1 < f;
—1/p< B2 let fg,,(t) = tﬁ)lX(O’l] (t) + tﬁQX(lyoo)(t),t > (0. Then

/ f2 (B dgt=(1—g < Z £iC52) +Zqz<1+pﬁl )

1=—00

q|1+p132| ]_ _
- (1 N q)(]_ — q‘1+P52| + 1— q1+10/51) = (BI’BQ)
and
[e’e) L x p
L(fp.,8,) = /0 P~ )</O t f1,8, (1) dqt) dgx
[e'e] oo p
(gt 3 e (S ()
i=——oo =i

-1

-1 o] p
_ (1= g { T gitpta-n) <Z g8 1 3 qj<1a+/a1>>

i=—00 j=t 7=0

+Z i(14+p(a—1)) (Zq1a+ﬁ1):|
=0

p

S (1 - g Z i Hpa=1) <Z qj<1a+/a1>)

i=0 j=i
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0o 00 P
= (gt Y giee) <Z F-att) )

i=0 §=0

__1-g l—a P _ o+
- 1— q1+P,31 (1 _q1,a+131) =F (/81752)'

If C is the best constant in (11), then

F* (B, B2) l1—¢g P
C> sup lim - = sup (7)
a—1<B1<-1/p Bz—o0 F'~ (615 62) a—1<B1<—1/p 1- ql_(y+ﬁl

1-— p 1
~(—=) "o

The last estimate together with the earlier one shows that constant (11) is sharp in
all cases.

Finally, we consider the case when 0 < p < 1. Let us denote vy = (p—1)/p — a.
For any function f > 0 for which the right hand side of (10) is finite, we find that

S ARCLYE %i@ 7 ()

=(1-9)? i ¢ f*(q )2&”
=

S-S PP Y
j=—o0 = oo

:(1_q)2 f: J(1+7) fP(q Z q —iy
jm—oo i=oo

— (1) i g iqj(lfmqu(lfa)fp(qj) _
i=—o0 j=i

Using the Hélder-Rogers inequality with powers 1/p and 1/(1 — p) we obtain

o0

J<(1-q) z_z_:oo ”(Zq’”) (i:;qj(l‘“)f(qj))p

S S (Z P sa))

1=—00

=01 - Z g7 ”( 1-q)q Zq g " f(q “”))

i=—00 j=0

[e%s) x p
=[7]§’1/0 gple—l) (/0 t“f(t)dqt> dg,
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which means that the following inequality holds:

(12) /O h Pt dgt <[P /0 ~ gpamn) ( /0 "o £t dqt>p dyz

for all functions f > 0 for which the left hand side of (12) is finite.
Next, we show that the constant [y]? = [(p —1)/p — aJf in (12) is sharp. For
a—1<pB<—=1/plet fz(t) = t°X[1,00)(t), t > 0. Then

00 oo 0
| mwae=a-o > qifé’(qi)—(l—q){_z ATty +qu6 ]
0
—(1-¢) ; g9 _ Zqz|1+pﬁ\ 1(;131)5'
and
[e%s} x P
— p(a—1) -
s = [Cae([Ceenoar) a

= (1—q) Y eVt <(1 - 9)¢ Zqiq“"“’“fﬁ(qi“))p

J R—— i=0

0

p
(1_qp+1{ Y glreney (Zq (1=0) f4(g )>
j=—00
p
n Z FPa—D+1] (Z qi(la)fﬁ(qi)> ]
]_ _q P+1 Z qj[p(a 1)+1] (Zq (1— a+ﬁ>

j=—00
0 p
St Y e g (Z qi(l—a-i-ﬁ))
j=—o00 i=0

+1 0
(1-qF S el = 1-4 ( 1-4 )”.
= (1- ql—oth)p 1 — ql+pBI\1 — gl-oth

j=—o0

If inequality (12) holds with the best constant C' > 0, then

C> sup > up
pe(a-1,-1/p)  L(fp) Be(a—1,~1/p)

