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Abstract. The paper deals with very weak solutions u ∈ θ +W
1,r
0
(Ω), max{1, p − 1} <

r < p < n, to boundary value problems of the p-harmonic equation

(∗)

{

−div(|∇u(x)|p−2∇u(x)) = 0, x ∈ Ω,

u(x) = θ(x), x ∈ ∂Ω.

We show that, under the assumption θ ∈ W 1,q(Ω), q > r, any very weak solution u to the
boundary value problem (∗) is integrable with

u ∈















θ + L
q∗

weak
(Ω) for q < n,

θ + Lτ
weak
(Ω) for q = n and any τ < ∞,

θ + L∞(Ω) for q > n,

provided that r is sufficiently close to p.

Keywords: integrability; very weak solution; boundary value problem; p-harmonic equa-
tion

MSC 2010 : 35J25, 35D30

1. Introduction and preliminary lemmas

Throughout this paper Ω will stand for a bounded regular domain in R
n, n > 2.

By a regular domain we understand any domain of finite measure for which the esti-

mates (2.4) and (2.5) below for the Hodge decomposition are satisfied, see [11], [12].

A Lipschitz domain, for example, is regular.

Research supported by NSFC (Grant No. 11371050) and NSF of Hebei Province, China
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Let 1 < p < n. We shall examine the boundary value problem of the p-harmonic

equation

(1.1)

{
−div(|∇u(x)|p−2∇u(x)) = 0, x ∈ Ω,

u(x) = θ(x), x ∈ ∂Ω,

where θ(x) ∈ W 1,q(Ω), q > r.

This paper deals with very weak solutions to (1.1).

Definition 1.1. A function u ∈ θ +W 1,r
0 (Ω), max{1, p− 1} < r < p, is called

a very weak solution to the boundary value problem (1.1) if

(1.2)

∫

Ω

〈|∇u|p−2∇u,∇ϕ〉dx = 0

holds true for all ϕ ∈ W
1,r/(r−p+1)
0 (Ω).

Recall that a function u ∈ θ +W 1,p
0 (Ω) is called a weak solution to the boundary

value problem (1.1) if (1.2) holds true for all ϕ ∈ W 1,p
0 (Ω). This is what we call the

natural setting of problem (1.1). The words very weak in Definition 1.1 mean that

the integrable exponent r of u can be smaller than the natural one p. We refer the

readers to [11], Theorem 1, page 602, and [9], Theorems 1 and 2, page 251, for some

results related to very weak solutions to the p-harmonic equation, although up to

now, the existence and uniqueness of such solutions remain unclear.

In this paper we will need the definition of weak Lt-spaces or Marcinkiewicz spaces

(see [2], Chapter 1, Section 2, [10], Chapter 2, Section 5 or [16], Chapter 2, Sec-

tion 18): for t > 0, the weak Lt-space, Lt
weak(Ω), consists of all measurable func-

tions f such that

|{x ∈ Ω: |f(x)| > s}| 6
k

st

for some positive constant k = k(f) and every s > 0, where |E| is the n-dimensional

Lebesgue measure of E. Note that if f ∈ Lt
weak(Ω) for some t > 1, then f ∈ Lτ (Ω)

for every 1 6 τ < t.

Integrability property is important in the regularity theories of nonlinear elliptic

PDEs and systems, see [1], [3]–[8], [17]–[19], [21], [22]. In [14], [15], the authors

considered regularity properties of the p-harmonic type equations with r sufficiently

close to p. In [9], Greco et al. were concerned with the nonhomogeneous p-harmonic

equation

−div(|∇u(x)|p−2∇u(x)) = −divf,

and obtained an estimate for the operator H which carries a given vector function f

into the gradient field ∇u. In the present paper, we consider very weak solutions
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to boundary value problems of (1.1). The main result of this paper is the following

theorem.

