
WSGP 22

Jarolím Bureš; Jiří Vanžura
Multisymplectic forms of degree three in dimension seven

In: Jarolím Bureš (ed.): Proceedings of the 22nd Winter School "Geometry and Physics". Circolo
Matematico di Palermo, Palermo, 2003. Rendiconti del Circolo Matematico di Palermo, Serie II,
Supplemento No. 71. pp. [73]--91.

Persistent URL: http://dml.cz/dmlcz/701707

Terms of use:
© Circolo Matematico di Palermo, 2003

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz

http://dml.cz/dmlcz/701707
http://project.dml.cz


RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO 
Serie II, Suppl. 71 (2003), pp. 73-91 

MULTISYMPLECTIC FORMS 

OF DEGREE THREE IN DIMENSION SEVEN 

JAROLIM BURES, JIRI VANZURA 

ABSTRACT . The group Gl(n) operates naturally on the space A3Rn* of 3-forms on Rn. 
We say that two 3-forms are of the same algebraic type if they belong to the same 
orbit. Multisymplectic 3-structure on an n-dimensional manifold M is given by a 
closed smooth 3-form LJ of maximal rank on M which is of the same algebraic type at 
each point of M. This means that for each point x € M the form ux is isomorphic with 
a chosen canonical 3-form on Rn. From the geometric point of view multisymplectic 
structure is a G-structure on M, where G C Gl(n) is the isotropy group at the canonical 
3-form. In the paper we use the classification of 3-forms in dimension 7 (see [W], [D]), 
and we describe the isotropy groups of the individual canonical forms. The study of 
related geometric structures will be postponed to subsequent papers. 

1. ALGEBRAIC PROPERTIES OF 3-FORMS ON A REAL VECTOR SPACE 

Let V be an n-dimensional vector space over the field R. The general linear group 
Gl(V) has natural action on V, and the induced natural actions on V* and on the 
spaces AfcV, AkV* for any k. 

(<pu)(X) = uj(<pX) for every <p e Gl(V), LJ G AkV*, X e AkV. 

We shall say that two k-forms are of the same algebraic type if they lie in the same 
orbit under the action of Gl(V). In every orbit we can choose a fc-form which will 
be called canonical. Instead of the notation <puj we shall use the more common 
notation <p*uj. 

Let us consider now a 3-form LJ € A3V*. There is a set of invariants of the form 
LJ under the induced action of Gl(n) on A3V*. 
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1. Rank of u, denoted by P(UJ). It is defined as the minimal dimension of the 
subspaces W C V* such that UJ G A3 TV. 

2. Irreducible length of a;, denoted by 1(UJ). It is the minimal number of decom
posable summands in all possible representations of UJ (number of summands in the 
shortest representation of UJ) . 

3. The numbers m(uj) and r(u) defined in the following way. Let 0 7-= w G V and 
let W be a complement of [w] in V. Then for 0 G V* satisfying 6(w) = 1,0(W) = 0 
we have a decomposition 

A3V* = (0AA2KV*)0A3KV*, 

and for any UJ G A3V* there are uniquely defined elements 71 G A2IV*,72 G A3W* 
with 

UJ = 0 A71 + 72. 

Let us denote by D(UJ) the set of all 71 arising in this way, and similarly by E(UJ) 
the set of all 72. We define 

m(u) = min{Z(7i);7i G D(UJ)}, 

r(<p) = min{/(72);72 G E(UJ)}. 

The quadruple of numbers 

p(uj) = (p((^),Z(a;),m(a;),r(u;)) 

enables to distinguish among the orbits of Gl(V) in A3V*. It is constant on each 
orbit, and to two different orbits correspond two different quadruples. 

We are interested in 3-forms of maximal rank on V, i. e. in the 3-forms UJ satisfying 
p(uj) = dimV. Such forms are usually called multisymplectic forms. It is well known 
that a form UJ is multisymplectic if and only if the map 

V->A2V*, v*->i(v)uj = uj(vrr) 

is injective. 

