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Abstract. Let a be an ideal of a commutative Noetherian ring R and t be a nonnegative
integer. Let M and N be two finitely generated R-modules. In certain cases, we give some
bounds under inclusion for the annihilators of Ext’ (M, N) and HS (M) in terms of minimal
primary decomposition of the zero submodule of M, which are independent of the choice of
minimal primary decomposition. Then, by using those bounds, we compute the annihilators
of local cohomology and Ext modules in certain cases.
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1. INTRODUCTION

Throughout the paper, R is a commutative Noetherian ring with nonzero identity.
The ith local cohomology of an R-module M with respect to an ideal a was defined
by Grothendieck as follows:

H; (M) = lig Extp(R/a", M),

see [6], [7], [10] for more details.

In this section, we assume M is a nonzero finitely generated R-module, N is
a Gorenstein R-module, 0 = M7 N...N M, is a minimal primary decomposition of
the zero submodule of M with Assp(M/M;) = {p;} for all 1 < i < n and a is an
ideal of R. We refer the reader to [12], Section 6 for basic properties of primary
decomposition of modules and to [13], [14] for more details about the Gorenstein
modules (see also the paragraph before Lemma 2.4).
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We denote for an R-module M sup{i € No: H(M) # 0} by cdr(a, M). Assume
d = dimg(M) < co. By Grothendieck’s Vanishing Theorem, cdg(a, M) < d. When
cdgr(a, M) = d, then we have

(1.1) AnnR(Hg(M)):AnnR<M/ N M)
cdr(a,R/pi)=d

This equality is proved by Lynch (see [11], Theorem 2.4) whenever R is a com-
plete local ring and M = R. In [5], Theorem 2.6, Bahmanpour et al. proved that
Anng(H4(M)) = Anng(M/Tg(a, M)) whenever a = m and R is a complete local
ring, where Tr(a, M) denotes the largest submodule N of M such that cdg(a, N) <
cdg(a, M). Then Bahmanpour in [4], Theorem 3.2, extended the result of Lynch for
the R-module M. Next, Atazadeh et al. in [2], Proposition 3.8 proved this equality
whenever R is a local ring (not necessarily complete) and finally in [1], Corollary 2.7,

they extended it to the nonlocal case. (Note that Tr(a, M) = N M;
cdr(a,R/pi)=cdr(a,M)
(see [2], Remark 2.5) also, if (R, m) is a complete local ring and p € Assgp(M), then

by the Lichtenbaum-Hartshorne Vanishing Theorem, cdg(a, R/p) = d if and only if
dimg(R/p) =d and /Ja+p =m.)

In the second section (see Theorem 2.5 and Remark 2.6) for an arbitrary integer ¢
we give a bound for the annihilator of Ext% (M, N) in terms of minimal primary
decomposition of the zero submodule of M. More precisely, we show that

(1.2)  Anng (M/ N Mi) C Anng(Exth(M,N)) C Anng (M/ N Mi),
PiCA(t) pi€X(t)

where A(t) = {p € Assp(M)NSuppr(N): htr(p) < t}, B(t) = {p € MinAssg(M) N

Suppr(N): htr(p) = t} and MinAssp(M) denotes the set of minimal elements

of Assp(M). If t = grade(Anng(M), N) < oo, then the above index sets are equal

and we can compute the annihilator of Ext’, (M, N). Note that in general, for an ar-

bitrary integer ¢ there is not a subset . of Assg(M) such that Anng(Exth (M, N)) =

Anng (M/ N Mi), see Example 2.7.
p;EX
In the third section, we consider the annihilators of local cohomology modules.

By using the above bound on the annihilators of Ext modules, when (R, m) is a local
ring, we show in Theorem 3.2 that

(1.3)  Anng (M/ N

Mi> C Anng(H, (M)) C Anng (M/ N Mi),
piEA/(T)

pi€X(t)

where A’(t) = {p € Assg(M): dimg(R/p) > t} and ¥'(t) = {p € MinAssg(M):
dimpg(R/p) = t}. Next, whenever R is not necessarily local, in Theorem 3.4, we give
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a bound for the annihilator of the top local cohomology module HﬁdR(u’M) (M), which
implies equality (1.1) when d = cdg(a, M). Finally, for each ¢, in Theorem 3.6, we
provide a bound for the annihilator of H: (M) when M is Cohen-Macaulay, and also
we compute its annihilator at ¢ = grade(a, M). All the given bounds are independent
of the choice of minimal primary decomposition. We adopt the convention that the
intersection of empty family of submodules of an R-module M is M.

2. BOUNDS FOR THE ANNIHILATORS OF EXT-MODULES

Assume M, N are finitely generated R-modules such that NV is a Gorenstein mod-
ule, and 0 = M;N...NM, is a minimal primary decomposition of the zero submodule
of M with Assp(M/M;) = {p;} for all 1 < i < n. We refer the reader to [12], Section 6
for basic properties and unexplained terminologies about the primary decomposition
of modules and to [13], [14] for more details about the Gorenstein modules. In this
section (see Theorem 2.5) for each integer ¢ we give a bound for the annihilator
of Ext% (M, N) in terms of minimal primary decomposition of the zero submodule
of M, which is independent of the choice of minimal primary decomposition. As an
application, in the case, where ¢t = grade(Anng (M), N), we compute the annihilator
of Exth (M, N). More precisely, for t = grade(Anng(M), N) we have

AnnR(Ext%(M,N)):AnnR<M/ ﬂ Mi),
pi€X(t)

where X(t) = {p € MinAssr(M) N Suppyr(N): htr(p) = t}, see Theorem 2.5 and
Remark 2.6. Note that in general, for an arbitrary integer ¢ there is not a subset X

of Assr(M) such that Anng(Exth (M, N)) = Annp (M/ N Mi), see Example 2.7.
pi€X
These results will be used in the third section to compute the annihilators of local

cohomology modules.

Before proving these results, we need some lemmas.

Lemma 2.1 ([12], Theorem 6.8). Let M be a nonzero finitely generated R-module.
Let Assp(M) = {p1,...,pn}, and 0 = M7 N...N M, be a minimal primary decom-
position of the zero submodule of M with Assg(M/M;) = {p;} for all 1 < i < n.