Theorem 1.1. Let θ ∈ W 1,q(Ω), q > r. There exists ε0 = ε0(n, p) > 0 such that

for every very weak solution u ∈ θ + W 1,r
0 (Ω), max{1, p − 1} < r < p < n, to the

boundary value problem (1.1), we have

(1.3) u ∈






θ + Lq∗

weak(Ω) for q < n,

θ + Lτ
weak(Ω) for q = n and any τ < ∞,

θ + L∞(Ω) for q > n,

provided that |p− r| < ε0.

Note that we have restricted ourselves to the case r < n since otherwise any

function in W 1,r(Ω) is in the space Lt(Ω) for any t < ∞ by the Sobolev embedding

theorem. Note also that very weak solutions u to the boundary value problem (1.1)

are taken from the Sobolev spaceW 1,r(Ω). The embedding theorem guarantees that

the integrability of u reaches r∗. Our result (1.3) improves such integrability. We

remark that the key point in the proof of Theorem 1.1 is the choice of appropriate

test functions. We will use the stability estimate of Hodge decomposition used in

[9], [11], [12], see (2.3)–(2.5) below.

In order to prove Theorem 1.1, we need the following two lemmas.

Lemma 1.1. For 1 < p < 2 and any X,Y ∈ R
n, one has

〈|X |p−2X − |Y |p−2Y,X − Y 〉 > |X − Y |((|X − Y |+ |Y |)p−1 − |Y |p−1).

P r o o f. It is no loss of generality to assume that X 6= Y . For 0 6 t 6 1 we have

d

dt
〈|tX − tY + Y |p−2(tX − tY + Y ), X − Y 〉

= (p− 2)|tX − tY + Y |p−4〈tX − tY + Y,X − Y 〉2

+ 〈|tX − tY + Y |p−2(X − Y ), X − Y 〉.

This implies

(1.4) 〈|X |p−2X − |Y |p−2Y,X − Y 〉

=

∫ 1

0

d

dt
〈|tX − tY + Y |p−2(tX − tY + Y ), X − Y 〉dt

= (p− 2)

∫ 1

0

|tX − tY + Y |p−4〈tX − tY + Y,X − Y 〉2 dt

+ |X − Y |2
∫ 1

0

|tX − tY + Y |p−2 dt.
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Note that

|tX − tY + Y |p−4〈tX − tY + Y,X − Y 〉2 6 |tX − tY + Y |p−2|X − Y |2,

which together with (1.4) and the fact 1 < p < 2 implies

〈|X |p−2X − |Y |p−2Y,X − Y 〉 > (p− 1)|X − Y |2
∫ 1

0

|tX − tY + Y |p−2 dt

> (p− 1)|X − Y |2
∫ 1

0

(t|X − Y |+ |Y |)p−2 dt

= |X − Y |

∫ 1

0

d(t|X − Y |+ |Y |)p−1 dt

= |X − Y |
(
(|X − Y |+ |Y |)p−1 − |Y |p−1

)
.

This completes the proof of Lemma 1.1. �

The following technical result can be found in [23], Lemma 4.1.

Lemma 1.2. Let s0 > 0 and let φ : (s0,∞) → [0,∞) be a decreasing function

such that for every r, s with r > s > s0,

φ(r) 6
c

(r − s)α
(φ(s))β ,

where c, α, β are positive constants. Then

(i) if β > 1 we have that φ(s0 + d) = 0, where

dα = c2αβ/(β−1)(φ(s0))
β−1;

(ii) if β < 1 we have that

φ(s) 6 2µ/(1−β)(c1/(1−β) + (2s0)
µφ(s0))s

−µ,

where µ = α/(1 − β).
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2. Proof of Theorem 1.1

In the following, C(∗, . . . , ∗) will denote a constant that depends only on the

quantities ∗, . . . , ∗, whose value may vary from line to line.

