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Abstract. We study the arithmetic properties of hyperelliptic curves given by the affine
equation y2 = z" +a by exploiting the structure of the automorphism groups. We show that
these curves satisfy Lang’s conjecture about the covering radius (for some special covering
maps).
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1. INTRODUCTION

The class of hyperelliptic curves has been the object of special treatment for both
geometric and arithmetic problems related to curves. By the virtue of having a simple
explicit form y? = f(x), these curves are amenable to analysis by concrete and
elementary techniques. In this paper, we specialize further to the hyperelliptic curves
of the form

v =z"+a, a#0,n>5

defined over number fields.

For each such curve X, we determine the group Aut(X) of automorphisms of X
and exploit this information to prove that Lang’s Conjecture on page 168 of [2] for
the covering radius holds for X in the following special case: if ®: D(r) — X is the
universal covering map where D(r) is the disc of radius r centered at zero normalized
such that ®(0) € X(Q) is a ramification point of a normal Belyi covering X — P!
and ®'(0) € Q, then r is a transcendental number.

We would like to thank for the support of the Scientific and Technological Research
Council of Turkey (TUBITAK).
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Wolfart and Wiistholz [5] studied whether the radius is transcendental for such
curve X. It is given how the radius is determined especially in Proposition 5 of their
paper and finally Satz 5 states that the radius is transcendental for such curves. The
transcendence of r is well defined in Wolfart [4] for special values of the Gamma
function which also arise as periods as follows. Let the curve X be defined by the
curves y? = u? +v? and 2% = wv? in P3(C) and assume that the universal covering
map ¢: D(r) = {z € C; |z] < r} — X is normalized that ®'(0) is algebraic with
®(z) = (z,y,u,v).

(a) ®(0) =(0,1,£1,0) or (0,1,0,£1) or
(b) ®(0) = (e>/12 0, e>""/4 1) where 2{n € Z.

Then the radius is,

n3T0(1/3)8  for the case (a),
T =
n2T(1/4)* for the case (b).

As a result we obtain the fact that, for such curve X, the radius r at the algebraic
point ®(0) is transcendental.

Throughout the paper,

> ), C, K denote the rational numbers, complex numbers and a number field,
respectively.

> X,.q is the smooth complete curve defined over a number field by the affine
equation y% = 2" +a, a # 0. X,, denotes the curve X,, _;.

> Q(Yn,a) is the genus of the curve Yma.

We first recall the well-known construction of the projective curve X. Given

n

yzzf(x):x"+a=H(a:—xi)

i=1

where x; = |a|'/"¢l, &, is a primitive n-th root of unity, we obtain X,, , by intro-
ducing a second chart

y? = H(l —x;x')  if n=2m,

i=1

n
y'? x’H(l —xix’) ifn=2m-—1
i=1

and by glueing the two charts via the identification 2’ = 1/z, y’ = y/2™. The points
at oo for the chart (z,y) are:

001,009 given by 2’ =0, y’ = £1 if n is even,

oo given by ' =0 =1/ if n is odd.
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Applying the Riemann-Hurwitz formula to the hyperelliptic map
0: Xna— PY given (z,y) —

one finds
n—1

if n is odd,
g(Xn,a) -

if n is even.

Lemma 1.1. Fora,b € K*, X, , and X,,, are isomorphic over K ((b/a)*/") if n
is even, and over K ((b/a)'/™, (b/a)'/?) if n is odd.

Proof. We have an explicit isomorphism
U: X Xnp given (z,y) = ((b/a)'/ "z, (b/a)'/*y)

which proves the lemma. O

Without explicitly referring to this lemma, the properties which are independent
of the precise field of definition of X,, , will be proved for the special case of X,,.
Necessary modifications for arithmetic results which require the essential use of the
field of definition, will be included as remarks.

2. AUTOMORPHISM GROUP OF X,

The double cover
0: X, =Pl given (z,y) — z

is unique and corresponds to an involution 75, € Aut(X,) which commutes with all
o € Aut(X,). ¢ ramifies precisely at Weierstrass points

(wk,0), k=1,...,nif nis even,

(wg,0), k=1,...,nand at oo if n is odd

where wy, = (k.
We define the reduced automorphism group as the quotient group

G = Aut(X,)/ ().