Assume ® is a subset of Assg(M) and N = (| M,. Then
pi€P

Assp(M/N)=® and Assg(N)= Assg(M)\ ®.
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Assume N is a submodule of an R-module M. For any multiplicatively closed sub-
set S of R we denote the contraction of S~™!N under the canonical map M — S~1M
by Sar(IV). Assume ¥ C Assp(M). We say that X is an isolated subset of Assp(M)
if it satisfies the following condition: if q € Assgr(M) and q C p for some p € X,
then q € X.

The following lemma is well-known, but we prove it for the readers’ convenience.

Lemma 2.2 ([3], Theorem 4.10, Exercise 4.23). Let M be a finitely generated
n
R-module, and N a proper submodule of M. Let N = (| N; be a minimal primary

i=1
decomposition of N in M with Assgr(M/N;) = p,; for all 1 <i < n. Assume ¥ is an
isolated subset of Assp(M/N). Then

() Ni=Su(N),

pi€EX

where S = R\ | p. In particular, (| N; is independent of the choice of minimal
peX pi€X
primary decomposition of N in M.

Proof. Assume ¥ C Assp(M/N) is an isolated subset of Assp(M/N) and S =

R\ U p. IfS—1 (M/ N Ni) # 0, then there exists
peS pi€Assp(M/N)\X

q € Assg (M/ N Ni> = Assg(M/N)\ &
pi€Assr(M/N)\X

such that qNS = 0. Since qN S = ), by the Prime Avoidance Theorem, q C p

for some p € ¥. But X is an isolated subset of Assg(M/N) and so q € X, which is

a contradiction. Hence, S*I( N N;) = S~1M. It follows that S~'N =
piEAssr(M/N)\Z

N S~!N;. Contracting both sides under the canonical map M — S~*M we obtain
pi€EX

(STIN) = () (S7IN;)°. Now, assume p; € 3. It is clear that N; C (S~1N;)e.
pi€X

Conversely, if m € (S71N;)¢, then m/1 ~ n/s for some n € N; and s € S. Hence,

tsm = tn € N; for some t € S. Since N; is a p;-primary submodule of M and ts ¢ p;,

we have m € N;. Therefore, N; = (S7'N;)¢, and hence (ST!N)¢ = (] N;. This

completes the proof. picX O

Remark 2.3. Let the situation and notations be as in the above lemma. As-
sume, in addition that ¥ = (), and we consider the above lemma in this special case

separately. It is clear that 3 is an isolated subset of Assg(M/N) and (| N, =M
pi€EX
because the intersection of the empty family of subsets of a set M is M. On the other
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hand, we have S = R\ |J p = R. Since 0 € S, we obtain S~'(N) = S~}(M) =0,
peES
and so the contraction of S~'(N) under the map M — S~'(M) is M. Therefore,

we have Sy (N) =M = () N; in this case.
pi€EX
Let (R, m) be a local ring. A nonzero finitely generated R-module G is said to be

Gorenstein if
depthpr(G) = dimp(G) = injdimp(G) = depthy(R) = dimp(R)

(so R is Cohen-Macaulay) or equivalently, Exti(R/m,G) is nonzero only at i =
dimpg(G), see [13], Theorem 3.11. More generally, if R is not necessarily local,
a nonzero finitely generated R-module G is said to be Gorenstein if G, is a Gorenstein
Ry-module for all p € Suppy(G), see [13], Corollary 3.7. When (R, m) is a complete
local ring, then Gorenstein modules under isomorphism are the nonempty finite
direct sums of the canonical module, see [14], Corollary 2.7.

The following property of Gorenstein modules is needed in the proof of the main
theorem of this section.

Lemma 2.4. Let G be a Gorenstein R-module and p a prime ideal of R. Then
p € Suppy(G) if and only if G # pG.

Proof. Assume p € Suppi(G). Hence, G, # 0 and consequently, G, # pR,G,
by Nakayama’s Lemma. It follows that G # pG. Conversely, assume G # pG. Thus,
there exists q € Suppy(G) such that G # pR,G,. Therefore, p C g, and hence [13],
Corollary 4.14, implies that p € Suppz(G). O

Now we are ready to state and prove the main theorem of this section which
provides bound for the annihilators of Ext modules. Local version of this theorem
(see Remark 2.6 equation (2.1)) will be used to compute the annihilators of local
cohomology modules in the next section.

Theorem 2.5. Let M, N be nonzero finitely generated R-modules and let 0 =
MiN...NM, be a minimal primary decomposition of the zero submodule of M with
Assp(M/M;) = {p;} for all 1 <i < n. Lett € Ny and set A(t) = {p € Asspr(M):
grade(p, N) < t}, B(t) = {p € MinAssg(M): grade(p,N) =t}, S* =R\ U p,

)

andT*=R\ | p. Then pEA(t
peX(t)
i N M = 5S4(0) and ( M; = TL(0). In particular, ()| M, and
pi€A(L) piEX(L) Pi€A(L)
(1 M; are independent of the choice of minimal primary decomposition of
piEX(L)

the zero submodule of M.
(ii) S%,(0) is the largest submodule L of M such that Extiy (L, N) =0 for all i < t.
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(iii) There is the inclusion
Anng(M/S4,(0)) € Anng(Exth (M, N)).
If, in addition, N is a Gorenstein module, then
Anng(Extr (M, N)) C Anng(M/T3,(0)).

(iv) If N is a Gorenstein module such that Suppg (M) N Suppp(N) # 0 and t =
grade(Anng (M), N), then A(t) = X(t) and

Anng(Exty (M, N)) = Anng(M/T},(0)).

Proof. Set S =5%,(0) and T = T%,(0).

(i) Since A(t) and X(t) are isolated subsets of Assgp(M), (i) is an immediate
consequence of Lemma, 2.2.

(if) By Lemma 2.1, in view of [7], Proposition 1.2.10, we have

grade(Anng(S), N) = grade(y/Anng(S), N) = grade< ﬂ p,N)
pEAssr(S)

= min grade(p, N) grade(p, N) > t.