For any L > 0 we take

(2.1) v =






u− θ + L for u− θ < −L,

0 for − L 6 u− θ 6 L,

u− θ − L for u− θ > L,

so that, by our assumptions, we have v ∈ W 1,r
0 (Ω) and

(2.2) ∇v = (∇u−∇θ) · 1{|u−θ|>L},

where 1E is the characteristic function for the set E, that is, 1E = 1 if x ∈ E

and 1E = 0 otherwise. We introduce the Hodge decomposition of the vector field

|∇v|p−2∇v ∈ Lr/(r−p+1)(Ω). Accordingly,

(2.3) |∇v|r−p∇v = ∇ϕ+ h,

where ϕ is in W
1,r/(r−p+1)
0 (Ω) and h is a divergence free vector field of class

Lr/(r−p+1)(Ω,Rn). The reader is referred to [9], [11], [12] for estimates concerning

such decomposition. We have

(2.4) ‖∇ϕ‖r/(r−p+1) 6 C(n, p)‖∇v‖r−p+1
r

and

(2.5) ‖h‖r/(r−p+1) 6 C(n, p)|p− r|‖∇v‖r−p+1
r .

In particular, ϕ can be used as a test function for the integral identity (1.2), namely

∫

{|u−θ|>L}

〈|∇u|p−2∇u, |∇u−∇θ|r−p(∇u−∇θ)〉dx =

∫

{|u−θ|>L}

〈|∇u|p−2∇u, h〉dx.

This implies

(2.6)

∫

{|u−θ|>L}

〈|∇u|p−2∇u− |∇θ|p−2∇θ, |∇u −∇θ|r−p(∇u−∇θ)〉dx

=

∫

{|u−θ|>L}

〈|∇u|p−2∇u− |∇θ|p−2∇θ, h〉dx+

∫

{|u−θ|>L}

〈|∇θ|p−2∇θ, h〉dx

−

∫

{|u−θ|>L}

〈|∇θ|p−2∇θ, |∇u−∇θ|r−p(∇u−∇θ)〉dx = I1 + I2 + I3.
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Now we shall distinguish between two cases.

Case 1 : p > 2. Since for any X,Y ∈ R
n (see [20], page 72)

22−p|X − Y |p 6 〈|X |p−2X − |Y |p−2Y,X − Y 〉,

the left-hand side of (2.6) can be estimated as

(2.7)

∫

{|u−θ|>L}

〈|∇u|p−2∇u − |∇θ|p−2∇θ, |∇u−∇θ|r−p(∇u−∇θ)〉dx

> 22−p

∫

{|u−θ|>L}

|∇u −∇θ|r dx.

We now estimate |I1|, |I2| and |I3|. By an elementary inequality (see [13]): for

any X,Y ∈ R
n and ε > 0,

(2.8)
∣∣|X |εX − |Y |εY

∣∣ 6





(1 + ε)(|Y |+ |X − Y |)ε|X − Y | for ε > 0,

1− ε

2ε(1 + ε)
|X − Y |1+ε for −1 < ε 6 0,

and using Hölder inequality, (2.5) and Young inequality, we obtain

(2.9) |I1| =

∣∣∣∣
∫

{|u−θ|>L}

〈|∇u|p−2∇u− |∇θ|p−2∇θ, h〉dx

∣∣∣∣

6 (p− 1)

∫

{|u−θ|>L}

(|∇θ|+ |∇u−∇θ|)p−2|∇u −∇θ||h| dx

6 2p−2(p− 1)

(∫

{|u−θ|>L}

|∇θ|p−2|∇u−∇θ||h| dx

+

∫

{|u−θ|>L}

|∇u−∇θ|p−1|h| dx

)

6 2p−2(p− 1)(‖∇θ‖p−2
r ‖∇u−∇θ‖r‖h‖r/(r−p+1)

+ ‖∇u−∇θ‖p−1
r ‖h‖r/(r−p+1))

6 2p−2(p− 1)C(n, p)|p− r|(‖∇θ‖p−2
r ‖∇u−∇θ‖r−p+2

r + ‖∇u−∇θ‖rr)

6 2p−2(p− 1)C(n, p)|p− r|(C(ε)‖∇θ‖rr + (1 + ε)‖∇u−∇θ‖rr);

here and in the sequel, ‖·‖r = ‖·‖r,{|u−θ|>L}, we omit the subscript for the sake of

simplicity.