1. Remark. For each dimension n < 8 there is only a finite number of types, 
for each dimension n > 9 there is always an infinite number of types. The first 
interesting nontrivial case appears for n = 6, where the 3-forms of maximal rank 
under the action of Gl(V) have three orbits. Two of them are open in A3V*, the 
third one has codimension 1. Open orbits exist also for n = 7 and 8. This fenomenon 
cannot occur if= n > 9. This can be easily deduced by comparing dimensions n2 of 
Gl(V) and Q) of A3V*. We shall restrict now to the case of dimension 7. 

2. CLASSIFICATION OF 3-FORMS OF MAXIMAL RANK 7 

We fix a basis e i , . . . , e-j of V and we denote the dual basis of V* by <-*i, • • •, #7-
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2. Lemma. There is the following classification of 3-forms UJ of maximal rank 
p(uj) = 7 in the 7-dimensional space V with respect to the action of the group Gl(V). 

Type 1. p(uJ\) = (7 ,3 ,1 ,1) . Representative of the orbit is 

UJI = a i A a2 A a7 + a i A a3 A a4 + a2 A as A a6-

Type 2. p(uJ2) = (7 ,3 ,1 ,2) . Representative of the orbit is 

OJ2 = a i A a 2 A a 5 + a i A a 2 A a 7 + a i A a 4 A a 7 — a 2 A a 3 A a 7 + a 3 A a 4 A a 6 + a 3 A a 4 A a 7 . 

Type 3. p(uJ3) = (7 ,3 ,1 ,0) . Representative of the orbit is 

UJZ = a\ A (a2 A a 7 — a 3 A a 6 + a4 A a5). 

Type 4. p(uJ4) = (7 ,4 ,1 ,1) . Representative of the orbit is 

UJ4 = a i A (a2 A a7 — a3 A a6 + a4 A a5) + a2 A a4 A a6-

Type 5. p(uJ^) = (7 ,4 ,2 ,2) . Representative of the orbit is 

CJ5 = a i A a2 A a3 — a i A a4 A as + a i A a 6 A a7 

+ a 2 A a4 A a6 + a2 A as A a7 + a3 A a4 A 07 — a3 A as A a6. 

Type 6. p(uJ6) = (7 ,4 ,1 ,2) . Representative of the orbit is 

a;6 = a i A a2 A a7 - a i A a3 A a6 + a i A a4 A as + a2 A a3 A a5 + a2 A a4 A a 6 . 

Type 7. P(UJT) = (7 ,4 ,2 ,3) . Representative of the orbit is 

UJ-J = a i A a 2 A a 5 + a i A a 3 A a 6 + a i A a 4 A a 7 + a 2 A a 3 A a 7 —a2Aa4Aa6+a3Aa4Aa5 . 

Type 8. p(uJs) = (7 ,5 ,3 ,3) . Representative of the orbit is 

a>8 = « i A a2 A a3 + a i A a4 A as — a i A a6 A a7 + a2 A a4 A a6 + a2 A as A a7 

+ a 3 A a4 A a7 — a3 A as A a6. 

3. Remark. Let Vc be the complexification of V, and let UJC denote the complex-
ification of UJ. Then the following couples belong to the same orbit with respect to 
the action of the complex linear group Gl(Vc): 

UJC and UQ \ UJC and UJC, UJC and UJC. 
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3 . FURTHER INVARIANTS 

We would like to find further invariants of the orbits of the forms Ui, i = 1 , . . . , 8 
with respect to the action of Gl(V). With any 3-form u we associate the subsets 
Ak(u)cV, Jfc = 2,3 

Ak(u) = {v e V; (i(v)u)Ak = 0}. 

Instead of Ak(uj) we shall use the notation A*. We introduce also a symmetric 
bilinear form on V with values in A7V* 

b(v, w) = i(v)u A i(w)u A u. 

This means that b determines a conformal class of scalar bilinear forms, and simul
taneously the corresponding conformal class of quadratic forms. A representative 
of the first class we shall denote by B, and the corresponding representative of the 
second class we denote by Q. As an invariant of a conformal class of bilinear forms 
we get the common kernel of its elements. 