1— q(p—l)/p—a P p—1 P
(e
q p q
and this shows that the constant [y]? in (12) is sharp. The proof of Theorem 2.1 is

Jo fg(t) dgt - X (1 _ ql_a+6)p
1—¢

complete. O
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Remark 2.2. The constant in the g-analogue of inequality (1) is smaller than
the one in (1). In fact, if « <1 —1/p with p > 1 or p < 0, then

1 P
(—1)/p—al, p—ap—1

(13) for o > —1/p.
Inequality (13) is reversed for o < —1/p. For @ = —1/p both sides in (13) are equal
to 1.

Estimate (13) means that (1 —¢)/(1 — ¢®~1D/P=®) < p/(p —ap — 1) for any 0 <
q < 1, which is true since the function h(q) := p(1 — ¢®=/P=) /(p —ap — 1) +q—1
has the derivative h'(q) = —¢~'/?~* 4+ 1 < 0 for a« > —1/p, and so h(q) > h(1) = 0.

Next, we consider the Hardy inequality on a finite interval. Without loss of gen-
erality we consider only the interval [0, 1], since in the g-integral we are allowed to
change variables in the form z = zl, 0 <1 < 0o (see [18]). Therefore, a g-integral on
the interval [0, ] naturally can be reduced to a g-integral on the interval [0, 1].

Hence, we consider inequality (5) with b = 1 and formulate our next main theorem
in this section.

Theorem 2.3. Let « < 1 —1/p. If either 1 < p < oo and f > 0 or p < 0 and
f >0, then the strict inequality

(14) /0 1 gPle=b) < /0 "o f(@) dqt)p dgz < m /0 1 fP(t) dgt

holds (unless f =0) and the constant [(p — 1)/p — o], is sharp.

Proof. Theorem 2.3 can be proved in a way similar to Theorem 2.1. Hence,
we will only point out some differences of the corresponding relations. In the case
when p > 1 we have

1 T 00 o]
[ ([Cresan) aw = a - g (g0
0

0 §=0 i=j
= (1 - q)p-l-le’

and

’

>, L 1/p
I < sup (Z gf qz(afl/P ) Z qz(l/;ﬂ a))
i=j

gl =1,9>0 \{=

0 i 1/p
" (Z @) Y qi<a—1/p/>>
1=0

j=—o00
= sup  Li(g9)l2(f),
llgll,r=1,920
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respectively. If p = 1, then

1 z = =
/0 z /0 7 f(t) dgtdgz = (1 — q)° Z ¢ Zqi(l—a)f(qt)
: =

The last strict inequalities give the validity of strict inequality (14). The best
constant in (14) can be found by using the test functions fs(t) = % if 0 < t < 1,
where > —1/p. In the case when p < 0 the proof of estimate (14) can be done by
use of the same method as in Theorem 2.1 for F'. In fact, we have

L f < (1—q;ﬂ+1 pr 1+1/p —a) Z jla—1/p")
(f) (1 — q—D/p=a)p—1 e

1 P
:[<p—1>/p—a1s/o T2 dat

This implies the strict inequality in (14). In order to obtain a lower estimate we
consider the test functions fz(t) = t"x(0,1)(t) for @ — 1 < 3 < —1/p. Then

j=—00

1

and

1 x p
L(fﬁ):/o :cf’(“—”(/o t_afg(t)dqf) dgx

o 00 p
(gt Y gilirtenn) <Z qj<1a+/a>>

i=0 =i
1 1 P
_ \pt1
> (-0 RS (1 - q17a+/3)

__l-4q l—a ' _ o+
- 1_q1+p/3(1_q17a+ﬂ) = FT(B).

Hence, if C' > 0 is the best constant in inequality (14), then we obtain the estimate

F+(8) 1
C> lim = ,
p=-1/p F=(B) [(p—1)/p—alg
and the proof of Theorem 2.3 is complete. O
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Next, we present some corresponding sharp reverse inequalities with additional
terms for the case 0 < p < 1.

