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Abstract. The studies considered here are concerend with a linear thermoelastic Bresse
system with delay term in the feedback. The heat conduction is also given by Cattaneo’s
law. Under an appropriate assumption between the weight of the delay and the weight
of the damping, we prove the well-posedness of the problem using the semigroup method.
Furthermore, based on the energy method, we establish an exponential stability result de-
pending of a condition on the constants of the system that was first considered by A.Keddi,
T. Apalara, S. A. Messaoudi in 2018.
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1. INTRODUCTION AND RELATED RESULTS

In the present paper the following problem is considered:
0101 — k(e + lw + ), — kol(wy, — 1)
+p1pe(z, t) + pope(z,t —7) =0 in (0,1)
(1.1) 0201t — bbuy + k(pz + lw +1p) + 70, =0 in (0,1)
01wyt — ko(wy — 1)y + kl(py +lw+1) =0 in (0,1)
(0,1)
(0,1)

030; + Kqe +Yhte = 0 in

aq + Bg+ k0, =0 in

with the initial-boundary conditions

(1 2) @(Oat)zgox(lat):wx(ovt):w(lat)7
' w, (0,t) = w(l,t) = 0(0,t) = q(1,£) =0, >0,
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and

o(x,0) = po(z), ¢i(z,0) =pi(x), =z €(0,1),
¥(x,0) = to(x), Pe(z,0) =¢i(z), x€(0,1),

(1.3) w(z,0) = wo(x), wi(z,0) =wi(z), z€(0,1),
0(x,0) = Op(x), g(x,0) = qo(x), x € (0,1),
ot(z,t — 1) = folz,t — 1), t>0,x€(0,1),

where 7 > 0 is a time delay, p1 and uo are positive real numbers. The functions w, ¢,
1, 6 and q represent the longitudinal, vertical displacement, shear angle displacement,
the temperature difference and the heat flux, respectively. The parameters o1, 02,
03, k, I, ko, b, v, K, a, B are positive constants. We have proved the well-posedness
and established stability results under the following condition on the parameters that
was first considered in [14],

(1.4) p=(1- ) (2 2) 10w k=,

It is well-known that, in the single wave equation, if ps = 0, that is, in the absence
of delay, the energy of system exponentially decays (see [7], [8], [16], [24]). On
the contrary, if 41 = 0, that is, if there exists only the delay part in the interior,
the system becomes unstable (see [9]). It is shown that a small delay in a boundary
control can turn such a well-behaved hyperbolic system into a wild one and, therefore,
the delay becomes a source of instability. To stabilize a hyperbolic system involving
input delay terms, additional control terms are necessary (see [25], [26], [35]).

Originally the Bresse system consists of three wave equations where the main
variables describe the longitudinal, vertical and shear angle displacements, which
can be represented as (see [6]):

0194 = Qz +IN + F1,
(1.5) 02y = My — Q + Fy,
01wy = Ny — 1Q + F3,

where
(1.6) N = ko(ws = 1g), Q= h(pa+lw+¢), M=bp,.

We use N, @ and M to denote the axial force, the shear force and the bending
moment. Here o1 = A, 0o = oI, b = EI, kg = EA, k = KGA and |l = R™!.
Concerning material properties, we use o for density, F for the modulus of elasticity,
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G for the shear modulus, K for the shear factor, A for the cross-sectional area, I for
the second moment of area of the cross-section and R for the radius of curvature and
we assume that all these quantities are positive. By F; we denote external forces.
The Bresse system (1.5) is more general than the well-known Timoshenko system
where the longitudinal displacement w is not considered, i.e., [ = 0. There are a
number of publications concerning the stabilization of the Timoshenko system with
different kinds of damping; in this regard, we note further references (see [11], [15],
[19], [20], [21], [22], [23], [27], [28], [30], [33]).

System (1.5) is an undamped system and its associated energy remains constant
when the time ¢ evolves. To stabilize the system (1.5), many damping terms have
been considered by several authors (see [1], [3], [4], [5], [13], [17], [32], [36]).

In the following text, we present some works, which studied the stability of the
dissipative Bresse system. The paper [2] was concerned with the asymptotic stability
of a Bresse system with two frictional dissipations

01901t — k(e + lw + 1)y — kol(wz — lp) = —71¢4,
01wy — ko(wy — 1)z + k(g + 1w+ 1) =0.

Under the condition of equal speeds of wave propagation, the authors prove that the
system is exponentially stable. Otherwise, they show that the Bresse system is not
exponentially stable. Then, they prove that the solution decays polynomially to zero
with the optimal decay rate, depending on the regularity of the initial data.

There are several works dedicated to the mathematical analysis of the Bresse
system. They are mainly concerned with decay rates of solutions of the linear system.
This is done by adding suitable damping effects that can be of thermal, viscous or
viscoelastic nature, see for instance ([10], [31], [34]), among others.

Concerning the thermoelastic Bresse system, [17] considered

0191t — k(pz + 1w + ) — kol(wg — lp) +1v01 =0,
0201t — bua + k(r + lw + 1) + 702 =0,

(1.8) 01wy — ko(wz — 1)y + kl(@e + 1w+ ) + 761, =0,
030t — bzo + Y12 = 0,

03012 — 0120 + V(Wi — lpr) =0

together with initial and specific boundary conditions and proved an exponential and
only polynomial-type decay stability results.
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Taking in particular g1 = pe = 0 in (1.1), then the system is reduced to the next
one, which is studied in [14] under the initial and boundary conditions (1.2)—(1.3)

0191t — k(z + 1w+ 1), — kol(w, —lp) =0 in (0,1) x (0, 00),
02t — bihye + k(pp +lw+ )+ 0, =0 in (0,1) x (0, 00),
(1.9) 01wy — ko(wz — 1p)s + kl(pz +lw+1) =0 in (0,1) x (0,00),
030t + @z + YPtz =0 in (0,1) x (0,00),
aqr+Pg+6,=0 in (0,1) x (0, 0).

