EQUADIFF 6

Bernold Fiedler; Pavol Brunovsky

Connections in scalar reaction diffusion equations with Neumann boundary
conditions

In: Jaromir Vosmansky and Milo§ Zlamal (eds.): Equadiff 6, Proceedings of the International
Conference on Differential Equations and Their Applications held in Brno, Czechoslovakia,
Aug. 26 - 30, 1985. J. E. Purkyn€ University, Department of Mathematics, Brno, 1986.

pp. [123]--128.

Persistent URL: http://dml.cz/dmlcz/700186

Terms of use:

© Masaryk University, 1986

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access
to digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/700186
http://project.dml.cz

CONNECTIONS IN SCALAR REACTION
DIFFUSION EQUATIONS
WITH NEUMANN BOUNDARY CONDITIONS

B. FIEDLER and P. BRUNOVSKY

Universitat Heidelberg, Inst. of Applied Mathematics

Inst. of Applied Mathematics Comenius University,
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We consider the flow of a one-dimensional reaction diffusion
equation

uo T ou ot “£(u) (1)

on the interval x € (0,1) with Neumann boundary conditions
ux(t,O) = ux(t,l) = 0. (2)
Given two stationary solutions v, w of (1),(2) (i. e. solutions of
v" + f£(v) = 0, Vv(0) = V(1) =0 ) (3)

we say that v connects to w if there exists a solution u(t,x) of (1),
(2) for t € (- =,«) such that
lim u(t,.) = v, 1lim u(t,.) = w. (4)
t>—- t>oo

For ordinary differential equations trajectories connecting sta-
tionary points have been studied in the context of shock waves [3,10]
and travelling waves [10]. For(l),(2) the principal motivation for
studying connections is somewhat different. As argued by Hale [4] the
flow on the maximal compact invariant set A displays the essential qua-
litative features of the flow of (1),(2). Since (1),(2) is a gradient
system, under mild growth conditions on f at infinity A consists of
stationary solutions and connecting trajectories. Therefore, determi-
ning all stationary solutions and their connecting trajectories, we
know the essential part of the flow.

For special classes of nonlinearities the problem of identification
of pairs of stationary solutions admitting connections has been studied
by Conley and Smoller [2, 10] and Henry [5, 6] who solved the problem
completely for f satisfying £(0) = O and being qualitatively cubic-like.
In [1] we have given an almost complete answer to the following question
concerning equation (1) with Dirichlet boundarv conditions for general
f:



(Q)Given a stationary solution v, which stationary solutions does it
connect to?

Similarly as in [1], to distinguish the w’s to which v connects
we introduce a scalar characteristics of the comnlexity of stationarv
solutions. However, while in [1] this is the maximal number of sign
changes (called zero number, z), in our case its role will be nlaved
bv the lap number 1 introduce by Matano [7]. For a given function v on
[0, 1] 1(v) is, by definition, the minimal number of intervals I into
which [0, 1] can be nartitioned so that v is strictly monotone on each
Ij and 1(v) = 0 for v constant.

For v stationary we define the instability (Morse) index i(v) as

the number of negative eigenvalues of the problem

y" + fC(v(x))+r) v =0 (5)
y (0) = y'(1) = 0. (6)

Bv a Sturm-Liouville semaration of zeros argument one obtains for vzcnst
1(v) < i(v) < 1(v) +1. (7)

The stationary solution v is called hyperbolic if A = 0 is not an eigen-

value of the problem (5),(6).

Given v hyperbolic, for 0 < k < 1(v) we denote by Gk(gk) the sta-
tionary solution Vv (y) satisfving 1(¥) = k with smallest ¥(0)> max
Range v ( l(x) = k with largest X(O) ¢ Range v, resnectively). By q(v)
we denote the set of stationary solutions which v connects to. The
following theorem is an almost complete answer to (Q):

Theorem. Let f be C2 and let

Tim f(s)/s < 0 (8)
|s|»e

Let v be a hyperbolic solution of (3).

(i) If v is constant or i(v) = 1(v) then

V) = {7y, ¥ 0 <k < 1(v))

(ii) If v(0) = max v # min v and i(v) = 1(v) + 1 then
Q(v) = Ql ] ;’22 v 93,
where
Q= {vk: 0 <k <i(w)},
2y, = {y: 0<k<i(v) - 1}
and either
93 = {gk: k = i(v) - 1}

or 93 consists of one or several stationary solutions w with Range w c¢
Range v and i(w) < i(v).



Note that from [7] it follows that there are no other cases
possible excent of (i) - (ii ).

The proof of this theorem proceeds along the lines of the proof of
the analogous theorem of [!] for the Dirichlet case. Therefore, the de-

tails of its outline given below can easilv be completed from [1].

To establish connections we focus on the case £(0) =0, v 0 here
for simplicity. Let the zero number z(u(t,.)) denote the number of sign
changes of x = u(t,x), 0<x<1 - cf. [1]. Then z(u(t,.)) is decreasing

with t [7, 8] and we may define the dropping times

tk = inf {t 2 0: Z(U(ti)) < k} £ =

and

1, = tanh t, € [0, 1].
Note that t, <t _, < ... <ty . If ¢ <t _,, the sign

gy = sign u(t,0), tk < t < tk-l
is independent of t. We collect all this information in the map
y :(yo, ceer Yy ...) where
- _ 1/2
Yo = %t T )
1/2

D T
Taking n = i(v) - 1 and a small sphere zn around v in the unstable mani-

fold wi(v) ,

turns out to be a continuous and essential manninc into the standard n-
sohere s™. 1In nmarticular, y is surjective. Therefore, for any 0 < k <«
ilv) , o € {-1, 1} there exists a u, € wY(v) such that y(uo) = ol where
denotes the k-th unit vector. Hence the trajectory u(t) through U

e
k
connects v to a stationary w with
z( w=-v) = k and sign (w(0) - v(0) = ¢ .
The fact that w = Vi for 0 =1 and w = Vi for o = -1 (the latter in
case (i) follows from the following two lemmas:

Lemma 1. The stationary solution v does not connect to w if there is a

w stationary with w(0) between v(0) and w(0) such that

z(v - w) <z(w - w).
Lemma 2. For stationary solutions v, w
1(v) 21 if Range w ¢ Range Vv
z(v - w) = { (9)

0 if Range v n Range w = §

Note that up to interchange of v and w all possible cases are taken




care of in Lemma 2.

The proofs of these lemmas can easily be obtained by adanting
those of the corresmonding lemmas from [1]. The first one is based on
the maximum princinle, the second employs the nhase plane portraits of
(v, vi)and(w, w’x one notes that between two successive local extrema
of v there is oprecisely one intersection point of v and w in case
Range w C Range v.

Concluding we note that ;k and y, can easily be identified from

the global bifurcation diagram of the parametric equation

2
u, o= u . +a f(u)

as given e. g. in [9]. Also, we note that by further analysis we can

identify the members of @, more precisely.

3
Figure 1 illustrates the Theorem for a particular f. Points on one

curve represent stationary solutions with the same lap number which
increases from curve to curve by one from left to right starting with
1 = 1, Case (i) applies to v in the left part of Figure 1 with 1(v)-=0,
i(v) = 3. case(ii) amnlies to v in the riaght part of Figure 1. In this
case 1(v) = 8, i(v) = 9 , Vg ¢ 93 and all candidates for 93 not exclu-
ded by (ii) are marked by "?". By further analvsis we are able to show
that connections do exist to those solutions'marked by "!" and do not

exist to those solutions marked by "x
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