For a 3-form u we introduce its group of automorphisms 

0(u) = {(pe Aut(V); ip*u = u}. 

It is obvious that 0(u) is the isotropy group of the action of Gl(V) on A3V* at the 
point u. Instead of 0(ui) we write Oi. One of the main aims of this paper is the 
determination of these groups. 

4. FURTHER STUDY OF TYPES. 

Let us start to study further properties of the individual types from the above list 
of forms. If v, w £ V we write v = c\e\ H h c7e7, w = d\e\ H h 6.767. 

Type 1. The form u\. 

We have 
Al = V3

aUV3\ Al = V6
aUV6

b, 

where 
F3

a = [e3, e4, e7], V3
6 = [e5, e6, e7] 

and 
Vt = [ei, e3, e4, e5, e6, e7], V$ = [e2, e3, e4, e5, e6, e7]. 

Further invariant subspaces of V are V\ = Vg D V3
6, V5 = Vg D V$. Moreover, we 

have the quotients 

W2 = V/V5, W: = V/V3
a, Wl = V/V3

b, W6 = V/Vu 

and 

za = v6
a/v5, z\ = vb/v5, z« = vy/vi, zb = vb/vu 

% = v5/v
b, z\ = v5/v3

a, z4 = KM. 
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We have obviously W2 = Z a © Z\ and Z4 = Z%® Z\. We get also 

(L(V)(JJI) A (t(w)oJi) Au\ = 3(c\d2 + c2di)ai A • • • A a7. 

The scalar form B(v,w) = C\d2 + c2di induces a regular form of signature (1,1) on 
W2. We denote it by B2. In fact, we obtain on W2 a conformal structure of signature 

Obviously, for every ip £ Oi we have either y?V3° = V3
a and <£V3 = V3

6 or <DV3
a = 

V3
=6 and </?V3 = V3

a. We define a homomorphism 

sg : Oi -> Z2 

in the following way 

sgip = 1 if <pV3
a = V3

a a n d <pV3
b = V3

6, 

s g v = - l if(^V3
a = V3

6and^V3
b = V3

a. 

We obtain easily a split short exact sequence 

0 -> 0+ -> Oi -5 Z2 -> 0, 

where O "̂ = ker sg. 
It is also obvious that every automorphism (p G Oi induces an automorphism 

<p e GL(ZA), and that <£(Z° © Z\) = Z° © Z£. We can easily prove that 

(pZl = Z a and (pZ\ = Z\ iff sgy? = 1, 

<£Za = z£ and <.3Z2
6 = Z a iff sgy? = - 1 . 

This means that we can define a homomorphism 

i/: Oi" -> GL(Z^) © GL(Z\), vy = (p. 

It can be proved that this homomorphism is an epimorphism, and we obtain a split 
short exact sequence 

0 -> K -> Of (wi) -̂ > GL(Za) © GL(Z2
b) -> 0, 

where K = ker v. 
It is not difficult to see that the mapping v »-> (t(v)cji)|V5 induces a homomor

phism VV2 —> A2Z|. The image of this homomorphism is the subspace A2Z2*©A2Z2*. 
Consequently, we get an isomorphism 

/c:W2-*A2Za*©A2Z2
6* 

with KZ\ = A2Za* and KZ\ = A2Z\\ 
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Similarly, the mapping v i-> L(V)U>I induces an isomorphism 

A:V i -+A 2 tV 2 *. 

Let us consider again (p G Of. We denote <p the automorphism induced on W2 

by (p. An easy computation shows that 

K((£W) = -—zKW, for every w G IV2-
detip 

This formula implies that 

<pZ\ = Zl, $z\ = z\. 

Similar result we get for the isomorphism A. 