Theorem 2.4. Let 0 < p < 1 and a < (p—1)/p. Then the following strict
inequalities hold:

1 1 x p
P _4(p—1)/p—« . C p(a—1)< —a . > o
(15) / P —t Yd,t < / T /0 tTYf(t)d,t ) dgx
X(q, 1]( ) ) (o(—l)< ‘ —a >P
(16) / FP(t) dt<C/ <1+ —1) /p—a] P /0 t7Of(t)dgt | dex

for all functions f > 0 with the finite left hand side of (16) unless f = 0, and with
the best constant

(17) o= -d]"

Proof. Let f > 0 and fo fP(t)dgt < co. Denoting v = (p—1)/p — @ and
cq = (1 —q)(1 — ¢") we obtain

1 0 o 0
| roai=a-0 ere) =Y era) Y "
j=0 =0 i=—o0
=c, Zq3(1+v)fp zj: q —iy
7=0 1=—00
—1 00
¢ + ¢ Z g Z qj(1+v)fp(qj)

i=—00 j=0

= qj(1+v)fp(qj)
=0 i

M- T

I
o

o0

Z (1+v)fp ¢ +(1—q)q Zq A+ pp (g
0

7=0 1=

<

< qu —wzq (1+v)fp ) 1 —q) qu(l-i-’y)fp(qj) = I, + L.
=0 Jj=t

=0

By using the Holder-Rogers inequality with powers 1/(1 — p) and 1/p we can estimate
I, as

I = ¢, Z g Z qj(lfp)vqu(lfa)fp(qj)
= =

[e’e) [e%} 1-p 0 p
<egy g <Z q’”) <Z qj(la)f(qj)>
=0 k=i Jj=i
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_p @ > p
—e, (ﬁ)l v ; g Hpa=1) (; qjua)f(qj))
p—1 po[t a— ¢ —a !
(el [ ([ oo

Since Iy = (1—q) E @I fr(g7) f tp=1/p= fp(1) d,t it follows from the above
7=0
calculations that estimate (15) holds with the constant C' < [(p —1)/p — af.

Now, we will show also the validity of inequality (16). For this purpose we estimate
I5, using the Holder-Rogers inequality with powers 1/(1 — p) and 1/p, and obtain

[ee] e’} 1— [ee]
5:41—@2)MPMMMP“ﬂ@U<a—@(2hM)I(E}ﬂk“ﬂfﬁp
— =

—(1-q)1—q") (un ) f(qf ) [pl a}:1</01t_"f(t)dqt)p.

Hence, again from the above calculations we obtain

/01 o< == —al’ Uol o ([ e
e U ) |

This means that (16) holds with the constant (17). Next, we show that the constant
V)4 = [(p — 1)/p — a]} in both the inequalities (15) and (16) is the best possible. To
see this we consider the function f5(t) = t* for 0 < ¢ < 1, where 3 > —1/p. Then

1
1) /p— 1—g¢q 1—q
(r—1)/p—a pp _ _
Z;tp P (t) dyt = Hmmﬁ‘/(m Hdet = T 7

1 x P
_ _ 1—gq P 1—gq
p(a—1) « —
/0 ’ (/0 t fﬁ(t)dqt) G = (1—q1*a+ﬁ> 1— w8’

and

1 b v 1 1— P
CEDTED) </ t fﬁ“)dqt) o o)

If C > 0 is the sharp constant in inequality (15), then

o5 (L= PN 1= = (1= ¢""")(1 - g)/(1 = ¢"*7*7)
- 1—q 1—q

?
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and by letting 3 — —1/p we find that C > [(p — 1)/p — a]}. Moreover, if C' > 0 is
the sharp constant in inequality (16), then

1_q1—a+6 p 1_q
C>< l1—gq )1—Q+(1—quﬁ)/[(p—l)/p—a]q'

Again, by letting 3 — —1/p, we obtain C > [(p — 1)/p — a]}. The proof is complete.
O

