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ON THE ZEROS OF SOME SPECIAL
FUNCTIONS: DIFFERENTIAL EQUATIONS
AND NICHOLSON-TYPE FORMULAS

M. E. MULDOON
Department of Mathematics, York University
North York, Ontario M3J 1P3, Canada

1. Introduction. There are many results in the literature on special
functions concerning the way in which a zero of a function changes with respect to
one of the parameters on which the function depends. Methods based on differential
equations, in particular Sturmian methods, are often useful in these discussions.
Other methods are related to integral representations for the functions and seem to
be provable, though not easily discoverable, by differential equations methods.
Among these are methods based on Nicholson’s formula [13, p.444]

(1) Z(z) + ¥(2) = :g Io K,(2z sinh t) cosh 2ut dt , Re z > 0 ,

and a companion formula
]

4 t

(2) 3,(2)0 ¥ (2)/0v - Y, (2) 03 (2)/0v = - 3 . By(2z sinh t)e 2" dt , Re z > 0 ,

from which it follows [13, p.508] that
]

t

(3) de/dv = 2c | Kp(2c sinh t)e 2% at .
0

Here Ju and Yv are the usual Bessel functions, Ko is the modified Bessel

function and, in (3), c¢ = c(v,k,a) is an x-zero of the linear combination

Cv(x) = cos a Ju(x) - 8in a Yu(x) .

Formula (1) was used by L. Lorch and P. Szego [39] to show some remarkable
sign-regularity properties of the higher k-differences of the sequence {c(v,k,a)}

in the case |v| 2 % . Beyond its obvious use to show that ¢ increases with v ,

(3) has been used to get further information about these zeros; see [10,11] for
references. A. Elbert has used (3) to show that juk(=c(u,k,0)) is a concave

function on v on (-k,») . Elbert and A. Laforgia have used (8) in several recent
papers. They proved, for example, that jﬁk is a convex function of v on (0,%)

3

[6] and they have shown recently (personal communication) that d ,jvk/dy3 >0,

O<vco,

2. Other Nicholson-type formulas. The usefulness of (1), (2) and (3) suggests
the desirability of having similar formulas for other special functions. L. Durand
[3,4] has given results analogous to (1) for some of the classical orthogonal

polynomials. The simplest of these, for Hermite functions, is [3, p.371]
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@ e—xz[Hi(x) + () = ___—ZMIF,(‘“” joe'(z"*l)" + xPtanh t oo ¢ ginn £)7V/2 gt
Durand does not use differential equations but points out [3, p.355] that, once the
results are known, they can be checked by differential equations methods. In fact
J.E. Wilkins, Jr. [14] (see also [12, pp.340-341)) proved (1) by showing that both
sides satisfy the same third order differential equation and have the same
asymptotic behaviour as z + +» . I [10] did the same for equation (2) using a
third-order nonhomogeneous equation.

More recently, I have tried to discover whether there is a natural way in which
these formulas arise in a differential equations setting. I present such a setting
here for Bessel functions but it is not clear to me yet whether the method applies
to a general situation of which the Bessel function case would be a particular
example. It turns out to be convenient to consider the more general formulas
[2,7,13]

4 . -
() 3,3,(2) + Y@@ = 2y [ K, (22 sivh 01U U o uymar

(6) I1,(2)3, (DY, ()Y, (2) = %5 IOKIHU(ZZ sinh t) (¥ toog yr 4 & (K tooq ymlat,
n

4 . L (o)t
) J“(z)Yu(z) - Jv(z)Y“(z) = ;2 sin(u-v)=® IO Ku_“(Zz sinh t)e (rr)t g

8) I (2, (2)-3,(D)Y,(2) = % Io K,,,(22 sinh ) e M1 um - e H W tgin umdt.

These are all valid for Re z > 0 with |[Re(u + ¥)| <1 in (6) and (8) and
|Re(v — )] <1 in (5) and (7).

Clearly (1) is got from (5) by setting u = v while, as pointed out in [2],
(2) (and hence (3)) is got from (7) by dividing by u - v and letting u - v .
Dixon and Ferrar [2, p.142] find an analogue of (2) based on a similar treatment of
(8).

The corresponding analogue of (3) is
@
dc/dv = —-(2c/n) I KZU(ZC sinh t)[2t sin vx - w cos vr]ldt , ¢ >0, |v| < % ,
0

but this is both more complicated and has a smaller range of validify then (3).

3. A differential equations proof of (6). The proofs of (5), (7) and (8) are

quite similar to that which we will give for (6). We may clearly suppose that u
and v are real and that z is real and positive and we write z = e? g0 that (6)

becomes

9) J“(ev)Ju(es) + Y“(eo)Yv(ea)

= ﬂﬁ IO Ku+p(2°e’i“h t)[e(l‘._u)tcos vr + e-(“_u)tcos uxldt .
x



157

The functions Ju(ee) , Yu(ea) satisfy (13, p.99]
dzy/dﬂz + (eZO _ u2)y -0
so that the left-hand side of (9) is a solution of (13, p.146]
= 2 _ 22yl _ 2 20 -
(10) Lyu = (Do b )(DO a“)u + 4de (Da + 1)(DD +2)u=0
where a = u+v ,b=pu-v . There is a standard method [1; 8, Ch. 8] for finding

an integral representation

(11) u(e) = f k(8,t) v(t) dt

a

for a solution of (10). We try to find a linear differential operator
m
k
M = Z (t) D
t " 2o M t
and a function «(6,t) such that
(12) Ly k(8,t) = M, x(6,t) .