\Upv) = - — - \ v for every v G V\. 
det(f> 

We are now going to investigate the subgroup K. It is obvious that an element 
y> G K has the form 

<f>el = <f°llel + V?12e2 + <f> 13e3 + </?14e4 + </>15e5 + <fl6e6 + <f>17e7 

<pe2 = c/?2iei + <p22e2 + ip2&z + (p^e^ + ^5^5 + <p26ee + Vii^i 

(Pe3 = e3 + </?37e7 

tpe± = e4 + v?47e7 

<pe5 = e5 + <f57e7 

</>e6 = e6 + <f?67e7 

(/?e7 = <f̂ 77e7 

and the previous considerations show that 

</>ll = 1, <P12 = 0, (p2l = 0, <f>22 = 1, <f>77 = 1-

Considering the equality ip*u>i = u>i, we find that an automorphism tp of the above 
form belongs to Oi if and only if 

<P37 = </>24, <f°47 = -</>23, <D57 = -<Pl6, <f°67 = <f>15-

Let us consider a mapping 

vi:K-* Z%, i/ifoO = [(</> - id)ci], 

where [ ] denotes the class of the corresponding element from V5 in the quotient Z%. 
Similarly we define a mapping 

«* : # -> ŽJ, i*fo>) = [(V - td)ea]. 
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Considering now Z2 and Z\ as commutative groups with the addition inherited from 
the vector space structures, we find easily that 

1/1 0 v2 : K - • Z£ © Z£ 

is a surjective homomorphism, i. e. an epimorphism. We get again a split short exact 
sequence 

Q-*L-*K "*-S* Z2
a © Z2

6 = R4 - • 0, 

where L denotes the kernel of i/i©.v2. Finally, it is not difficult to find that L = H©H, 
where H is a Lie group diffeomorphic as a manifold with R3, and with a multiplication 
given by the formula 

(xi, x2 ,z3)(yi, y2, J/3) = (a>i + J/i, x2 + 1/2, -C3 + 2/3 ~ a?i!/2 + -*22/i). 

In other words, H is the Heisenberg group. 
Summarizing, we obtain the following 

4. Proposition. 

Ox = [((H 0 H) x R4) K (c7L(VV2
a) © G L ^ 6 ) ) ] * Z2 

tvz£/i dimOi = 18. 

In the above formula K denotes various semidirect products with respect to the 
splittings in the above split short exact sequences. For the sake of brevity we have 
omitted their description. 

Type 2. The form LJ2> 

Here we have 

Al = {v e V; Ci = c2 = c3 = c4 = 0, c5c6 + c6c7 + c7c5 = 0}, 

A^ = { v € V ; c i c 4 - c 2 c 3 = 0}, 

and 

(L(V)LJ2) A (L(V)UJ2) AU>2 = 6(cidi — C2C/3 — C3CI2 + c±di)cxi A • • • A a7. 

This means that we get a subspace V3 = [e5, e&, e7], and a quotient space JV4 = V/V3. 
On the subspace V3 we shall consider the quadratic form 

Qz(v) = C5C6 + C6C7 + C7C5, 

which is of course determined only up to a multiple. The corresponding bilinear form 
we denote by B$. Q3 has signature (1,2). On V we shall consider the quadratic 
form 

Q(v) = 2(cic4 - c2c3). 
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The corresponding bilinear form we denote by B. It is easy to see that the kernel of 
B is the subspace V3. The bilinear form B induces on VV4 a regular bilinear form B4. 
The corresponding quadratic form we denote by Q4. 

In V3 we shall consider the orthonormal basis f$ = e$ + e6, fe = e$ - e=6, 
h = e>7 — e$ ~ 6̂ satisfying 

-53(/5 ,/5) = l, B3(/6,/6) = - l , B3(f7J7) = -l. 

The mapping v i-> t(v)u;2 induces a monomorphism 

A:V3-»A2KV4*. 

We denote c/i = A(/5), a2 = A(/e), 0*3 = \(ji)* An easy computation shows that 
there are uniquely determined endomorphisms E,F,G € End(W4) such that 

ai(w!,w2) = B4(Ewuw2), 

^2(^1,^2) = B4(Fwuw2), 

^3(^1,^2) = £4(Gwi, w2). 