In [14] it is obtained the exponential stability of the energy solution (see Theorem 3.9)
by assuming the condition (1.6) therein that corresponds to (1.4) of the present ar-
ticle. Moreover, in the sequel the authors prove the lack of exponential stability
of (1.9) when (1.6) fails (see [14], Theorem 4.2). In all these results the only dissipa-
tion is given by the heat flux ¢, see for instance the equation (3.2) in this reference.
On the other hand, in this article, we deal with (1.1) by taking the assumption (2.6)
into account with respect to parameters 1, pz. This leads to, at least, two damping
mechanisms as one can see from the inequality (3.2) in Lemma 3. Then, the main
result on exponential stability stated by Theorem 2 is obtained under the assump-
tion (1.4) that corresponds to (1.6) in [14]. Therefore, the same result is obtained,
under basically the same assumption on coefficients by using more damping as given
in the inequality (3.2), where one can easily see that more damping was added to
system. This means that the result on the exponential stability is weaker than the
one provided in [14] from the stability point of view by clarifying that delay spoils
the energy estimates.

In [12], the authors considered two Cauchy problems related to the Bresse model
with two dissipative mechanisms corresponding to the heat conduction coupled to
the system. The first of them is the Bresse system with thermoelasticity of Type I:

(1.10) o190t — k(pz — ¥ — lw)z — kol(wz — lp) +1v0; =0 in R x (0, 00),
02Ut — Dpy — k(i — 1 — lw) + 702, =0 in R x (0,00),
01wt — ko(wy — lp)e — kl(py — 9 —lw) + ¥01, =0 in R x (0, 00),
01t — k10120 + m1(we — 1) =0 in R x (0,00),
2t — k20220 + Motz = 0 in R x (0, 00)

with the initial data

(@a Satvwthvwth; 01; 92)((E, 0) = (900, ¥1, 1/1071/)170007001, 0107 920)($)
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The second one is the Bresse system with thermoelasticity of Type III:

(111) o11 — k(px — ¥ — lw)y — kol(wz — lp) +1v01: =0 in R x (0,00),
021t — bibuw — k(2 — Y — lw) + 7020 = 0 in R x (0, 00),
01wt — ko(we —19)z — kl(pz — ¢ —lw) +¥b1¢ =0 in R x (0, 00),
016t — k160120 — 101200 + Ma(w, — @) =0 in R x (0, 00),
Ot — k20220 — 202200 + Mathyr = 0 in R x (0,00)

with the initial data

(@5 0151, 1, w, Wi, 01, 02, 014, 02¢) (2, 0) = (@0, 1, Y0, Y1, w0, w1, 010, 020, 011, 021) (),

where a1, as, 01, 02, v, b, k, ko, k1, ko, [, m1 and mo are positive constants. The
authors proved that the decay rates of the solutions are very slow in the whole line,
where they show that the solutions decay with the rate of (1 —|—t)*1/ 8 in the L?-norm,
whenever the initial data belong to L'(R) N H*(R) for a suitable s. The main tool
used to prove results is the energy method in the Fourier space.

In [3], the authors considered the Bresse system in a bounded domain with delay
terms in the internal feedbacks,

o191t — Gh(pg + 1w + 1) — Ehl(wy — o) + ppe + pape(a,t — 1) = 0,

01wy — Eh(wy —19)z + IGh(pz + lw + ) + prw + powe(x, t — 73) = 0,
where (x,t) € (0,L) x (0,00), 7; > 0 (¢ = 1,2,3) is a time delay, p1,p2, p1, t2, /:NI,
12 are positive real numbers. This system is subjected to the Dirichlet boundary
conditions and to the initial conditions which belong to a suitable Sobolev space.
First, the authors proved the global existence of its solutions in Sobolev spaces by
means of semigroup theory under a condition between the weight of the delay terms

in the feedbacks and the weight of the terms without delay. Furthermore, they
studied the asymptotic behavior of solutions using the multiplier method.

2. PRELIMINARIES AND WELL-POSEDNESS

First, let us assume the hypothesis

2| < pa.

We will prove that the systems (1.1)—(1.3) are well posed using semigroup theory by
introducing the following new variable (see [26])

(2.1) 2(z, 0,t) = pi(w,t —70), w€(0,1), 0€(0,1), £ >0.
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Then, we have
(2.2) Tze(x, 0,t) + zo(x,0,t) =0 in (0,1) x (0,1) x (0, 00).
Therefore, the problem (1.1) takes the form

0191t — k(0z + 1w + ), — lko(we — lp) + prpe(x,t) + poz(z,1,t) =0,
Tze(2, 0,1) + 2o(x, 0,1) =0,

021t — bhuy + k(0o + lw + 1) + 70, =0,

01wt — ko(wz — 1)z + lk(pz +lw + 1) =0,

030t + gz + YY1z = 0,

g + g+ 0, =0

(2.3)

with the boundary conditions

(2'4) (0, t) = (1, t) = 1.(0, t) = w(l t) = wy (0, t) =w(l, t)
— 00,1) = g(1,1)

and the initial conditions

o(x,0) = ¢o(z), ¢i(z,0) = p1(x), ¥(x,0) =vo(z), z€(0,1),

(25) Pr(2,0) = 1(x), w(z,0) = wo(x), wi(x,0) =wi(z), x € (0,1),
0(x,0) = Op(x), q(x,0) = go(x), z € (0,1),
oz, —t) = fo(z,t) in (0,1) x (0,7)