Remark 2.5. From Theorem 2.1 with « = 0 we obtain the g-analogue of the
classical Hardy inequality

/Oooe /Oxf(t)dqt>pdqx < m/om Pt 30,

if p>1lorp<0and f > 0. Moreover, the constant 1/[(p —1)/p]? is the best
possible and 1/[(p — 1)/p]2 < (p/(p — 1))

Remark 2.6. If f > 0 is a continuous function on [0, 1], then by passing to the
limit as ¢ — 17~ in (15) and (16) we get

1 1 x P
_ —-1)/p—a p—1 _ P a— -«
(18) /0 fP() (1 — P D/Pmay gt < (—p a) /0 gPle=b) (/O tOf(t) dt) dz,
and 1 1 1 T p
p—= P a— —a
/0 FP()dt < (T - a) /0 gPe=D) (/0 £ f (1) dt) du(z)
where du(z) = (1+p/(p — pa—1)6(1 — x)) dx and 4(-) is the Dirac delta function.

The inequality (18) is one of the cases recently proved in [25], Theorem 2.4 (b).

3. A NEW SHARP INEQUALITY FOR THE
RIEMANN-LIOUVILLE OPERATOR IN ¢-ANALYSIS

We need definitions and formulas from the g-calculus to be able to define a ¢-
analogue of fractional integration Riemann-Liouville operator of order o > 0. These
facts are taken mainly from the book [18] (see also [1] and [26]).

If z >t > 0, then the g-analogue of the polynomial (x — t)* of order k € N and
the generalized polynomial (x — t)* of order a € R are defined by the relations

(19) (x—t)gzxk(é;q)k and (x—t)g“:a:(’(é;q)a,

672



respectively, where the g-analogue of the Pochhammer symbol (¢g-shifted factorial) is
defined by

k—1
(@iq)o=1, (a;iqk = [J(1—aq) for keNU{oco} and (a;q)a = %
i=0 aq~;4)co
In g-analysis the gamma function I'; has the form
I () = LD g yime o e m f0,-1,-2,.. ),
(0" 0)oo
and the beta function By(-, ) is defined in the following way:
By(a,b) = / Mgty dgt = (1= ) Y ¢ (¢" 5 b1
0 i=0
Moreover, the following relations are valid:
Iy(a)l'y(b)

Ty(x+1) = [z]4ly(z) and Bgy(a,bd) = T,(atb)

Finally, the g-analogue of the fractional integration Riemann-Liouville operator of
order o > 0 has the form

1 x
2 e = —qt)2 7 () dgt
(20) 2@ = [ w0,
Our main result in this section is the following g-analogue of inequality (2).

Theorem 3.1. If p > 1 and « > 0, then the inequality

(21) /Ooo [m /Oz(x —g)s (1) dqtrdqx < C/OOO fP@)dgt, f

holds with the best constant

WV
o

_ Fq(l - 1/17) b
(22) ¢= {rqm . 1/p>] |

Proof. Let f > 0. Based on (6), (19) and (20) we have

Z ozlfo)

=0

0’

(23) I3 f(x) =

1 ! a—1
| g ag
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Then, in view of (7) and (23), we find that

o0

/Ooo (Ig;(x) )p dgz = (1-¢) (ﬁ)p i (Z(q”l;q)a—lf(q”j)q")qu

j=—o00 Vi=0

:(1_q< a) Z ¢ '”(Z Z]’*l;q)a_lf(qi)qi)p

j=—o00 i=j

-u-of g

By applying the duality principle in {,(Z) and by using the Holder-Rogers inequality

we obtain
J, = sup Z gj q I Z L Qa1 f(d)d
Il , =1,9>0 ;575
_ ZZQ (i /”9 (i =)@ 7 Qa1 f(a)g
[lglle /—1 920
1/p’
< sup (ZZQ” =D/ — 5) (g1 q)“_l)
lgll,, =1, 920
1/p
s Pttt
i J
= sup Ja,p’ (Q)Ja,p(f)a
lglle,, =1, 920
where
ZZQ a0 = ) (a7 @)a
and