We then determine v(t) as a solution of ﬁt v = 0 where ﬂt is the adjoint of

Mt , i.e.
n
= _ _k ok
M v= kio (-1) Dt[-k(t)v] .
Then (11) is a solution of Le u =0 provided a and B are chosen so that
m k-1 _a1v1B
(13) [z z (- @ @ Kt 1)] =0.
k=1 £=0 «

(The differentiations in (13) are with réspect to t .) Most of the standard
applications of the method are to second order equations and with x = k and its
success depends on being able to solve the equatién Ht v =0 . In the present

case, if we choose

(1) k(0,t) = K (2 sinh t)

we have the convenient "factorization"

(1s) Lo k(8,) = 0F - 8)(0% - &%) K(o,t)

which is 6f the form (12) with
_ 2 2 8 . _ .20 . .2 8 .

x(8,t) = (Da - a%) Ka(2e sinh t) = 4e“ sinh“t Ka(Ze sinh t)

2 2

and Mt = ﬁt = nt - b” . Thus we get v(t) = © e(“—")t +cy e_(“_")t and it is

easily shown that (13) holds if we choose a =0, 8 =® , To determine ¢ and

c, We use [13, Ch.7]

3,00 3,00 + ¥, (0 ¥, = 32 coslP 4 n_l,z(pz—uz) sin¥T 4 o3y | xa e,

and, using (12, Ch.9] ,
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I K_(2x sinh t)eAt dt -1
0o ®

2o 0xd) , ke

= L X + aAn X
4 cos(ma/2) 8 sin(na/2)
Then, by comparing coefficients, we get € =cos v, c, = Ccos um 8O (9), and

hence (6), is proved.

The key to the success of the method in the present case is the factorization
(15) arising from the choice (14) for the kernel k(8,t) . The choice of a function
of the form f(Zee sinh t) may be motivated by the fact that for a polynomial P
we have P(DD) f(Zeo sinh t) = P(tanh t Dt) f(2e8 sinh t) . We see from (10) that

La f(2eo sinh t) can be expected to take on a relatively simple form if we choose

f to satisfy
(Dg - 32) f(2eo sinh t) = 4e20 sinhzt f(2ee sinh t)

But this is the modified Bessel equation satisfied by f = xa .

4. Another Nicholson-type formula. Here we give a differential equations

proof of
2 -4 rw v ; . v
(16) Ju(x) + Yﬁ(x) = ;—2- oY (4x) IO Ku(2x sinh t)(cosh t) (sinh t)~ dt

o«
4 rw xY 2 v1/2 v 1
= (%) K (xu)(u® + 4) uw du,x>0,v>-
:2 2wy ‘2 '[0 v ’ ’ 3
the special case n = 0 of [3, p.368, (42)]). It is convenient to write this

formula in the form
L]

an e + 2o = Io k (xt) (¢%2 4 4y (a+8)/(2a48) (/271 44y 0 a>0

where we have adopted an ad hoc notation for the generalized Airy functions:
J_, y_  are appropriately normalized solutions of

- § [+ 3
(18) v +xy =0
where a = -2 —1/v , while ka is a suitable solution vanishing at +e of
(19) v -x=0.
In the special case a =1 (v = -1/3) , (17) becomes ‘
o«
1/6 _
MiE(x) + Bi(ox) = BB T [ V23 4 4)75/6 pi(xe) at , x>0 .

Jx r(1/6) 0
In order to prove (17) we note that, using (18) and [13, p.145] its left-hand side
satisfies ‘

3 a a1, _
Lxul(nx+4x Dx+2ax Ju=0
and, using (19), we find that
- a-1
Lx ka(xt) = "t x ka(xt)

where
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ta+3 at2 +

M, = ( + tlt)[)t + a(t 2)
and
B, = -t v atp, + (2a - 4 - 3%
Now ﬁt v = 0 has the general solution
v(t) = cta/z—l (tu+2 + 4)-(a+4)/(2a+4) .

We note that the condition (13) is also satisfied with a = 0, 8 = » leading to
(17) apart from a constant factor. To evaluate the constant we return to the form
(16) and use

;r_’2(+0(x—2) y X - ®

"

oo + o
and, using [12, Ch.7],

g I l(u(lr(u)(u2 + 4)"_1/2 W au = % 2"—1 ar(2v)/r(v) + O(x-z) , K 4@,
0

5. Zeros of generalized Airy functions. M.S.P. Eastham (private
communication) raised the question of showing that the smallest positive zero Xy

of a solution of (18), satisfying y(0) = 0 , decreases as a increases,

0 <a<» . This, and more, has been proved by A. Laforgia and the author (to be
published) using results (due to Elbert and Laforgia) based on (3) and the
well-known connection between (18) and the Bessel equation. It would be nice to
show this using (18) directly. The Sturm comparison theorem is not applicable in
any obvious way because x* is not lont;tonically increasing in a for each x in
an interval (0,b) , b > 1 . This raises the question of whether one can find an
analogue of (3) (other than the awkward formula got by transforming (3) itself) for
dx c/da . What we need in effect is a result that bears the same relation to (17) as

(3) does to (1). One way to approach this problem would be to find an integral

representation for ‘ja yp -J 5 Yo which satisfies a known fourth order differential

equation.
A perhaps more tractable problem would be to find the appropriate
generalization of (4) for

2
e [H,(x) G,(x) - @,(x) H,(0] .

This would give, in particular, a formula for the derivative with respect to A of

a zero of a Hermite function.
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