Using the Hölder inequality, (2.5) and Young inequality again, |I2| and |I3| can be

estimated as

(2.10) |I2| =

∣∣∣∣
∫

{|u−θ|>L}

〈|∇θ|p−2∇θ, h〉dx

∣∣∣∣ 6
∫

{|u−θ|>L}

|∇θ|p−1||h| dx

6 ‖∇θ‖p−1
r ‖h‖r/(r−p+1) 6 C(n, p)|p− r|‖∇θ‖p−1

r ‖∇u−∇θ‖r−p+1
r

6 C(n, p)|p− r|[C(ε)‖∇θ‖rr + ε‖∇u−∇θ‖rr],
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(2.11) |I3| =

∣∣∣∣−
∫

{|u−θ|>L}

〈|∇θ|p−2∇θ, |∇u −∇θ|r−p(∇u −∇θ)〉dx

∣∣∣∣

6

∫

{|u−θ|>L}

|∇θ|p−1|∇u −∇θ|r−p+1 dx 6 ‖∇θ‖p−1
r ‖∇u−∇θ‖r−p+1

r

6 C(ε)‖∇θ‖rr + ε‖∇u−∇θ‖rr.

Combining (2.6)–(2.7), (2.9)–(2.11) we arrive at

(2.12)

∫

{|u−θ|>L}

|∇u−∇θ|r dx 6 C(n, p, ε)‖∇θ‖rr+(C(n, p)|p−r|+ε)‖∇u−∇θ‖rr .

Case 2 : 1 < p < 2. Lemma 1.1 yields
∫

{|u−θ|>L}

〈|∇u|p−2∇u− |∇θ|p−2∇θ, |∇u −∇θ|r−p(∇u −∇θ)〉dx

>

∫

{|u−θ|>L}

|∇u−∇θ|r−p+1((|∇u −∇θ|+ |∇θ|)p−1 − |∇θ|p−1) dx.

This implies

(2.13)

∫

{|u−θ|>L}

|∇u −∇θ|r dx

6

∫

{|u−θ|>L}

|∇u−∇θ|r−p+1((|∇u −∇θ|+ |∇θ|)p−1) dx

6

∫

{|u−θ|>L}

〈|∇u|p−2∇u− |∇θ|p−2∇θ, |∇u −∇θ|r−p(∇u −∇θ)〉dx

+

∫

{|u−θ|>L}

|∇u −∇θ|r−p+1|∇θ|p−1 dx

6

∫

{|u−θ|>L}

〈|∇u|p−2∇u− |∇θ|p−2∇θ, |∇u −∇θ|r−p(∇u −∇θ)〉dx

+ ε

∫

{|u−θ|>L}

|∇u−∇θ|r dx+ C(ε)

∫

{|u−θ|>L}

|∇θ|r dx.

By (2.8) and (2.5), |I1| can be estimated as

(2.14) |I1| =

∣∣∣∣
∫

{|u−θ|>L}

〈|∇u|p−2∇u− |∇θ|p−2∇θ, h〉dx

∣∣∣∣

6
3− p

2p−2(p− 1)

∫

{|u−θ|>L}

|∇u −∇θ|p−1|h| dx

6
3− p

2p−2(p− 1)
‖∇u−∇θ‖p−1

r ‖h‖r/(r−p+1)

6
3− p

2p−2(p− 1)
C(n, p)|p− r|‖∇u−∇θ‖rr.
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For the case 1 < p < 2, |I2| and |I3| can also be estimated by (2.10) and (2.11).

Combining (2.6), (2.13), (2.14), (2.10) and (2.11), we arrive at (2.12).