p:Zpr( igli=i/v' 0 — )" @)azr.
i

By formulas for beta and gamma functions, we get

sup  Jap(g)P =  sup a7 ¢ 06— )@Y q)as
lgll,, =1,92>0 lgll,, =1, g>022
_ (i— J)/p t J+1
= sup g; D4 ?a—1
lgll,, =1, g>02 Z
— /p z+1
= sup g; q a-1
lgll,, =1, g>02 ! Z
_ By(1/p; @) _ Fq(l_l/p) gl) 1
1—g¢q Iya+1-1/p) 1—¢q’
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and

Zpr ¢'q" DIv 0(i — ) (¢ @)an

=Y P Z g (g g) gy
[

j=—oc0

o0
= > )P )
i =0

_ 1 Fq(].—]_/p)]_"q(a) %) )
C (1-q)? Ty(a+1-1/p) /0 IP(t) dgt.

By combining the above calculations we find that for f > 0 we have

(59 e [ (st o s

— -2 vy

<(1-gq) (;qz;g) sup Jopr (g)pJa,p(f)p

lglle,, =1,92>0

<= q)( L g >p [Fq(l —1/p)Ty(a) 1 ]Pl

(o) F(a+1—1/p) 1—gq

1 T,(1-1/p)T )
=2 Fq(a+1—1/p / Jri

:[Tlga+1i/f>p]/ S0 dat,

which means that inequality (21) holds with the estimate C' < [['y(1 — 1/p)/
Iy(a+1—1/p)]? for the best constant C'.

Now, we give also a lower estimate for the best constant C' in (21). Let fs(t) =

"X (01 (t) with 8 > —1/p. Then [;* fE)dgt = (1—¢q)/(1 — ¢**PP) (cf. proof of
Theorem 2.1 in the case 1 < p < c0) and

oo

00 (o o p 1 @ . AN
/0 (%i(x))pdqx— (1 q . Z ¢ “(Z ”“;Q)a1fﬂ(ql)ql>

=]

1_q Zq (1= p)<z - j“;f})a1f/a(qi)qi>

=]
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1_qp+ i

P
q j(1-p) <Z i J+1;q)a1ql(1+ﬂ)>

=]

p
1—qp+ Zq (1+pB) <Z i+, )alqi(uﬁ))

=0
Ig(a)(1 — ¢ +rd)

BB+ 1,a).
If inequality (21) holds with the best constant C' > 0, then

By(B+1La)\» _ (By(1—-1/p,a)\’ r,(1-1/p)
C>/5>Sl—111)/p( Fq—(’_a) ) - ( Fq(a)p > - (Fq(a—l-l—i)/p)) ’

which shows that constant (22) is sharp. The proof is complete. O

From Theorem 3.1 we obtain immediately the validity of the following statement:

Corollary 3.2. Let p > 1 and o > 0. Then the following inequality is valid:

/Ol(lgffa(x) )P G < (%)p /01 o

Moreover, the constant (I'q(1 —1/p)/Tq(a+1—1/p))? is the best possible.

The strict inequality we are getting as before in the estimate of J, ,(f). In fact,
for the finite interval of integration the sum inside of the expression .J, is going from
0 to oo,

00 i
Jap(£) =D )Y a7 (¢ )
i=0 j=0
. 0 . .
)¢ PP (@ Qe
7=0

1 T,(1—1/p)Ty(a) [! ’
- (1-¢)? Ty(a+1-1/p) /O fP(t) dgt.

=0
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4. REMARKS ON CLASSICAL DISCRETE HARDY INEQUALITIES

The Hardy discrete inequality (4) follows from the Hardy integral inequality (3)
by putting in (3) a simple nonincreasing function (cf. [16], page 248, and [20],
pages 155-156, [21], page 726).