= min
pEAssr(S) pEAssR(M)\A(t)
Since grade(Anng(S),N) > t, we have Ext:(S,N) = 0 for all i < t by [7],
Proposition 1.2.10(e). Also, we note that if A(t) = Assg(M), then S = 0 and
grade(Anng(S), N) = grade(R, N) = co. Now, assume L is a submodule of M such
that Ext% (L, N) = 0 for all i < t. Suppose for the sake of contradiction that L ¢ S.
Then
0#L/(LNS)=(L+S8)/SC M/S.

Thus, @ # Assg(L/(LNS)) C A(t). Hence, there exists p € Assg(L/(LNS)) C
V(Anng(L)) such that grade(p, N) < t. But this is impossible, because by our
assumption, grade(Anng(L), N) > t; see again [7], Proposition 1.2.10(e). Hence,
L C S and the proof of (ii) is completed.

(iii) Since Ext’%(S, N) = 0, the exact sequence 0 — S — M — M/S — 0 induces
the epimorphism Ext% (M /S, N) — Ext’ (M, N). It follows that

Anng(M/S) C Anng(Exth(M/S, N)) C Anng(Exth (M, N))

and hence the first inclusion in (iii) holds. To prove the second inclusion in (iii), as-
sume that N is a Gorenstein module. If ¥(¢) = @), then ' = M by Remark 2.3
and there is nothing to prove. Hence, suppose that X(¢) # 0, p; € X(¢) and
y € Anng(Exth (M, N)). Since grade(p;, N) =t < oo, we have p; N # N and so, by
Lemma 2.4, p; € Suppr (V). Hence, N,, is a Gorenstein R,,-module, see [13], Corol-
lary 3.7. Because N is Cohen-Macaulay, we have dimpg, (Np,) = grade(p;, N) =t
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and so by [13], Theorem 4.12, we have dimpg, (Ry,) = dimg, (Np,) =t. We proved
that IV, is a Gorenstein R, ,-module of dimension ¢, and hence, in view of the faith-
fully flatness of completion, we can deduce that IV, is also a Gorenstein R,,-module

~

of dimension ¢. Hence, Np\i = wi— for some o € N (see [14], Corollary 2.7),
P

where Wi denotes the canonical module of }/%p\ . Since }/%p\ is a Cohen-Macaulay
complete local ring of dimension ¢, by the Local Duality Theorem (see [6], Theo-

rem 11.2.8 and Remarks 10.2.2 (ii)) we have
Anani (EXt%M (Mp,, Np,)) = Rp, N Annﬁp\i (EXt%p\i (Mp,, Ny, ))
=Ry, N Annﬁp\i (Exttﬁp\i (Mpi,wﬁ’:))

= Ry, N A (o7 (M)

Pi

= Anani (FP{,RW (MP7)) = Anani (MP7)

(Note that since p; is a minimal element of Assg (M), it follows that dimg, (My,) =0
and hence, I'y, g, (Mp,) = My,.)

Now, if 1 < j # i < n, then (M/M,),, = 0, because Assgr(M/M;) = {p,;} and p;
is a minimal element of Assp(M). Thus, (M;),, = M,, for all 1 < j #i < n and so
(N M) = (Mi)y,. Since My, = (M/0)y, = (M/ () M;) = (M/My,, we have
y}l € (Anng(M/M;)),,, and hence y/1 ~ z/s for SOI]ne z € Anng(M/M;), s € R\p;.
Thus, rsy = rz € Anng(M/M;) for some r € R\ p,. Hence, rsyM C M;. Since M;
is a p;-primary submodule of M, it follows from rs ¢ p,; that yM C M,;. Because p;
is an arbitrary element of X(t), yM C (| M;, and by part (i), this implies that

pi€X(t)
yM C T. Thus, Anng(Exth (M, N)) C Anng(M/T).

(iv) Assume N is a Gorenstein module such that Suppr(M) N Suppr(N) # 0.
Thus, N/(Anng(M))N # 0, and so ¢t = grade(Anng(M), N) < oo, see [7], Defini-
tion 1.2.6. It is clear that ¥(¢) C A(t). To prove the reverse inclusion, let p € A(t).
Since Anng (M) C p, we obtain grade(Anng (M), N) < grade(p, N) and consequently
grade(Anng (M), N) = grade(p, N). Now, let q € Suppg(M) be such that ¢ C p. It
follows from grade(p, N) =t < oo that p € Suppy(IV), and so q € Suppr(N) by [13],
Corollary 4.14. Hence, by [7], Theorem 2.1.3 (b) and [13], Theorem 4.12, we have

t = grade(Anng(M), N) < grade(q, N) = dimg, (Nq)
= dim(Rp)qu (Np)qu = dime (Np) — dime (Np/(qu)Np)
= grade(p, N) — dimpg, (Ry/qRy) =t — dimg, (R, /qR,y).

Therefore, dimp, (R, /qR,) = 0 or equivalently q = p. Hence, p € MinAssp(M) and
consequently A(t) C X(t). O
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For an integer ¢ and an R-module M, we denote, respectively, the sets {p €
Assp(M): dimg(R/p) = t} and {p € Assg(M): dimgr(R/p) > t} by Ass(M)
and Ass7'(M). Similarly, MinAssk (M) and MinAss7' (M) are defined as above by
replacing Assg(M) by MinAssg(M). Also, when dimp(M) < oo, the set of prime
ideals in Assp(M) of the highest possible dimension {p € Assp(M): dimg(R/p) =
dimp(M)} is denoted by Asshg(M).

Remark 2.6. Let the situation and notations be as in the above theorem. Let N
be a Gorenstein R-module and p a prime ideal of R. Then grade(p,N) =t < o if
and only if N # pN or equivalently, p € Suppy(N). Also, if p € Suppp(IV), then N,
is a Gorenstein module on the local ring R, and in view of [13], Theorem 4.12, we
have

grade(p, N) = dimpg, (N,) = dimg, (R,) = htr(p).