These endomorphisms satisfy the relations 

E2 = - / , F2 = / , G2 = / , 

EF = -FF7 = G, FG = - G F = - £ , GE = - £ G = F, 

which shows that the associative subalgebra of End(W4) generated by 7, E, F, 
and G is isomorphic to the algebra H of pseudoquaternions. Obviously, W4 is an 
1-dimensional free H-module. 

We now start to investigate the group O2 of automorphisms of the form u>2. Any 
element <p € 02 preserves the subspace V3, and preserves up to a positive multiple 
the quadratic form Q3. Therefore we can define the restriction homomorphisms 

p : 0 2 - • CO(Q3\ W = ^ = V|V3, 

where 

CO(Q3) = {t/> G GL(V3);3c> 0 such that Q3(ipv) = cQ3(v) for all v e V3}. 

Similarly ip £ O2 induces an automorphism <p of W4. It must preserve the form B4 

up to a non-zero multiple (we remind that B4 has signature (2,2)). Consequently, 
we can define a homomorphism 

/ i : 0 2 -* CO(Q4), 

where 

CO(Q4) = {x e GL(W4); 3d 7- 0 such that Q4(xw) = dQ4(w) for all w G W4}. 
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Considering the homomorphism det p : 02 -* R*, we find that this homomorphism 
is an epimorphism. Consequently, we obtain a split short exact sequence 

o->o+-oa
d-VR-->0 | 

where 02 = ker det p. 
Having in mind the short exact sequence 

0 -> 50(1,2) -> 00(1,2) ^ R* -> 0, 

we find easily a split short exact sequence 

0 - K -> 0} A SO(Q3) -> 0, 

where we write simply p instead of p\02, and K = ker p. 
Next, we consider the restriction \i : K —> C0(Q4) of the homomorphism \i 

to the subgroup K. It can be shown, that the image of [i consists precisely of 
automorphisms of the 1-dimensional H-module W4 preserving the bilinear form B4. 
It is easy to see that this image can be identified with the group 

S3 = {AeM;(A,A) = l}, 

where (•,•) denotes the standard product of pseudoquaternions. In this way we 
get a homomorphism /x : K —• 5 3 , and standard considerations show that this 
homomorphism is an epimorphism. Consequently, we obtain a split short exact 
sequence 

0-»L -+KA5 3 ->0 . 

We shall introduce a subspace V4 = [ei,e2,e3,e4]. Obviously, there is a natural 
isomorphism of V4 with W4. Any element <p G L determines an endomorphism 
Dp : V -> V such that D^V* C V3, LVIV3 = 0, and 

<pe\ = ei + .D^ei, <pe2 = e2 + D^e2, <pe3 = e3 + Dipe3, <pe4 = e4 + L)v?e4, 

<£e5 = e 5 , <pe6 = e6, <pe7 = e7. 

It is obvious that the group 

{id + D;De End(V) with DV4 C V3 and D\V3 = 0} 

is commutative. This shows that also the group L is commutative. Considering an 
automorphism <p = id + D, we can easily see that 

^ 2 ( ^ 1 , <pej9 <pek) = u2(eu eJ9 ek) if {i, j , k} n {5,6,7} 7- 0. 

This means that <p = id + D G 0 2 if and only if 

W2{<peu(pej,(pek) = ^(e^e^e*.) = 0 for alH,j,A; G {1,2,3,4}. 
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We can find easily that <p = id + D € 0 2 if and only if the following four equations 
are satisfied. 

a;2(.Dei, e2, e3) + u;2(ei, e2, De3) = 0 

t*;2(ei, -De2, e4) + o;2(ei, e2, De4) = 0 

^2(Dei,e3 ,e4)+(^2(ei,.De3 ,e4) = 0 

v2(De2, e3, e4) + u;2(e2, e3, De4) = 0 

Hence we can conclude that L is a Lie group isomorphic with the Lie group R8. It 
is well known that 5 3 = /Spm(l,2). We thus obtain 

5. Proposition. 

0(u2) = [(R8 K Spin(l, 2)) K 50(1,2)] K R* 

with d im0 2 = 15. 

Again, we have not specified the splittings hidden in the above formula. 

Type 3. The form u3. 