Let ε0 = 1/C(n, p). Then for |p − r| < ε0 we have C(n, p)|p − r| < 1. Taking ε

small enough, such that C(n, p)|p−r|+ε < 1, then the second term on the right-hand

side of (2.12) can be absorbed by the left-hand side; thus we obtain

(2.15)

∫

{|u−θ|>L}

|∇u−∇θ|r dx 6 C(n, p)

∫

{|u−θ|>L}

|∇θ|r dx.

Since θ ∈ W 1,q(Ω), q > r, we obtain using the Hölder inequality

(2.16)

∫

{|u−θ|>L}

|∇θ|r dx 6

(∫

{|u−θ|>L}

|∇θ|q dx

)r/q

|{|u− θ| > L}|(q−r)/q

= ‖∇θ‖rq|{|u− θ| > L}|(q−r)/q.

We now turn our attention back to the function v ∈ W 1,r
0 (Ω). By the Sobolev

embedding theorem, and using (2.2), we have

(2.17)

(∫

Ω

|v|r
∗

dx

)1/r∗

6 C(n, r)

(∫

Ω

|∇v|r dx

)1/r

= C(n, r)

(∫

{|u−θ|>L}

|∇u−∇θ|r dx

)1/r

.

Since |v| = (|u− θ| − L) · 1{|u−θ|>L}, we have

(2.18)

(∫

{|u−θ|>L}

(|u− θ| − L)r
∗

dx

)1/r∗

=

(∫

Ω

|v|r
∗

dx

)1/r∗

,

and for L̃ > L,

(2.19) (L̃ − L)r
∗

|{|u− θ| > L̃}| =

∫

{|u−θ|>L}

(L̃− L)r
∗

dx

6

∫

{|u−θ|>L̃}

(|u− θ| − L)r
∗

dx 6

∫

{|u−θ|>L}

(|u− θ| − L)r
∗

dx.

By collecting (2.15)–(2.19), we deduce that

((L̃ − L)r
∗

|{|u− θ| > L̃}|)1/r
∗

6 C(n, r)‖θ‖q |{|u− θ| > L}|1/r−1/q.

Thus

(2.20) |{|u− θ| > L̃}| 6
1

(L̃− L)r∗
(C(n, r)‖θ‖q)

r∗ |{|u− θ| > L}|r
∗(1/r−1/q).
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Let φ(s) = |{|u − θ| > s}|, α = r∗, C = (C(n, r)‖∇θ‖q)
r∗ , β = r∗(1/r − 1/q) and

s0 > 0. Then (2.20) becomes

(2.21) φ(L̃) 6
C

(L̃ − L)α
φ(L)β ,

for L̃ > L > 0.

For the case q < n, one has β < 1. In this case, if s > 1, we get from Lemma 1.2

that

|{|u− θ| > s}| 6 C(α, β, s0)s
−t,

where t = α/(1− β) = q∗. For 0 < s < 1, one has

|{|u− θ| > s}| 6 |Ω| = |Ω|sq
∗

s−q∗ 6 |Ω|s−q∗ .

Thus u ∈ θ + Lq∗

weak(Ω).

For the case q = n, one has β = 1. For any τ < ∞, (2.21) implies

φ(L̃) 6
C

(L̃− L)α
φ(L) =

C

(L̃ − L)α
φ(L)1−α/τφ(L)α/τ 6

C|Ω|α/τ

(L̃− L)α
φ(L)1−α/τ .

As above, we derive

u ∈ θ + Lτ
weak(Ω).

For the case q > n, one has β > 1. Lemma 1.2 implies φ(d) = 0 for some

d = d(α, β, s0, r, ‖∇θ‖q). Thus |{|u− θ| > d}| = 0, which means u− θ 6 d a.e. in Ω.

Therefore

u ∈ θ + L∞(Ω),

completing the proof of Theorem 1.1. �

Acknowledgement. The authors would like to thank the referee for valuable
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