Hence,

A(t) = {p € Assr(M) N Suppg(N): htr(p) < t},

2(t) = {p € MinAssg(M) N Suppr(N): htr(p) = t}.
In the remainder of this remark, assume in addition that R is a local ring of dimen-
sion d. Then htr(p) = d — dimg(R/p) and Suppr(N) = Spec(R). Thus, the above
theorem states that

(2.1) Anng <M/ N Mi> C Anng(Exth (M, N))

pi€Ass7? (M)
C Anng (M/ ﬂ Mz> )
MinAss% (M)

In particular, if M ## 0, then
grade(Anng(M), N) = dimg(N) — dimg(N/(Anng(M))N) = d — dimgr(M)

and the equality in Theorem 2.5 (iv) can be rewriten as

(2.2) Anng(Extb im0 N)):AnnR(M/ N Mi>.
pi€Asshr (M)

These results are needed in the proof of the main theorem of the next section (see
Theorem 3.2) which provides some bounds for the annihilators of local cohomology
modules.

We end this section by two examples showing how we can compute the above
bounds for the annihilators of Ext modules. Moreover, these examples show that to
improve the upper bound in (2.1) we cannot replace the index set MinAss% (M)
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by the larger sets MinAssﬁdit(M), Asst{(M) or Assﬁdit(M) and also to improve
the lower bound in (2.1) we cannot replace the index set Assﬁdit(M ) by the smaller
set Asst_t(M ). Also, in general, for an arbitrary integer ¢ there is not a subset X

of Assg(M) such that Anng(Exth (M, N)) = AnnR<M/( ﬂz Mz))
pi€

Let U be a subset of an R-module M. We use (U) to denote the submodule of M
generated by U. If U = {my,...,m,}, then we show (U) by (mq,...,my).

Example 2.7. Let K be a field and let R = K[[X, Y]] be the ring of formal
power series over K in indeterminates X, Y.

Set M = R/(X?, XY), My = (X)/(X? XY) and My = (X2,Y)/(X? XY). Then
0 = M1 N M, is a minimal primary decomposition of the zero submodule of M with
Assp(M/My) = {p1 = (X)} and Assp(M/Mz) = {p2 = (X,Y)}. So Assp(M) =
{p1,p2} and MinAssg(M) = {p1}. Hence, we have

0 ift=0,

Ass}%Q_t(M) =< {p1} ift=1, and MinAssh ‘(M) = {

{p1,p2} ift =2,

0 ift=0,2,

It follows that
R ift =0,
Anng <M/ ﬂ Mi) ={ (X) ift=1,
pi€AssT T (M) (X2, XY) ift=2,

and
R ift=0,2,
Annp (M/ ﬂ Mz) =
R (X) ift=1.
pi€EMinAssy " (M)

Hence, Remark 2.6 implies that
Homg(M,R) =0, Anng(Extyp(M,R)) = (X)

and
(X%, XY) C Anng(Exty(M, R)) C R.

Also, since injdimpg(R) = 2, we deduce that Ext’ (M, R) = 0 for all ¢t > 2.
Now, we directly compute Anng(Ext’ (M, R)) for all ¢ (especially for t = 2). It is
straightforward to see that

P:0—R“YR YR S M—0

with £(f) = f + (X2 XY), di(f.9) = X2f + XYg, do(f) = (Vf,~X ) for all
f+g € R being a projective resolution of M. Applying the functor Homg(-, R) to the
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delated projective resolution P, we obtain the commutative diagram

d ds

0 — Hompg(R, R) —— Hompg(R?, R) —— Hompg(R, R) ——0

%lo{ %lﬁ El’)’
(51 62

0 R R? R 0,

where a, 3, v are natural isomorphisms, 61 (f) = (X2f, XY f), and 62(f,9) =Y f—Xg
for all f,g € R. Hence,

Exth(M, R) = kerdy/ imd; = (X, Y))/{(X?, XY)) = R/(X),
Exth(M,R) = R/(X,Y) and Exth(M,R)=0 Vt#1,2.

(Note that by our notation, ker Jo and im d; are cyclic R-modules generated by the
elements (X,Y) and (X2, XY) of R?, respectively.) It follows that

Anng(Exty(M,R)) = (X) and Anng(Ext%(M,R)) = (X,Y).

Thus, there is not a subset ¥ of Assg(M) such that Anng(Ext%(M,R)) =

Anng (M /(N Mz)> Moreover, for ¢t = 2, this example shows that in the second
p;EX

inclusion of (2.1) in Remark 2.6, to obtain a better upper bound (under inclusion)

of Annp(Exth (M, R)), we cannot replace the index set MinAss *(M) by the larger

sets MinAssid_t(M), Assjl{t(M) or Ass?%d_t(M).

Example 2.8. Let K be a field and let R = KJ[[X,Y, Z, W]] be the ring of
formal power series over K in indeterminates X, Y, Z, W. Then R is a local
ring with maximal ideal m = (X,Y, Z, W). Set p1 = (X,Y), pa = (Z,W), and
M = R/(p1Np2). Then depthy(R/p1) = depthg(R/ps2) = 2 and hence, H:, (R/p1) =
H:, (R/p2) = 0 for i = 0,1. Now, the exact sequence

0—-M— R/p1®&R/p2 - R/m—0
induces the exact sequence

0 — Hy, (M) — Hy (R/p1) & Hy (R/p2) — Hy, (R/m) — Hy (M)
— Hy (R/p1) ® Hyy (R/p2)
of local cohomology modules. It follows that HY (M) = 0 and HL (M) = R/m.

Since R is a regular ring, it is Gorenstein (see [7], Proposition 3.1.20), and hence, R is
the canonical module of R, see [7], Theorem 3.3.7. Therefore, by the Grothendieck
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duality (see [6], Theorem 11.2.8), we have Hompg(Ext% (M, R), E(R/m)) = HL (M).
Thus, Anng(Ext(M, R)) = m.

On the other hand, if My = p1/(p1Np2) and Mz = pa/(p1Np2), then 0 = M1NM; is
a minimal primary decomposition of the zero submodule of M. Since Ass}a(M ) =10,
we have

R = Anng (M/ N Mi> ¢ Anng(Exth (M, R)).
pi€Asst (M)

Therefore, in the first inclusion of (2.1) in Remark 2.6, to obtain a better lower
bound of Anng(Ext% (M, R)), we cannot replace the index set Assﬁdit(M ) by the
smaller set Ass *(M).