Here we have 
A^ = A^ = [e2, e3, e4, e5, e6, e7] = Ve, 

(L(V)UZ) A (L(W)UZ) A CJ3 = 2c\d\0L\ A • • • A a7. 

We denote also W\ = V/VQ. Because cj3|V6 = 0, we find easily that the correspon
dence U G V H (t(t;)u;3)|V6 induces a monomorphism 

A : Wx -> A2V6*. 

We denote 
a = Aei = a2 A a7 - a 3 A a^ + a4 A a$. 

This is obviously a symplectic form on the subspace V6-
We start now to consider the group 0 3 of automorphisms of the form a;3. Every 

element <p e 0 3 preserves the subspace V$, and we denote (p = <p\V$. It can be 
proved that <p belongs to the conformal symplectic group CSp(cr) = C5p(3,R). 
This means that we can introduce a restriction homomorphism p : 0 3 —> C.Sp(3,R). 
This homomorphism is an epimorphism, and we obtain a split short exact sequence 

0 - + K - > O 3 A C S p ( 3 , R ) - » 0 , 

where K = ker p. It is easy to verify that for every <p G K we have 

<pei = ei + <Di2e2 + • • • + <pi7e7 

Ч = ЄІ for 2 < i < 7. <pe. 

On the other hand every element of this form belongs to K. Moreover, we can 
immediately see that K is isomorphic with R6 considered as a Lie group. Therefore 
we have 
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6. Proposition. 
0 3 = R6ixC5p(3,R) 

tvitfidim03 = 28. 

Type 4. The form CJ4. 

For technical reasons this time we shall renumber our basis in V. We set 

/ i = ei, /2 = e2, /3 = e4, / 4 = e6, h = e7, /6 = ^5, /7 = e3. 

We denote 0 i , . . . , 07 the dual basis to / i , . . . , /?. With respect to this basis we have 

o;4 = 0i A (02 A 05 + 03 A 06 + 04 A 07) + 02 A 03 A 04. 

We find easily that 

A2
4 = [/5, /6, /7] = ^3, A* = [/2, /3 , /4 , /B> /6, M = v6. 

Further we define IVi = V/V6, W4 = V7V3, and Z3 = Ve/V^ Let us notice that the 
restriction of 0J4 onto V6 is the form 002 A 03 A 04. This form obviously induces a 
3-form on the quotient Z3, which will be denoted again by 9. 

We shall now investigate the group O4. It is obvious that any automorphism 
<p G O4 preserves the subspaces V3 and V6. It is also clear that such ip induces an 
automorphism <p G GL(VVi), an automorphism <p G GL(Z3), and an automorphism 
(p G GL{y3). The automorphism (p has the form (p = c^ • id, where c^ G R*. 

We can define first a homomorphism 

/z: O4 —>R*, fi<p = c(p. 

It is easy to see that this homomorphism is an epimorphism, and we get a split short 
exact sequence 

0 - • Ot - • O4 A R* -> 0, 

where O4" = ker /1. 
It is also easy to see that if (p G O4, then <£*0 = 0, which means that <p G SL(Z3) = 

5L(3,R). Consequently, we can define a homomorphism 

1/: O4 —> SL(Z$), vip = (p. 

We shall use only the restriction of v to the subgroup O4", which we denote again 
by v. This restriction is also an epimorphism, and we obtain a split short exact 
sequence 

0-+K->Ot A S L ( 3 , R ) - > 0 , 

where K = ker v. 
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It can be shown that the subgroup K consists precisely of elements with the 
matrix expression 

/ 1 <f°37 - <r̂ 46 V?45 - <f°27 <r°26 ~ <r°35 <f°15 <£l6 V>17 \ 

0 1 0 0 ¥>25 V>26 Ifi27 

0 0 1 0 V35 ¥>36 4>гi 
0 0 0 1 ¥>45 ¥>46 V>47 

0 0 0 0 1 0 0 
0 0 0 0 0 1 0 j U 0 0 0 0 0 1 ) 

<p = 

We shall consider first a homomorphism 

T2:K -> R, T2(p = (p37 - (p46. 