Let & be a positive constant such that

(2.6) Tlp2| < & < 1(2u1 — |p2l),

where 7 is a real number with 0 < 7 and u;, po are positive constants, and the initial
data (o, ¢1, Yo, ¥1, wo, w1, f, o, o) belong to a suitable space (see below).
If we set

U = (¢, 01, 2,0, s, w,we, 0,9) T,
then
U'= (Sata@ttaZtawtawttawt;wttagt;(h)—r
Therefore, the problem (2.3)—(2.5) can be written as

{U’(t) — AU(t) =0,

2.7)
U(O) = (900, P1, fl('v’r)vaa 1/11, Wo, W1, 907 QO)a
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where the operator A is defined by

cu
kol
(i lw + )y + (w0 — lp) — B = B2 1)
cp 1 01 01 01
1
U (=
' ()=
" b ’
Y
2 g — = l _ Ty
(28) Al v | = szm (o +lw+9) 9
w k wk‘l
0
—(wg —lp)y — —(pz + 1w+
- o ®) Ql(@ ¥)
o R
q ng % !
1
_éq__ex
o a

We consider the spaces
HY0,1) = {h € H'(0,1): h(0) =0}, H!0,1)={h e H'0,1): h(1) =0},
H2(0,1) = H?(0,1) N H}(0,1), HZ?(0,1) = H*(0,1) N H(0,1),
and
M= H}(0,1) x L*(0,1) x L*((0,1), Hy (0, 1)) x H(0,1)
x L(0,1) x H!(0,1) x L?(0,1) x L?(0,1) x L*(0,1),

where L2((0,1), H}(0,1)) is the space of square summable functions of H}(0,1).

We show that A generates a Cyy semigroup on H under the assumption (2.6). Let
us define on the Hilbert space H the inner product, for U = (p, u, z,v¥,v,w,w@,0,q) ",
U= (%1u,7%v¢,70,w0,30,7) ",

(29) (U, U)n = k'/o (P2 + ¢ + lw) (@, + ¢ + W) dz + ko/o (W — lp) (W, — IP) dz

1 1 1 1
—l—gl/ uﬂdx—l—gg/ vﬁdx—l—gl/ wﬁdm—i—b/ Ppthy da
0 0 0 0

1 1 1 1
+€/ / zEdgdaH—gg/ 9§dx+a/ qgdz.
o Jo 0 0

Note that H equipped with the inner product (2.9) is an Hilbert space. The domain
of A is given by

UeH/eeH0,1); ,we H0,1),
(210)  D(A) =1 u,0 € H(0,1); v,m,q € H0,1), u = 2(-,0),
2 € L2((0,1); L2(0,1)), (1) = 0, w,(0) = ¢,(0) = 0.
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We now prove that A is a maximal monotone operator. For this purpose we need
the following two lemmas.

Lemma 1. The operator A is dissipative and satisfies, for any U € D(A),

1
(2.11) (AU, U)y :—6/ qu+ u1+7+2€)/0 u? da

+(%—%)/0 22(z,1)dz < 0.

Proof. For any U € D(A), using the inner product,

U
k kol
_(SO;C +lw+ w)x + i(w;r - ZQO) - ﬂu - &Z(v 1)
01 01 01 01 cp
1
()= .
b k b :
Y (]
(AU, Uy = el T ¥ 2 o
ko T w
—(we = 19)e — —(po +lw + 1) w
01 01
Lo, ’
03" o3 q
8,1,
o o H
Then

1
(2.12) (AU, U)y = k;/ (ug + v +1w)(pz + lw+ 1)) dz
0

1 1
—|—k0/ (e — lu)(w x—lap)dx—i—k/ (o +lw+ Y)ude
0

1 1
+k0l/ ) udx—,ul/ qux—,ug/ z(x, udz
0 0
1 1
+b/ wmvdx—k/ (¢x+lw+w)vdx—7/ O,v dx
0 0 0

1 1
—|—k0/ (wz—lap)wdx—kl/ (o +lw+ Y)wde
0 0

1 1 1
—I—b/ vxwxdm—/ q.0dx —~y /uxedm
0 0
1
—6/ qux—/ qux——/ / zzp,dpdz.
0
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By the fact that

1 1
—B/ qux—ul/ u2dx—u2/ xludx——/ / (x,0)z0(x, 0)dodx
0 0 0

1
= -0 qdm—ul/udx—ug/ z(z, Nudx
0

//—z (z,0)dodz
1
—B/ qdm—ul/udx—ug/ z(z, Nudx
0

1
- 25 (2(2,1) — 22(x,0)) dz
T Jo
1 1 1
=-p q2d$—M1/ u2dx—u2/ z(z,1)ude
0 0 0
£ §

1
- z2(x,1)dx+—/ u? dx
2t J 2t Jo

and by using Young’s inequality, we obtain

(AU, U) g B/ ¢ dz+ ,ul—l———l—;)/Oluzdx—l—(%—%)/Olzz(m,l)dx.

Keeping in mind the condition (2.6), the desired result follows. O

Lemma 2. The operator I — A is surjective.