3. BOUNDS FOR THE ANNIHILATORS OF LOCAL COHOMOLOGY MODULES

In this section we investigate the annihilators of local cohomology modules. For
an R-module M, we denote sup{i € No: Hi(M) # 0} by cdg(a, M). Let a be
a proper ideal of R, M a nonzero finitely generated R-module of dimension d, and
0=M;N...N M, aminimal primary decomposition of the zero submodule of M
with Assp(M/M;) = {p;} for all 1 < i < n. If cdr(a, M) = d < oo, then

AnnR(Hg(M)):AnnR(M/ N M)
cdR(a,R/pi):d

see [1] and Section 1 for more details.

For an arbitrary integer ¢, when (R,m) is a local ring, we give a bound for
Anng(H! (M)), see Theorem 3.2. Also, whenever R is not necessarily local, in
Theorem 3.4, we provide a bound for Annp (HﬁdR(u’M) (M)) which implies the above
equality when cdg(a, M) = dimg(M). Finally, when M is Cohen-Macaulay, a bound
of Anng(HL(M)) is given and at ¢ = grade(a, M), this annihilator is computed in
Theorem 3.6.

Assume (R, m) is a local ring. The m-adic completion Rof Risa faithfully flat
R-module (see [12], Theorem 8.14), and so R C R. Applying [12], Theorem 23.2, to

the ring homomorphism ¢: R — R we obtain the following lemma.

Lemma 3.1 ([12], Theorem 23.2). Let (R, m) be a local ring and M an R-module.
Then:
(i) ifp € Spec(R) and P € ASSﬁ(R/pE), then RNP = p.
(i)
Assp(M ®p R) = U Assﬁ(ﬁ/pﬁ).
pEAssr(M)
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This lemma, is used in the proof of the following theorem which is the main theorem
of this section.

Theorem 3.2. Let (R, m) be a local ring and t € Ny. Let M be a nonzero finitely

generated R-module and 0 = M1 N...N M, a minimal primary decomposition of the
zero submodule of M with Assg(M/M;) = {p;} for all 1 < i < n. Then:

(i) N M; = S¢,(0) and N M,; = T},(0), where S* = R\
p,;EAssit(M) piEMinAssh, (M)
U pand Tt = R\ U p. In particular, N M; and
pEAssﬁt(M) pEMinAssf, (M) PiEAssﬁt(M)

M; are independent of the choice of minimal primary decomposi-
pi EMinAssh, (M)
tion of the zero submodule of M.
(i) S%;(0) is the largest submodule N of M such that dimgr(N) < .

(iii) There is the following bound for the annihilator of H!, (M)
Anng(M/S4,(0)) € Anng(H:, (M)) € Anng(M/Ti,(0)).

In particular, for t = dimgr(M) there are the equalities S%;(0) = T%,(0) =

N M;, and
pi€Asshr (M)

AnnR(HﬂijW)(M))—AnnR<M/ N Mi).
pi€Asshr (M)

Proof. Set S = S4,(0) and T = Ti(0). Tt is clear that Ass>'(M) and
MinAss (M) are isolated subsets of Assg(M) and hence, (i) follows from Lemma 2.2.

To prove (ii), first note that Assgp(S) = Assrp(M) \ Ass?(M) by Lemma 2.1
and hence, dimp(S) < ¢. Now, assume that N is a submodule of M such that
dimp(N) < t. Suppose, for the sake of contradiction, that N ¢ S. Then

0#N/(NNS)=(N+S5)/SCM/S.
Hence,
0 # Assg(N/(N N S)) C Assp(M/S) = Ass7' (M),
which is impossible, because dimg(N/(N NS)) < dimg(N) < t. This proves (ii).
Now, we prove (iii). In the case when t = dimg (M), it is clear that

MinAssh (M) = Ass?(M) = Asshp(M),

and so S%,(0) = T3,(0) = N M;. Therefore, the first part of (iii)
pi€Asshpr (M)

yields the equality AnnR(HC,EmR(M) (M)) = Anng (M / N Mz) whenever
pi€Asshr (M)
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t = dimg(M). Also, we saw in (ii) that dimg(S) < ¢, and so we obtain Hf (M)
H! (M/S). Therefore,

Anng(M/S) C Anng(H,, (M/S)) = Anng(HL, (M)).
Thus, to complete the proof of (iii), it only remains to prove that
Anng(HL (M)) C Anng(M/T).

Set d = dimg(R). First, assume that R is complete. By Cohen’s structure theo-
rem for complete local rings (see [12], Theorem 29.4 (ii)) there is a complete regular
local ring R’ such that R = R’/I for some ideal I of R'. Now, let h = htp (I)
and x1,...,2, be a maximal R’-sequence in I. Set R’ = R'/(x1,...,zp) and
J=1/(x1,...,25). Then R" is a local Gorenstein ring of dimension d (see 7], Corol-
lary 3.1.15) and R = R”/J. Now, let n be the maximal ideal of R”. Then m = n/.J.
By the Grothendieck duality for Gorenstein rings (see [6], Theorem 11.2.5), there is
the following isomorphism of R”-modules:

H! (M) = Homp» (Extg,! (M, R"), Ers(R" /n)).

Also, by using the Independence Theorem under the ring homomorphism R” —
R"/J = R, we obtain the following isomorphism of R"”-modules:

H, (M) 2 Hy, gy (M) 2= Hi, (M)

(we recall that n/J = m). We refer the reader for more about the Independence
Theorem to Theorem 4.2.1 of [6] or Proposition 2.11 (2) of [10]. Also, we note that
any R-module N has an R”-module structure given by "'z = (v +J)z = ¢ (r"" + J)x
for all " € R” and = € N, where ¢ denotes the ring isomorphism from R"/J to R.
Hence, by [6], Remarks 10.2.2 (ii), we have

Anng (HS (M) = Anngy (HE (M) = Annge (Ext%, (M, R”)).