This homomorphism is an epimorphism, and we get a split short exact sequence 

where L2 = kerr2- Next, we define a homomorphism 

T3:L2-> R, r3(p = v?45 - <p27. 

Again this homomorphism is an epimorphism, and we have a split short exact se
quence 

0 - > L 3 • L2 --> R -> 0, 

where L3 = kerr3. Finally, we define a homomorphism 

T4 : L3 —> R, T4(p = ip26 ~ </?35-

This homomorphism is also an epimorphism, and we obtain a split short exact se
quence 

0 -> L4 -+ L3 ^ R -* 0, 

where L4 = kerr4. 
In order to describe the subgroup L4, we consider the restriction homomorphism 

p:L4-+ GL(Vs), p<p = <j> = <D|V6. 

The image of this homomorphism is a commutative subgroup of GHy6) which is 
isomorphic as a Lie group to R6. This time we get a split short exact sequence 

0 -> M -> L4 4 -*6 -> 0, 

where M = ker 0. It is not difficult to see that M is isomorphic as a Lie group to R3. 
Summarizing we obtain 
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7. Proposition. 

0 4 = [((([R3 x R6] tx R) ix R) K R) tx SX(3, R)] K R* 

iv^/i dim04 = 21. 

Type 5. The form U5. 

We have here 

A2 = {0}, A3 = {v e V] -c\ - c\ - c\ + c\ + c\ + c\ + c2
7 = 0}, 

(L(V)U5) A (L(W)GJ<$) A U;5 = 

= (—cidi — c2d2 - C3d3 + C4d4 -f- c^ + cede + c7d7)ai A a2 A a3 A a4 A a 5 A a6 A a7. 

The form CJ5 is well known. It arises in the following way. We recall that the 
algebra Ca of pseudoCayley numbers is defined as the double of the algebra of 
pseudoquaternions. Let (•, •) denote the standard scalar product on the algebra of 
pseudoCayley numbers. We take V = ImCa. Then for any vi,v2,vz € V we have 

Ws(VuV2,Vz) = (viv2)v3). 

It is obvious that Aut(Ca) C O5, where Aut(Ca) denotes the group of automorphisms 
of the algebra of pseudoCayley numbers. In fact, it can be proved that these two 
groups coincide. Moreover, the group Aut(Ca) is isomorphic with the group G2, the 
noncompact dual of the exceptional Lie group G2. Thus, we have 

8. Proposition. O5 = G2 with dimOs = 14. 

Type 6. The form UQ. 

Here we have 
Ai = [e7], A^ = [e3, e4, e5, e6, e7], 

(L(v)u>e) A (L(W)U>6) A u6 = 6(cidi + c2d2)ai A • • • A a7. 

We denote Vi = A|, V5 = A| , W2 = V/V5t and Z4 = V*/Vi. We shall consider 
on V the quadratic form Q(v) = c\ + c2, and we denote the corresponding bilinear 
form by B. Q induces a definite form Q2 on W2. The corresponding bilinear form 
we denote by B2. 

The insertion v G Vi »-» L(V)LJQ induces an isomorphism 

K:V i->A2W*. 

Furthermore, the insertion v .-» (L(V)UJQ)\V^ induces a monomorphism 

A:JV2^A2Z4*. 
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We denote Aei = or, Ae2 = o2. Introducing on Z4 an auxiliary positive definite 
bilinear form B4 in such a way that with respect to it e3, e4, es, eQ is an orthonormal 
basis, we can find uniquely determined endomorphisms E, F of Z4 such that for 
every w, w' G .Z4 we have 

G\(w, w') = B4(Ew,w'), a2(w,w') = B4(Fw,w'). 

An easy computation shows that E2 = —I, F2 = - I and EF = —FE. Setting 
G = EF, we have the relations 

E2 = -I, F2 = -I, G2 = -I , 

EF = -FE = G, FG = -GF = E, GE= -EG = F, 

which show that the automorphisms / , E, F, G generate the algebra M of quaternions. 
Any automorphism tp € OQ induces an automorphisms (p of Z4. We define a 

homomorphism 
p:06->GL(Z4), pip = <p. 