Up to now there is no sharp discrete analogue of the Hardy integral inequality (1)
except for a = 0 and this fact was the motivation for many authors to establish the
discrete inequalities

) Y (2w -ty ) < GEo) S eazo

n=1 k=1

and

n=1 = n=1

For fixed p > 1, thanks to a result of Cass and Kratz [7], Theorem 2, we know that in-
equalities (24) and (25) can only hold for o < 1—1/p and if they hold for some o < 1—
1/p, then the constant [(1—a)p/(p—ap—1)]? = [p/(p—1/(1 — «))]? is the best poss-

ible since for @ < 1 we have lim Y [k1=% — (k —1)179]/n[nt=® — (n — 1)}7%] =

1/(1—a)and lim Y k=%/n'=*=1/(1— «) (see also [14], pages 374-375).

Both the inequalities were stated by Bennett in [3], pages 40-41, whenever p > 1,
a < 1—1/pand a < 0. No proofs were given in [3]. The proof of (24) for p > 1, a <
1—1/p and o < 0 (for & = 0 this is just the classical discrete Hardy inequality (4))
was given by Bennett [4], pages 401-402, 407, and the proof for p > 1, a <1 —1/p
by Bennett [5], Theorem 1, pages 31-32, [6], Theorem 1, page 803, and Theorem 18,
page 829, and Gao [11], Corollary 3.1.

Inequality (25) was proved independently by Gao [11], Corollary 3.2, and Bennett
[6], Theorem 7, for p > 1, @« < 1 — 1/p and if either « < -1 or 0 < a < 1.
Moreover, Gao [12], Theorem 1.1, has shown that the inequality holds for p > 2
and —1/p<a<0orl<p<4/3and -1 < o< —1/p. In [13], Theorem 6.1, he
extended the proof to p > 2 and —1 < « < 0. This means that they are still some
regions with no proof of (25).

Now, let us comment which discrete Hardy inequalities we are getting from the
Hardy g-inequalities. Directly from the proof of Theorems 2.1 and 2.3 we obtain the
following discrete inequalities of independent interest: for 0 < ¢ < land a < 1—1/p
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we have

oo » .

j(a+1/p—1) (1-1/p—a) S |

j—z:oo<q L Z;q p= > S(l e 1/papz;ma a; >0,
i g/ I)Zq (1=1/p=a)q p<;za’? a; >0
7=0 i=j ~= (1 _ql—l/p—a)p P 70 1 = Yy

if either p > 1 orp < 0and a; >0 (i € Z or i € NU{0}, respectively) with the best
constant (1 — ¢'~1/P=)=p,

The above two inequalities we can rewrite by putting A =1—1/p — a > 0 to the
following new sharp discrete inequalities: if 0 < ¢ < 1 and either p > 1 or p < 0 and
an >0 (n € Z or n € NU {0}, respectively), then with the best constant

00 1 oo P

(26) Z (QW Z q/\kak> 1 — q Z a an = 0,

27) > (o Zq*’“%f <o f:azz, 0 >0
n=0 1 —a );D n=0

For 0 < p < 1 inequality (26) holds in the reverse direction. If p > 1, then in view
of (26) and (27) by passing to the dual inequalities with substitution of p by p’ we

obtain
oo n D 1 oo
A — Ak
(28) Z (qn Z q ak) gm Z aﬁa an 2 0,
n=—oo k=—oc0 n=-—oo
(29) z( qu ) <o zan, an >
n=0

In recent years the following weighted Hardy and weighted Copson inequalities have
been frequently investigated (see, e.g. [6], [11], [13] and the references given there):

) n D [eS) oo [eS) p [eS)
Ekfo Ak Ekf Ak
B Y (EEAE) cad a3 (RE) <pYa
n=0 Zk:o Ak n=0 " n=0 Zk:" Ak n=0 "
> ZZ__ Ak P > > ZOO, A Qk P >
1 LS R B p h=n "YW ) < D p
o Y (FERt) o L 3 (At <p X @
n=-—oo n=—oo n=-—oo n=-—oo

where A\, > 0, a, > 0, n € NU{0} or n € Z, respectively. However, in general, the
best constants in the above inequalities have not been found yet.