Lemma 2.1. Notice that

A

D, ifn is even,
7, ifn isodd,

where D,, is the dihedral group of order 2n.
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Proof. Case n is even: Let ¢ € G. Then o permutes the Weierstrass points.
On the other hand since o commutes with 75,, o induces T,, € Aut(P!) via its action
on the first coordinate x. The linear fractional transformation T, maps |z| = 1 onto
itself; hence we may assume that T, maps the unit disc onto itself. Now it is easy to
check that the permutation induced on the vertices wy of the corresponding regular
n-gon is a rotation. That is

o € Aut(n-gon) = D,, = {(a,b; a®> =b" = (ab)?)

where a(z) = 1/z and b(z) = &, 2. Hence G < D,,.
To prove that in fact G = D,, we check that h € D,, defines o}, € Aut(X,)

on: Xn— X, given (z,y) — (hz,y).
Thus, we have
D, =G given h — oy,

and it follows that G = D,,.
Case n is odd: In this case, since a(co) = 0 is not a Weierstrass point, a € D,,
does not define an element in G. Hence G = (b) = Z,,. O

3. Yn,a AND LANG’S CONJECTURE

In this section we prove Lang’s conjecture in the following special case: if ®:
D(r) — X, is the universal covering map normalized that ®(0) € X, ,(Q) is
a ramification point of a normal Belyi covering X, , — P! and ®'(0) € Q, then r is

a transcendental number.

Definition 3.1 ([3]). Let X be a compact Riemann surface. A nonconstant
meromorphic function f on X is said to be a Belyi function if f ramifies over at
most three points. Then X is a Belyi surface if X admits a Belyi function.

Lemma 3.2. Yn,a is a Belyi surface.

Proof. It suffices to prove this result for X,, (Lemma 1.1).
n is odd: We showed that the map

b: X, » X, given (z,y) — (&nz,y)
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is an element of Aut(X,). Then (b) = H is a subgroup of order n of Aut(X,,) and
we obtain a holomorphic map

f: X, —>7n/H given (z,y) — [z,y].

This map ramifies over a point if the length of the corresponding orbit [z, y] of (x,y)
under the action of H is less than n. Thus f ramifies totally at each of the three
points [0,1], [0, —i], co. This map is a normal covering since it is induced by action
of a subgroup of Aut(X,).

From the Riemann-Hurwitz formula it follows that g(X,/H) = 0. Thus f is
a Belyi function on X,,.

n is even: We use the elements of Aut(X,,) given by

b: X, = X, given (z,y) — (£,m,y)

and
Th: Xp — X, given (z,y) — —y).

(z,
Then (b, 7,) = H is a subgroup of order 2n of Aut(X,,), since 7,b = b7}, and
T}% = b" =1 and we obtain a normal covering

fr Xn = Xn/H given (z,y) — [2,y]

which ramifies at the three points [0, 1], [c0, o] and [£,,0].
By computing the ramification indices and applying the Riemann-Hurwitz formula
we obtain

n—2
2

—2=2n(2g—2)+2(n—-1)+2(n—1) +n.
Hence g(X,/H) = 0 and thus f is Belyi function on X,,. O

Definition 3.3 ([3]). A compact Riemann surface X of genus g > 1 is said
to have many automorphisms if the corresponding point ¢ = p(X) in the moduli
space M, of compact Riemann surfaces of genus g has (in the complex topology)
a neighbourhood U C M, with the following property: For any ¢ € U, g # p,
the order of the automorphism group of the corresponding Riemann surface Y (¢q) is
strictly less than the order of Aut(X).

Example. The curve X has many automorphisms. In fact, in the notation of
Definition 3.3 we can take U = Mo—{p1, p2} where p; or ps is the point corresponding
to the curve y? = z(z*—1) or y? = x(2° —1), respectively, because Aut(Xs) is strictly
bigger than the automorphism groups of all genus 2 curves except the curves given
by y? = x(2* — 1) and y? = x(2° — 1) (page 340 in [1]).
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Theorem 3.4 (Theorem 6 in [3]). A compact Riemann surface X of genus g > 1

has many automorphisms if and only if there exists a Belyi function 8 defining
a normal covering 3: X — PL.

Lemma 3.5. Yma has many automorphisms.

Proof. Follows from Lemma 3.2. 0
Corollary 3.6. Lang’s conjecture is valid for Yn,a for covering maps

&: D(r) = Xna

)

normalized such that ®(0) is a ramification point of the Belyi map f.

us

1]
2]

8]

[4]

[5]

Proof. We apply (Satz 5 in [5]) to X, 4. O
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