Proof. We need to show that for all F = (f1, fo, f3, f1, 5, fe» fr.fe: fo) T € H
there exists U € D(A) such that

)

(2.13) U- AU = F,
that is,
(2.14) —u+@=f1 € H}0,1),

—k(pg + 1w + 1), — kol(wy — 1@) + 010 + pyu + poz(-,1) = o1 fo € L*(0,1),
247112, = f3 € L2((0,1), HY(0,1)),
—v+1p = fo € H0,1),
—0as + k(pr + 1w+ ¥) + 020 + 70 = 02f5 € L*(0,1),
—w+w=fs € H(0,1),
—ko(ws = 19)s + Kl(ps + lw + ) + 01w = o1 f7 € L*(0,1),
Gz + s + 030 = 03fs € L*(0, 1),
(B4 a)g+ 6, = afy € L*0,1).
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From (2.14), we put

(2.15) 6=a /0 " foly)dy — (8 + a) /0 " 4) dy.

Then 6(0,t) = 0. Inserting u = p— f1, v = ¥ — f4, w = w— fs and (2.14) into (2.15),
we get

(2.16)  —k(px + 1w + 1)z — kol(we — 19) + p3p + p22(-, 1) = hy € L*(0,1),
_kO(wx - l@)x + kl(@x +lw + w) +o01w = hz € L2(07 1);

qx+93(5+a)/0 ay) dy + 7, = hs € 12(0,1),

z+ T_lzg = hs € L*(0,1),
where

(217) hi=o1(f1 + fo) Furfi, ho=o0o(fa+ f5) —avfo, hs=o01(fs+ fr),
h4=’7f4x+93<f8—04/ fg(y)dy), hs =7f3, p3 =01+ p1.
0

Furthermore, from (2.16)5, we can easily obtain
I
z(z,0) = p(x)e 7 — fre”? + Te_w/ f3(x,s)e"® ds
0
and we observe that
0
zo(x) = —fre” 7 + Te*T/ fa(z,s)e™ds, z(z,1)=@(x)e”™ + zo(x)
0

for all x € (0,1).

To solve (2.16), we consider the variational formulation

(2.18) a((p, ¥, w, q), (3,9, @, 7)) = L(3,9, @,q),

where

a: [HY0,1) x H(0,1) x H-(0,1) x L*(0,1)]*> = R,
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is the bilinear form given by

(2.19) a((p, ¥, w,q), (3,9, @,7))

1 B 1
:k/ (SDz"‘lU)'f'w)(SZz+l’[[)+1/1)d$+(6+a)/ qqdx
0 0
1 . 1 " 1 _
b 2P d do — d
+ /Oww $+92/0 Y de 'y(ﬁ—i—oz)/o qu dz
1 1 1
+91/0 ¢¢d$+7(ﬂ+a)/o dem/o i dz

1 1
+ ko / (ws — 1) (@ — 13) o + (3 + pize™) / o5 da
0 0

+93</3+a)/ol(/:q@)dy/;a(y)dy) da

L: [H}0,1) x H0,1) x H}(0,1) x L*(0,1)] = R
is the linear form defined by

and

1 1 1
(220)  L(3,9,,0) = / (h — p220)@ da + / haido+ [ hatide
0

a—i—ﬂ/ h4/ y) dy dz.

As in [1], it is easy to verify that a is continuous and coercive, and L is continuous.
So, by applying the Lax-Milgram theorem, we deduce that for all (&, @Z, w,q) €
H(0,1)x HX(0,1) x H(0,1) x L*(0, 1) the problem (2.18) admits the unique solution
(o, 0, w,q) € HX(0,1) x HX(0,1) x H(0,1) x L2(0,1). Substituting ¢, ¢, w and ¢
into (2.14)1, (2.14)4, (2.14)¢, and (2.14)g, respectively, we get

we HN0,1), veHN0,1), weH0,1), 0eH0,1).

Now if (¢, @, ) = (0,0,0) € H}(0,1) x H}(0,1) x L2(0,1) then (2.18) reduces to
(2.21) k/ (pz +lw+ V)@ —kol/ e — lp)pde

+ (p3 + pe T)/O ppdr = /0 (h1 — p220)$ dz
for all € H!(0,1), which implies
(2.22) —kppr = kg + 1k + ko)w, — (1%ko + poe™™ + puz)p + hy — p2zo € L2(0,1).
Consequently, by the regularity theory for the linear elliptic equations, it follows that

o€ H2(0,1).
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Moreover, (2.21) is also true for any ¢ € C*([0,1]), ¢(0) = 0, which is in H1(0,1).
Hence, for all ¢ € C*([0,1]), ¢(0) = 0, we have

1 1
k/ Oy dx —/(kxpx + U1k + ko)w, — (12k0 + p2e” " 4 pus) 4+ h1 — pezo)pdr = 0.
0 0
Thus, using integration by parts and bearing in mind (2.22), we get

px(1)p(1) =0 Vo e C([0,1]), ¢(0) =0,

since ¢ is arbitrary. Therefore,
vz (1) = 0.

Similarly, we get

bz + k(s +lw + ) + 029 — (B + a)g = hy € L*(0,1),
—ko(wy — 1p)z + kl(pz + lw + ) + o1w = hg € L*(0, 1),
x
i+ 0B +0) [ alw)dy +bs = be € 10,1,
0
thus, we have ¢, w € ﬁf(O, 1) and ¢ € fIi(O, 1), ¥(1) = w, (1) = 0.
Finally, the application of the regularity theory for the linear elliptic equations
guarantees the existence of unique U € D(A) such that (2.7) is satisfied. Conse-
quently, using Lemmas 2.1 and 2.2, we conclude that A is a maximal monotone

operator. Hence, by the Lumer-Philips theorem (see [18] and [29]) we have the fol-
lowing well-posedness result. O

Theorem 1. Let Uy € H, then there exists a unique weak solution U € C(R™,H)
of the problem (2.3)—(2.5). Moreover, if Uy € D(A), then

UecC(RT,D(A)NCHRT, H).