For each 1 < i < n let P; be the contraction of p; in R” under the ring homomor-
phism R” — R"”/J = R. Then Assg(M) = {P1,...,P,} and there is the bijective
correspondence between the sets Assp (M) and Assgp(M) given by P; < p;. Also,
0= M;N...N M, is a minimal primary decomposition of the zero submodule of M
as R"-modules with Assg/(M/M;) = {P;} for all 1 < i < n. Since R" is Gorenstein,
by Remark 2.6 equation (2.1) we obtain

Ann g (H, (M)) € Annge (M/ N M)

PieMinAsst,,, (M)
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For any R-module N we have J C Anng(N) and so Anngr/;(N) = (Anngr(N))/J.
Therefore, the above inclusion proves the claimed inclusion in the case when R is
complete.

Now, suppose that R is not necessarily complete. Assume 0= (] My, is a minimal
keK

R-primary decomposition of the zero submodule of M with Ass ﬁ(]\//j J M) ={Bxr}.
Since AssR( ) U AssR(R/pz R), there exist subsets K1, ..., K, of K such that
U K;, and for each 1, ASSR(R/]Jz R) = {Pr: k € K;}. Also, the subsets

Ky, .. K of K are disjoint by Lemma 3.1 (i).
Assume x € Anng(H, (M)) and p; € MinAssh(M). By the complete case,

(3.1) xR C Anng(H' (M) C Anng (M/ N Mk).

B eMinAss%(X/I\)

Now, suppose that k € K; and By € Asshﬁ(]\/Z/J\Z) (note that, by Lemma 3.1,
Assg(M/M;) = Assp(R/piR)). We have

dim 5(R/P) = dim (M /M;) = dimp(M/M;) = dimg(R/p;) = t

We show that 93, is a minimal element of ASSﬁ(]/\I). Assume that 1 < ¢/ < n,
k' € Ky and B € Px. Then py = P N R C P N R = p;. Since p; is a minimal
element of Assgr(M) and Kj,..., K, are disjoint sets, we deduce that i = /. It
follows that both 3 and P are elements of Ass E(]\//j / ]\Z) Therefore,

dim (M/M) dim 5 (R/‘,Bk) dim (R/‘Bk/) dim 5 (M/M)

and hence, B, = Pys. Thus, Px € MinAss, ( ) and inclusion (3.1) yields M C M.
Since ‘Bk is a minimal element of AssR(M / M; i), it follows that the contraction
of ( i)y, under the canonical map M — ngk, denoted by Nk, is the Pi-primary
component of each minimal primary decomposmon of M in M (see Lemma 2.2
or [12], Theorem 6.8.3 (iii)). Hence, N / M; is the PB-primary component of each
mlnlmal primary decomposition of 0 in M / M Also, we have Mk - N , because My,
is the contraction of the zero submodule under the map M — ngk Therefore,
(]\/{/J\/{z) C Ni/M;. Since By, is an arbitrary element of AsshR(M/Mz/)\, we have
x(M/M;) C N Ni/M;. Hence, by Lemma 2.1, Assz(xz(M/M;)) C
Pr€Asshz(M/M;)
AssR(]\//j/]\Z) \Asshﬁ(J\/Z/J\/l\i). This yields

dim g (z(M/M;)) = dim 5(z(M/M;)) < dim (M /M;) =

Therefore, p; ¢ Assgp(z(M/M;)) and hence, Assg(z(M/M;)) = () or equivalently,
xM C M;. This proves the claimed inclusion and completes the proof. O
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Now, in the following theorem, we give a bound for the annihilator of top local
cohomology module without the local assumption on R. But before that, we need
the following lemma.

Lemma 3.3 ([9], Theorem 2.2). Let a be an ideal of R and M, N two finitely gen-
erated R-modules such that Supp (M) C Suppg(N). Then cdr(a, M) < cdr(a, N).

Assume a is an ideal of R and M is a finitely generated R module. Since

Suppr(M) = SuppR( A@(M) R/p), the above lemma implies that
pEAsSsr

cdr(a, M) = cdp (a, @ R/p) = sup{cdg(a,R/p): p € Assr(M)}.

pEAssr(M)

By [6], Exercise 6.2.6 and Theorem 6.2.7, H.(M) is zero for all i if and only if
M = aM, and so in this case, we have cdr(a, M) = supl) = —co. On the other
hand, if a is generated by ¢ € N elements, then cdgr(a, M) < t < oo, see [6],
Theorem 3.3.1. Hence, cdgr(a, M) is a nonnegative integer if and only if M # aM.

Theorem 3.4. Let M be a nonzero finitely generated R-module and a an ideal
of R such that M # aM. Let ¢ = cdg(a, M) and 0 = My N...N M, be a minimal
primary decomposition of the zero submodule of M with Assg(M/M;) = {p;} for
all1 <i<n. Set A ={peAssp(M): cdr(a,R/p) =c} and ¥ = {p € Assgp(M):
cdg(a, R/p) = dimg(R/p) = c}. Then

(i) N M;=Sm(0), where S =R\ |J p. In particular, (| M, is independent
pi€EA pi€EA pi€EA
of the choice of minimal primary decomposition of the zero submodule of M.

(ii) Sar(0) is the largest submodule N of M such that cdr(a, N) < c,
(i)
AnnR<M/ ﬂ MZ) C Anng(HS(M)) C AnnR<M/ ﬂ Mz>

pieA pi€s
In particular, when ¢ = dimg (M), there are the equalities A = X and

Anng (HE™ M (1)) = Anng(M/Sa(0)).

Proof. Set S= (| Mjand T = (| M,.
pi€EA pi€EX
(i) If g € Assg(M) and q C p for some p € A, then by Lemma 3.3,
¢ =cdg(a,R/p) < cdr(a, R/q) < cdg(a, M) = c.

It follows that q € A, and hence A is an isolated subset of Assg(M). Therefore (i)
follows from Lemma 2.2.
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(ii) Lemma 2.1 implies that Assr(S) = {p € Assp(M): cdgr(a,R/p) < c}.
Hence, by Lemma 3.3, cdr(a,S) < c¢. Also, if N is a submodule of M such that
cdgr(a, N) < ¢, then

Assp(N/(NNS)) = Assr((N +5)/S) C Assp(M/S) = A.