If Ay =k~ for k € N and A\g = ap = 0, then the first inequality in (30) becomes
(25) and it holds with the best constant A = ((1 — a)p/(p — ap — 1))? for parameters
which have been mentioned at the beginning of this part.
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Since Z " = ¢ /(1 — ¢), estimates (27) and (26) imply that the second in-

equahtles in (30) and (31) (the Copson inequalities) with A\ = ¢™* (0 < ¢ < 1, A > 0,
ke NU{0} or k € Z, respectively) for p > 1 or p < 0 hold with the best constants
B =1 and D =1, respectively.

Also, since Y. ¢ * = ¢ /(1 — ¢*), estimate (28) implies the first inequality

k=—o00

n (31) (the Hardy inequality) with Ay, = ¢ ** (0<q¢< 1, A >0,k € Z) forp>1
with the best constant C' = 1. In the case 0 < p < 1 the second inequality in (31)
holds in the reverse direction.

Inequality (29) and the obvious estimate i ¢ ™ > ¢ imply that the first
k=0
inequality in (30) holds with \y = ¢~ (0<¢<1,A>0,k=0,1,2,...) for p > 1
with the estimate A < (1 — ¢*)~P for the best constant.
From the proof of Theorem 2.4 we obtain that if A > 0,0 < ¢ < 1, a, = 0
(n=0,1,2,...) and 0 < p < 1, then the following discrete inequalities hold with the
best constants:

oo

00 00 p
—An Ak
Z<q kz:q ak) TR 1—q > (=g
=n

n=0 n=0

and

S () 4 (S ) > i e
n=0 n=0 q n=0

The proof of the g-inequality for the Riemann-Liouville operator gives estimates
for matrix operators. In fact, from the proof of Theorem 3.1 we obtain the following

inequalities: if 0 < ¢ <1, @ > 0 and p > 1, then

[e'S) [eS) D o0
@ 3 (S e ) <B S d w0
n—=—oo k=n n—=—oo
00 [ed] P [ee]
(33) Z (q—n/p Z(qk—n-i-l; Q)aflqk/p ak> < E Z afn [£2% 2 Oa
n=0 k=n n=0

P
with the best constant £ = (Z g (gt q)a,l) .

S / /
Since S ¢*/P (¢FH g) 0y = g7 Z ¢"/?" (¢"*t'; ¢)a_1, then denoting
h=n k=0

o0
Qn=>_d"" (@ """ q)a
k=n
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we can rewrite inequalities (32) and (33) in the following forms:

1 & :
(34) > (——qu/” (@" ") _1ak) Z ab, an >0
n=-—oo Q” k=n n=-—oo
- 1 — k/p’ kfnJrl
(35) > g2 a-10k Za an >
n=0 Q” k=n
Moreover, by passing to the dual inequality in (32) and substituting p by p’ we obtain
o0 n P
(36) > <q"/” > (q"’”l;q)alq’“/pak)
n=-—o0 k=—o0
oo p o0
< (Z Q"/”(q”“;q)al) doah, an>0.
n=0 n=0

n oo
Since Y (¢"F*q)ac1g7MP = P Y (6" q)a1 =t Qn, the inequality (36)
k=—o0 7=0
can be written in the form

oo n

1 o0
@Y (o X @ e ) <3 0020
n=0

n=-—oo k=—o0

Inequalities (34), (35) and (37) are examples of sharp matrix inequalities of the
forms

S [ D 0 9
Z (Ek:onAn,kak> < Z P Z(Zk —n nkak) Zap
n? n?

n=——o0 Zk:n Ank n——oo Zk n An.k n=0

p
Z [ n,kQAk
and Z <L> Z a n/ 7

n=-—oo Zk——oo n.k n=-—oo

where p > 1 and A, > 0 are of special form. They are generalizations of three of
the inequalities in (30) and (31).
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