3. EXPONENTIAL STABILITY

In this section, we state and prove our stability result for the energy of the solution
of the system (2.3)—(2.5) by using the multiplier technique. So

1 1
(3.1) E(t)= 5 / (0197 4 0207 + o1w? + p? + 0307 + ag® + k(e + ¥ + lw)?
0

1 1
+ ko(w, — lp)?) dz + i/ / 22(x, 0,t) doda.
2T 0 0
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To achieve our goal, we need the following lemmas.

Lemma 3. Let (p,¢,w,0,q,z) be a solution of (2.3)—(2.5). Then the energy
functional, defined by (3.1), satisfies

82) €< -5 [ ar (m- - L) ot - (& - a0

2T
Proof. Multiply (2.3)1—(2.3)¢ by @, 2§/7, 4, wy, 6, and g, respectively. Inte-

grate over (0,1) and over (0,1) x (0,1) as well as use integration by parts with the
boundary conditions. By summing the results, we obtain (3.2). O

Lemma 4. Let (p,%,w,0,q,z) be a solution of (2.3—(2.5). Then the functional

(3.3) = agg/ / y) dy dz

satisfies, for any €1 > 0, the estimate

1
(3.4) F{(t) ‘93/ 92dx+51/ ®? d:c+c(1+ )/ ¢ dz.
0

Proof. Differentiating the functional Fi, using (2.3)5 and (2.3)s and integrating
by parts, we get

(3.5) Fi(t :—93/ 6> dx+a/ q da:—l—a’y/ qwtdx—ﬁgg/ / y) dy dz.
0

The Cauchy-Schwarz and Young’s inequalities lead to (3.4) with e; > 0. O

Lemma 5. Let (p,9,w,0,q,z) be a solution of (2.3)—(2.5). Then the functional

(3.6) Fy(t) = 9293/ /wt ) dy da

satisfies, for any €1,e9 > 0, the estimate
02 ! !
(3.7)  Fy(t):= — B Y2 da + 52/ (z + 9 + lw)* da
0 0

1 1 1
11
+53/ wﬁdx+c(1+—+—)/ 92dx+c/ ¢ dz.
0 €2 €3 0 0
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Proof. By differentiating F5, using (2.3)3 and (2.3)5, and integrating by parts,
we get

1 1 1 1
(3.8) F3(t) = — 02 wfdx—@/ qr da:—l—gg/ 92dx—%/ O, dz:
Y Jo 0 7 Jo

]f . 1 x
+ ﬁ/ (pu +1Z)+lw)/ 0(y) dy dz.
Y Jo 0

The estimate (3.7) follows by using the Cauchy-Schwarz and Young’s inequalities.
O

Lemma 6. Let (¢, %, w,0,q,z) be a solution of (2.3)~(2.5). Then the functional

(3.9) Fs(t) == —91/0 (ppr + wwy) do

satisfies the estimate

1 1 1 1
(3.10) Fi(t) < — (91 — —)/ gafdx—i—c/ Y2 dx—f—k‘o/ (wy — lp)? dz
de4/ o 0 0
1 1
—l—c/ (gox—i—w—l—lw)Qda:—gl/ w? dz
0 0

1 1
+ (esp2 + u1€4)/ o dx + H2 2%(x, 1, t)dz.
0 des Jo

Proof. Taking the derivative of F3, and exploiting (2.3); and (2.3)4, we get
1 1 1
(3.11) Fi(t) = — gl/ @7 dz + k/ (o + ¥+ lw)*dz — 91/ w? da
? 0 ) 0
—k/o (Pz +w+lw)1/)dx+ko/0 (we — lp)® dz

1 1
+H1/ PPt d$+u2/ pz(x,1,t)d.
0 0

The estimate (3.10) is established by using Young’s and Poincaré’s inequalities. O

Lemma 7. Let (p,9,w,0,q,z) be a solution of (2.3)—(2.5). Then the functional

1
(3.12) Fy(t) :== gg/ Yy dx
0

satisfies the estimate

b 1 1 k2 1 1
(3.13) Fi(t)<§/ widx+gg/ wfdx+F/(sﬁz+w+lw)2dx+c/ 62 da.
0 0 0 0
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Proof. Differentiating Fy and using (2.3)s, we arrive at

(3.14) Fy(t) = —b/ P2 da:—i—gg/ 2 dx+7/ wadx—k/ (pz + ¢+ lw)dz
Using Young’s and Poincaré’s inequalities, we obtain the estimate (3.13). (]

Lemma 8. Let (p,9,w,0,q,z) be a solution of (2.3)—(2.5). Then the functional

1 1
(3.15) F5(t) = —o1 / or(wg —lp)de — o1 / wi (e + ¥ + lw) dx
0 0

satisfies, for any eg,e7 > 0, the estimate

1 l 1
(316) B0 < — (k- L 12) / (we —tp?do — 2 [
0 0

1
+ (lon +56M1)/ sofda?—i—c/ Y7 dz
0 0

1

1
+lk/ (pr +w + lw)2 d$+€7‘LL2/ ZQ(xa 17t) dz.
0 0

Proof. By differentiating F5, and using (2.3); and (2.3)4, we have
1 1 1
(3.17)  Fi(t)= — lko/ (wy, — l)? dx — lgl/ w? dx + 191/ ©? dx
0 0 0
1 1
+ lk;/ (0 + ¥ +1w)*dz — 0 / Yyw d
0 0