Thus, if Assg(N/(NNS)) # 0, then ¢ = cdr(a, N/(NNS)) < cdr(a, N), which is
impossible. Therefore, N C S and the proof of (ii) is completed.
(iii) We proved in (ii) that cdr(a,S) < ¢. Therefore, H(M) = HS(M/S) and
hence,
Anng(M/S) C Anng(HG(M/S)) = Anng(H; (M)).

This proves the first inclusion. Now, we prove the second inclusion claimed in (iii).

Case 1: Assume that ¢ = dimp(M) and (R, m) is a complete local ring. For each
prime ideal p, in view of Grothendieck’s Vanishing Theorem (see [6], Theorem 6.1.2),
we have cdgr(a, R/p) < dimpg(R/p). It follows that A = ¥, and so S = T. Also, we
have A = {p € Asshr(M): \/a+p = m} by the Lichtenbaum-Hartshorne Theorem.
Therefore,

\/a+AnnR(M/S)—\/a+ ﬂ p= a—i—ﬂp.

pEAssr(M/S) peEA

Since M is a finitely generated R-module, the set A is finite and so

a—i—ﬂp: ﬂ(cH—p): ﬂ\/ﬁzm.

peEA peEA peEA

(Note that for ideals a, b, ¢ and prime ideal g we have (a +b) N (a +¢) C q if
and only if a + (bN¢) C q. Therefore, \/(a+b)N(a+¢c) = /a+ (bNc)). Hence,
Va+ Anng(M/S) = m and we deduce from the Independence Theorem that

Hg (M) = HG(M/S) = Hy, (M/S).

Also, since Assg(M/S) = A = X C Asshgp(M) and A is not empty, we have
dimp(M/S) = dimr(M) = c and Asshr(M/S) = Assr(M/S). Therefore, the
previous theorem yields

Annp(HS(M)) = Anng(Hy, (M/S)) = Anng(M/S).

Case 2: Assume that ¢ = dimgr(M) and R is not necessarily local. As in the
previous case, we have A =¥ and S = T. To prove Anng(HS(M)) C Anng(M/S),
assume that € R and *M ¢ S and we show zHS (M) # 0. By (ii), HS(xM) # 0.
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Thus, there exists a prime ideal m such that H{p (M) # 0 and consequently,
He (xMw) # 0. Therefore, ¢ < cdz—(aRm, 2Myp). It follows from Lemma 3.3 and
Grothendieck’s Vanishing Theorem that

¢ < cdi=(aRm, 2My) < cd=(aRm, My) < dimz=(My) < dimg(M) = c.

Hence, dim/\(]\q;) = cd/\(aé;,]\/l\) = ¢ Since H'— ( A) # 0, we obtain
My ¢ 5', where S’ is the largest submodule of My such that cdg= (aRm, S <

So, by the complete case, we have xHCR ( m) # 0 and therefore xHS(M) 75 0.
This proves the claimed inclusion (in fact equahty) in the case when ¢ = dimg(M).

Case 8: Assume ¢ < dimg(M). If ¥ = ), then T = M and there is nothing to
prove. Assume ¥ # (). Since cdg(a,T) < ¢, the short exact sequence

0—-T—->M-—-M/T—0

induces the epimorphism HS(M) — HS(M/T). It follows that Anng(HS(M)) C
Anng(HS(M/T)). Since Assp(M/T) =X # (), we have

cdpr(a, M/T) = pEASr;a(ﬁ/T) cdr(a,R/p) = meag cdr(a,R/p) =c
and
dimp(M/T) = max dlmR(R/p) maxdlmR(R/p) =c
pEAssr(M/T)

Thus, dimp(M/T) = cdr(a, M/T) = ¢, and so Anng(HS(M/T)) = Anng(M/T) by
the previous case. This completes the proof. O

When (R, m) is a Cohen-Macaulay local ring, a is a nonzero proper ideal of R
and t = grade(a, R), Bahmanpour calculated the annihilator of H.(R) in [4], Theo-
rem 2.2. The following theorem generalizes his result for Cohen-Macaulay modules
whenever R is not necessarily local.

Lemma 3.5 ([8], Theorem 2.1). Let a be an ideal of R and M a finitely generated
R-module such that aM # M. Then

Assp(HECEM A1) = {p e V(a): depthp M, = grade(a, M)}.

Let M be an R-module. For p € Suppy (M), the M-height of p, denoted hts(p),
is the supremum of the lengths ¢ of strictly descending chains

P=PoOP1-.-DOPt
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of prime ideals in Suppg(M). For an arbitrary ideal a we define the M-height of a,
denoted htps(a), by

htps(a) = inf{htps(p): p € Suppr(M) NV(a)}.
In particular, if Suppy(M) N V(a) = (), then htps(a) = inf ) = oo.

Theorem 3.6. Let a be an ideal of R, M a nonzero finitely generated Cohen-
Macaulay R-module, and 0 = M1 N...NM,, with Assg(M/M;) =p; foralll <i<n
a minimal primary decomposition of the zero submodule of M. Then for eacht € Ny,

AnnR(Hz(M))gAnnR<M/ N M)
ht]\{(u+pi):t

Moreover, if M # aM and t = grade(a, M), then the equality holds.

Proof. Set 3(t) = {p € Assp(M): htpy(a + p) = t}. To prove the claimed

inclusion, assume that * € R and # ¢ Anng(M/ () M;) and we show z ¢
Pi€X()

Anng(HEL(M)). Hence, M ¢ M; for some p; € X(t). Therefore, Assg(x(M/M;)) =

Assp(M/M;) = {p;}. Suppose that q is a minimal prime ideal of a + p; such that

htar(q) = htas(a + p;) =t. Then

Assp, (€(M/M;)q) = Assg, (M/M;)q = {piRq}.

Therefore,

\/aRq + Anng, (M/M;)q = \/aRq + piRq = qR,.
Also, since M, is Cohen-Macaulay and p; R4 € Assg, (M), we have

diqu (Rq/szq) = diqu (Mq) =1t.

Hence, dimg, ((M/M;)q) = t and by Theorem 3.2, in view of the Independence
Theorem we have

Anng, (Hyp, (M/M;)g)) = Anng, (Hy g, ((M/M;)q)) = Anng, (M/M;)g.