1 1
—|—u1/ got(wm—lap)dx—i—ug/ z(x,1,t) (wy — L) da.
0

0

Thanks to Young’s inequality, we can easily obtain the estimate (3.16). O

Lemma 9. Let (o, %, w,0,q,z) be a solution of (2.3)—(2.5) and let k = ko. Then

the functional
1 x 1 x

(3.18) Fy(t) := —Ql/ (wx—lga)/ we(y) dydx—gl/ @t/ (pz + 0 +1w)dy de
0 0 0 0

satisfies the estimate

1 1
(3.19) Fi(t) < % gofdx—k‘o / (wy — lp)? dz + 01 / w? dz
0 0

1
+k/ (pr + 1+ lw) dx—l——/ Y2 da.
0
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Proof. A simple differentiation of Fg, using (2.3)1, (2.3)4 and integrating by
parts lead to

1 1 1
(3.20) Fit)= —o / ©? dx — k;o/ (we — lp)?dz + 01 / w da
0 0 0

1 x 1
— d k z lw)?d
91/0 ‘Pt/o Ye(y) dy + /O(so +¢+iw) de
1 x
'f‘l(k—]f())‘/0 (wx—l@)/o (sﬁz-H/J—i—lw)dydx

Using the fact that k& = ko, Young’s and the Cauchy-Schwarz inequalities, we
get (3.19). O

Lemma 10. Let (¢, 9, w,0,q,z) be a solution of (2.3)—~(2.5) and let (1.4) hold.
Then the functional

b
(3.21) Fy(t) —gg/ r(pn + 0 + lw) do + ;il gptd)xdx
0
+bg3 - - = /9 da:—bl 92/ Yihy d
b 01 02 / blm/
(a2 . ! d
'y(k: b) ; q(pz + ¢ + lw) Yw; dz

satisfies, for any e4,e5 > 0, the estimate

1

(3.22) Fi(t) < — (E— b )/1(gax+w+lw)2da:+58/ w? dz

2 yaer

b212 1
/1/)2d$+€9/ (w, — lp)? dx—f—c 1+ /wtdx

—l—c(l—l——)/ qu—l—c /92dm+—610/ 92da:.
€] 0 E9

Proof. By differentiating F7, we have

1 1
(3.23) Fi(t) = 92/ wtt(sﬁx—i-w—i—lw)dx—l-gg/ Yi(or + ¥ + lw) de

it / ety A — / it da - 222 / V2 da

_ bl292

blo bl
/ B PRI LI
0 ko Jo ko Jo

b93 o1 02\ (" bos 02 /1
T (k b) | Ovprdet = (k; b) | Geunde
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|

| o=
—

|=

|
o'|‘°

2>/Olqt(gax+w+lw)dx

_E<&_Q) /()1q(80z+1/)+lw)tdx.

Now, by using the equations in (2.3) and integrating by parts,

1
(3.24) 02 | VYu(pe + ¢ +lw)de
= 1 2d 10 lw)d
= -k x l - z\Pzx
/0(90 + ¢+ lw)* dx 'y/o (o + 0 + lw) dx

1
—b/ (9o + 0 + )y da
0
1 1 1
" / pebada = k / a0 + 1+ L)y da + kol / (we — lp) da,
0 0 0
1 1 1
93/ 9ts0tdx:/ qpet do + wt%tdx,
0
/9<pttda:— ——/ 0. (0 + ¢ + lw) dx—l——/ O(w T,
1 B 1
- [ e+ v+ by da / (n + 1+ w) d + - /0x<¢m+w+lw)
0
1 1
—gg/ wttwdm:b/ widJH-k/ w(<px+w+lw)da:—'y/ O, dz,
0 0 0 0

1 1 1
3.25 der = — k z(we — lo)de — kl = lw)d
( ) 01/0 W) dw 0/0 Ve (w ¢)dz /0 V(e + ¢ +lw) d

Substituting (3.24)—(3.25) into (3.23) and bearing in mind (1.4), we obtain

, ! bl2 !
(3.26) Fi(t) = —k/o (¢x+1/)+lw)2dx+(gg— 92 / ¥2 dz
(lgg—i—— /wtwtdx—i——/ (P + ¥+ lw)dz

91 02 bl Ql 02 !
/ qr dx ’y 2 b)/oqwtdx

blk
n 093<91 92)/ O(w, — 1) dz
0

Yo1 k b
b8 02\ [t vz ot
2
—ﬂ 91/)xd$+bl ——1 /wz
ko 0

The estimate (3.22) follows by using Young’s inequality and the fact that k = k. O
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Lemma 11. Let (p, ¥, w,6,q, z) be a solution of (2.3)—(2.5). Then the functional

1 1
(3.27) Fy(t) ::/ glgotgoda?—f—%/ ¢’ dz
0 0

satisfies, for any €11 > 0, the estimate

K psc v, K [,
’
. F < | -K+ — 4+ — o2 dx + — dz
(3.28) s() ( €11< 2 2 ))/0 r 2e11 /0 Va

1 1
—l—ﬂ zz(m,l,t)dx—l—gl/ <pt2da:,
2e11 Jo 0

where ¢ = n~2 is the Poincaré constant.

Proof. Differentiating (3.27), we obtain

1 1 1
(3.29) Ft) =0 / ppdr + 01 / gaf dz + 1y / prpde.
0 0 0

Then, by using (2.3)1, we find

1 1 1
(3.30)  Fi(t) = k:/ (pz + ¢ +lw)pda — ug/ wz(z,1,t)dz + 01 / ©? d.
0 0 0

Consequently,

1

1
wz(z,1,t)dz + 01 / ©? d.
0

1
(331 FO =k [ (oot v+ lwhprdo—pa |
0 0
The estimate (3.27) follows by applying Young’s and Poincaré’s inequalities. O

Lemma 12. Let (p, 1, w,0,q,2) be a solution of (2.3)=(2.5). Then, we introduce
the functional

1 1
(3.32) Fy(t) := / / e 27e2(z, p,t) dpdx,
0 Jo
that satisfies
C1 1 1 L
(3.33)  Fi(t) < —Fo(t) - —/ 2(2,1,1)dz + —/ V2 (2, 1) da,
2t J 2t Jo

where ¢y is a positive constant.
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Proof. Differentiating (3.32) and using the equation (2.2), we have

d 1,1 1 [t
(3.34) —(// e_QTL’zQ(a:,g,t)dex) ——// e 2Tz,(v, 0,t) dodx
dt \Jo Jo 7 Jo Jo
1,1
—// e 27222(z, 0,t) dodx
0Jo
1 1 p1 a Core.2
- — — (e *T%%*(x,0,t)) dodx.
7/0/089( (z,0,1))do

The above estimate implies that there exists a positive constant ¢; such that (3.33)
holds. g

Now, we are ready to state and prove the main result of this section.

Theorem 2. Let (p,v¢,w,0,q,z) be a solution of (2.3)—(2.5) and assume that
1n =0, k = ko. Then the energy functional (3.1) satisfies

3.35 E@®#) < de ™, 20
(3.35) : ,

where the positive constant \y directly depends on the initial data and the uniform
constant A1 depends only on the coefficients of the system.

Proof. For N, N; > 0, let
(3.36) L(t):=NE(t)+ Y _ N;F(t)

By taking the derivative of £, we get

(3.37) L'(t) < —,BN/Olqzdx—N(ul—g—%)/Olgofdx

1 1
—N(é—M)/ zQ(x,l,t)dx—M/ 62 dz
2 2/, 2 Jo
1 1 1
+51N1/ wfdx+cN1(1+—>/ Ng—/ V2 d
0 €17 Jo

1
+52N2/ (gox—l—w—l—lw)de—l—egNg/ wgdm—l—cNg/ ¢*dz
0 0 0

11y [t 1 r,
+CN2<1+—+—) 0 dx—(gl——)Ng gptdx
€2 €3 0 454 0
1 1 1
— Q1N3/ w? dx 4 cN3 Y2 dx + kJONg/ (wy — lp)? dz
0 0 0
1 M 1
+ch/ (0z + 1 + lw)* dz + —2N3/ 22(z,1,t) dz
0 465 0
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1 1 1
b
+ (esp2 +€4,U1)N3/ ©*da + §N4/ Y2 de + 92N4/ Vi da
0 0 0
2

1 1 1

!

+?N4/(wm+w+lw)2dx+cN4/ 0% da —ﬂNg,/ w? dz
0 0 0

1
—z(zko—ﬂ—ﬂ)NE,/ (wm—lap)2dx+cN5/ V2 dz
0 0

456 467

1 1
+ (lo1 + 56M1)N5/ (p% dx + lkN5/ (o +¥+ l’UJ)Q dz
0 0

1 1 1
+57u2N5/ ZQ(x,l,t)dx—%Ng/ gpfdx—l—glNg/ w? dz
0 0 0
1 1
—k:ONG/ (wy — lp)? dx+kN6/ (pz + ¥ +lw)*dz
0

+ Ne/ wtdx— k_ b )N7/1(90a:+1/1+lw)2dx

(075511}

1
+€8N7/ wy d$+—N7/ 1/)2d$+69N7/ (wx—lgo)de
0
1
+c(1+—)N7/ wfdx+c(1+—>N7/ ¢*dz
g 0 €8 0
1 ! b !
+c<1+E—)N7/ 92dx+ﬂnN7/ 62 dz
9 0

+N8(—K+511(I2(+%)>/0 dx+2—11Ng/ wxdx

1 1
+—Ng/ zQ(x,l,t)dx—f—QlNg/ gofdx—NgFg(t)
2811 0 0

1 1
1
——Ng/ z2(x,1,t)dx+—N9/ Y2 (x,t) da
0 27 0

Direct computations and the use of (3.2), (3.6), (3.10), (3.13), (3.16), (3.19), (3.22),
(3.28), and (3.33) give

(3.38) E’(t)<< 5N+c1( )+cN2+c(1+ )N7)/01q2dx
N
2

—N( —%)/Olgofdm—]\f(g—%)/Ole(x,l,t)dx

N 11 1 !
. ( 103 —CN2(1+_ + _) —CN4 —C(1+—>N7>/ 92d$
Eo €3 €9 0

+ <€1N1 — NQ% + 0oN4 + ¢N5 + %Ng
1 1 oy
+C<1+—)N7+91N8+—N9) Yy do
s 2T 0
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+ (eQN2 +eNs + k—:N4 4 1kNs + kNg — (g _ asgm)m)

1
X/ (P + lw + ) da
0

b21? k
A —N; + Q—Ng — kNg

+ e ( uQC / 1/)2 dx

lo 1
+ <—91N3 - —1N5 + 01 Ns + 68N7) / wf dx
0

b
+ (€3N2 + ¢N3 + §N4 +

2

+ (k0N3 - (lk;o _ 4”—616 _ 4_57>N5 — koNg + 59N7)

1
X wy — lp)?
0

1
ﬂ]\73-|—€7M2]\75-|- H2 Ng——Ng)/ Z2($,1,t)d$
0

+
€5 2 2T

1
+ €5u2+54M1)N3/ ©? da
0

(
(
((1 - —>N3 — (lor + 61 )Ns + 2 5 = Ne — 91N8> /01 ; da
(

+ ( /€+€11< +%))Ns)/01%2¢dx
+(b2ﬂ /9 da — NoFolt).