Thus, mHﬁRq ((M/M;)q) # 0 because x(M/M;)q # 0. On the other hand, the exact
sequence
0— (M;)q = My — (M/M;)q =0

induces the epimorphism H’;Rq (Mq) — HgRq ((M/M;)q). Thus, mHERq (M) # 0 and
consequently, zHY (M) # 0. This proves the claimed inclusion.
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Finally, assume ¢ = grade(a, M) and we prove the reverse inclusion. Let x € R
be such that zH! (M) # 0. Hence, there exists q € Assgr(H:(M)) C Suppr(M/aM)
such that ngRq (Mq) # 0. By the above lemma, htys(q) = htas(a), and hence q is
a minimal prime ideal of a + Anng(M). Since M, is a Cohen-Macaulay module of
dimension ¢, Theorem 3.2 and Independence Theorem yield

Anng, (Hfmq (My)) = Annpg, (HgRq (My)) = Anng, (M,),

and so we have zMy; # 0. If q € SuppR( N Mi), then there is a p €
pi€X(t)

ASSR( N Mz) = Assr(M) \ X(t) such that p C q. Therefore,
pi€X(t)

t =htyr(a) < htpr(a+p) < htp(q) =t

Hence, htps(a+p) = ¢, and so p € 3(t), a contradiction. Thus, ( N M1> =0. It
pi€X(t) q
follows that My ¢ ( N Mz) and consequently, zM ¢ () M;. This proves
pi€X(t) 4 p;E(t)
the claimed equality in the case when ¢ = grade(a, M) and completes the proof. [

Acknowledgements. The author is deeply grateful to the referee for a very
careful reading of the manuscript and many valuable suggestions leading to improving
the quality of the paper. Also, the author would like to thank Professor Hossein
Zakeri for his careful reading of the first draft and many helpful suggestions.

References

[1] A. Atazadeh, M. Sedghi, R. Naghipour: On the annihilators and attached primes of top

local cohomology modules. Arch. Math. 102 (2014), 225-236. IMR]

[2] A.Atazadeh, M. Sedghi, R. Naghipour: Cohomological dimension filtration and annihi-

lators of top local cohomology modules. Colloq. Math. 189 (2015), 25-35. MR

[3] M. F. Atiyah, I. G. Macdonald: Introduction to Commutative Algebra. Addison-Wesley,

Reading, 1969. zb] MR}
[4] K. Bahmanpour: Annihilators of local cohomology modules. Commun. Algebra 43

(2015), 2509-2515. MR]

[6] K. Bahmanpour, J. A’zami, G. Ghasemi: On the annihilators of local cohomology mod-

ules. J. Algebra 363 (2012), 8-13. zbl MR} doi]

[6] M. P.Brodmann, R. Y. Sharp: Local Cohomology: An Algebraic Introduction with Geo-
metric Applications. Cambridge Studies in Advanced Mathematics 60. Cambridge Uni-

versity Press, Cambridge, 1998. IMR]

[7] W.Bruns, J. Herzog: Cohen-Macaulay Rings. Cambridge Studies in Advanced Mathe-

matics 39. Cambridge University Press, Cambridge, 1998. IMR]

[8] L. Chu, Z. Tang, H. Tang: A note on almost Cohen-Macaulay modules. J. Algebra Appl.

14 (2015), Article ID 1550136, 7 pages. MR

283


https://zbmath.org/?q=an:1292.13004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3181712
http://dx.doi.org/10.1007/s00013-014-0629-1
https://zbmath.org/?q=an:1314.13033
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3332732
http://dx.doi.org/10.4064/cm139-1-2
https://zbmath.org/?q=an:0175.03601
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0242802
https://zbmath.org/?q=an:1323.13003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3344203
http://dx.doi.org/10.1080/00927872.2014.900687
https://zbmath.org/?q=an:1262.13027
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2925842
http://dx.doi.org/10.1016/j.jalgebra.2012.03.026
https://zbmath.org/?q=an:0903.13006
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1613627
http://dx.doi.org/10.1017/CBO9780511629204
https://zbmath.org/?q=an:0909.13005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1251956
http://dx.doi.org/10.1017/CBO9780511608681
https://zbmath.org/?q=an:1353.13018
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3392585
http://dx.doi.org/10.1142/S0219498815501364

[9] K. Divaani-Aazar, R. Naghipour, M. Tousi: Cohomological dimension of certain alge-

braic varieties. Proc. Am. Math. Soc. 130 (2002), 3537-3544. IMR]
[10] C. Huneke: Lectures on local cohomology. Interactions Between Homotopy Theory and

Algebra. Contemporary Mathematics 436. AMS, Providence, 2007, pp. 51-99. MR]
[11] L. R. Lynch: Annihilators of top local cohomology. Commun. Algebra 40 (2012),

542-551. MR]
[12] H. Matsumura: Commutative Ring Theory. Cambridge Studies in Advanced Mathemat-

ics 8. Cambridge University Press, Cambridge, 1986. IMR]
[13] R.Y. Sharp: Gorenstein modules. Math. Z. 115 (1970), 117-139. zbl MRl doi
[14] R.Y. Sharp: On Gorenstein modules over a complete Cohen-Macaulay local ring. Q. J.

Math., Oxf. IL. Ser. 22 (1971), 425-434. MR]

Author’s address: Ali Fathi, Department of Mathematics, Zanjan Branch, Islamic
Azad University, Zanjan, Iran, e-mail: fathi_ali@iauz.ac.ir, alif1387@gmail. com.

284


https://zbmath.org/?q=an:0998.13007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1918830
http://dx.doi.org/10.1090/S0002-9939-02-06500-0
https://zbmath.org/?q=an:1127.13300
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2355770
http://dx.doi.org/10.1090/conm/436
https://zbmath.org/?q=an:1251.13015
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2889480
http://dx.doi.org/10.1080/00927872.2010.533223
https://zbmath.org/?q=an:0603.13001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0879273
http://dx.doi.org/10.1017/CBO9781139171762
https://zbmath.org/?q=an:0186.07403
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0263801
http://dx.doi.org/10.1007/BF01109819
https://zbmath.org/?q=an:0221.13016
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0289504
http://dx.doi.org/10.1093/qmath/22.3.425