At this point, we have to choose our constants very carefully. First, we choose ¢;,
i=1,...,10, small enough such that

€1 < N (N27 + 02Ny + cN5 + 5 Ns)

After that, we can choose N large enough such that
1 1
Nz (a(t+-) +cN2+c<1+ )N7)
B €1
Moreover, we pick Ng large enough so that

2 M2 C1
—N. N5+ —Ng— —Ng <0
Aes 3+ erpaNs + S 8 50V

and
Ny

\\/

C
-+ ( N3 +e7paNs + —Ns)
Az 2
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and we take £11 small enough such that

k rk  poc\—1
< — .
S (2 2 )

Next, let N5 be large enough such that

Nso3k
4

> N, (793 + 2y 25)).
2e,

Consequently, there exists a positive constant 7; such that (3.37) becomes

d 1
(3.39) LB < -m /0 (U7 + 03 + 97 + (v +lw+9)* +6° + ¢ da
1 1
_771/ / 22(.13, Q7t)dgdx7
0o Jo
which implies by (3.1) that there exists also 72, such that
d
(3.40) &ﬁ(t) < —meE({t) Vt=0.

Consequently, there exists a positive constant 7, such that (3.38) becomes

d 1
(3.41) L0 < —m/ (W7 + 97+ ¢t + (oo +lw+9) + 0%+ ¢%) do
0

1 1
_771/ / 2:2(1[,', Q,t)dgdl‘,
0 Jo

which implies by (3.1) that there exists also 72, such that

d
(3.42) &E(t) < —meE(t) Vt>=0.
Moreover, we have the following lemma. O

Lemma 13. For N large enough, there exist two positive constants 31 and [
depending on N;, i =1,...,9, and ¢;, i =1,...,11, such that

(3.43) B1E() < L(t) < fE(t) Vit =0.
Proof. We consider the functional
i=9
H(t) = N;Fi(t)
i=1

and show that
|H(t)| < CEt), C>0.
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From (3.3), (3.6), (3.9), (3.12), (3.15), (3.18), (3.21), (3.27) and (3.32) we obtain

Q3 / / y)dy dz

+ N3|o /(sosot+wwt)dx

1 x
- 20 edx/ Guly) dy d
Y

gg//wz/)ttxdx

1 1
+ Ny —gl/ sm(wz—zmdx—gl/ wilpe + 9+ lw) do
0 0

|H(t)| < N, + N,

+ Ny

1 x 1 x
+ No —glj(wm—m/ m(y)dydx—gl/ sot/ (s + 1 + lw) dy da
0 0 0 0

1
b
+ Nr7lo / (sﬁz-ﬂb—i—lw)dx—k% gathdx

0
1 11
/ lewtdwr—l/ ©* dz +N9/ / e 27023 (z, 0,t) dodu.
0 2 Jo o Jo
Using the trivial relation

+ N

oo

1 1 1
/ (¢ +lw)*dx < 20/ (0o + lw + 1)? dx—l—ZC/ Y2 du,
0 0 0

and Young’s and Poincaré’s inequalities, we get

1 1 1 1 1
(3.44) |H(t)] Soq/ @fdx—l—ag/ wfdx—i—ozg/ wt2—|—a4/ %254‘045/ 62 dz
0 0 0 0 0

1 1
+a6/ q2dx+a7/ ((gpm—i—lw—l—w)Q—i—(wm —lg0)2)d:c
0 0

1 .1
—l—/ / zQ(m,g,t) dodz,
o Jo

where the positive constants aq, ..., ag are determined as
1 1
Qg = §(N301 + Nso1), a2 2<N492+N29293)
1 bo1 1 0203
~(Ns01 + N, =20 = —(N : )
a3 2( 301 + Neo1), au ok W 5 103 +
1 1
ag 1= §(N1Q3 + Ns1003), a7 = §(N7Q2 +301).
According to (3.44), we have
] ] maX{O[1,O[2,Oé3,Oé47Oé5,OéG}

H)| <CE(t) for C = — .
| ( )l ( ) mln{gla Q2793;k7ba H77a57 7—0}

Therefore we obtain |£(t) — NE(t)| < CE(t). So, we can choose N large enough so
that 51 = N —C > 0. Then (3.43) holds true for 5, = N +C > 0 and this concludes
the proof of Lemma 13. (]
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Combining now (3.42) and (3.43), we conclude that there exists some A > 0 such
that

(3.45) %E(t) < —AL() Vt=0.

A simple integration of (3.45) leads to
(3.46) L(t) < LO0)e ™™ Vi>0.

Again, the use of (3.43) and (3.46) yields the desired result (3.35). This completes
the proof of Theorem 2. O

Remark 1. At the end of these studies, we remark that one can propose a more
interesting subject which is to consider the case of different wave speeds and analyze
the decay rate. The major question will be: Does the system decay exponentially?
If not, what is the expected decay? And how about its rate of decay? This subject
may be our next work.

Acknowledgement. The authors wish to thank deeply the anonymous ref-
eree for his/her useful remarks and his/her careful reading of the proofs presented
in this paper.
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