Similarly any automorphism (p € OQ induces an automorphisms (p of W2. Obviously, 
(p G CO(Q2). This means that we can define a homomorphism 

PL:OQ-^CO(Q2), fnp = tp. 

We shall start with the homomorphism 

d e t / i : 0 6 -»K*. 

This homomorphism is an epimorphism, and we have a split short exact sequence 

o^o^o/^r-^o, 

where OQ = ker(det/x). 
Next, we are going to investigate a restriction of the above homomorphism //, 

namely the homomorphism 
/x: Oj -> SO(Q2). 

It can be proved that this homomorphism is an epimorphism, and because SO(Q2) = 
50(2), we obtain a split short exact sequence 

0 -> L -> 0\ A 50(2) -> 0, 

where L = ker /z. 
Now, we can consider a restriction of the homomorphism p, namely the homo

morphism p: L —> GL(Z4). Considering Z4 as an 1-dimensional quaternionic vector 
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space, we find that the image of the homomorphism p is isomorphic to the group 
SL(2, C). We get then a split short exact sequence 

0->M->LASL(2,C)-*0 » 

where M = ker p. 
The matrix of an automorphism ҷ> Є M with respect to the basis ei,. ., e7 has 

the form 
/ l 0 Ҷ>\z <ŕ°14 Ҷ>1Ъ Ҷ>16 Ҷ>\l\ 

0 1 ҷ>гг Ҷ2A Ҷ>2ъ Ҷ>2e Ҷ>11 
0 0 1 0 0 0 Ҷ>ъi 

<p = 0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 

\0 0 0 0 0 0 

Ҷ>м 

Ҷ>Ъ7 

Ҷ>ei 
1 1 

On the other hand, an automorphism of this form is not necessarily an element of M. 
It belongs to M if and only if it belongs to Oe- An easy computation shows that 
<D € M if and only if the following equations are satisfied 

<£37 — - < P l 5 - <r°26, 

ip47 = -<D i6 + <£>25. 

^ 5 7 = ^ 1 3 - <r°24, 

<P67 = </>14 + ^ 2 3 -

We shall consider first the mapping 

vi : M -> R2, vnp = (y>37j (p4i). 

It is not difficult to prove that this mapping is an epimorphism of the group M onto 
the commutative group R2. In this way we obtain a split short exact sequence 

0 — Ni -+ M -4 R2 - • 0, 

where Ni = keri/i. Next we define a mapping 

I/2 I Nl - » R 2 , V2<p = (^57, 967). 

It is again not difficult to prove that this mapping is an epimorphism of the group 
Ni onto the commutative group R2. We obtain a split short exact sequence 

0 - N2 - Ni ^ R2 - 0, 

where N2 = ker i/2. Moreover, one can easily see that N2 is a commutative Lie group 
isomorphic with R6. 

Finally, we obtain 
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9. Proposition. 

0 6 = [(((R6 ix R2) x R2) K 5L(2, C)) ix 50(2)] K R*, 

with d im0 6 = 18. 

Type 7. The form UJ7. 

Here we have 
A? = {0}, A? = [e5,e6,e7], 

and we denote V3 = [e5,e6,e7], and W4 = V/V3. Moreover, 

(L(V)UJ7) A (L(W)UJ7) A U7 = (cidi + c2d2 + c$dz -f C4d4)oti A • • • A OL7. 

Consequently, we consider on V the bilinear form 

B(v, w) = c\di + c2d2 + c3d3 + C4C.*4. 

The kernel of B is the subspace V3, and therefore there is an induced positive definite 
bilinear form B4 on W4. The corresponding quadratic form we denote by Q4-

It is easy to see that the mapping v e V$ i-> L(V)UJ7 induces a monomorphism 

A : V3 -> A2Wl 

We denote 
A(e5) = cri, A(e6) = c72, A(e7) = cr3. 

There are uniquely defined automorphisms E, F, G of W4 such that 

OT(W,K/) = B4(Ew)w')i a2(wyw
f) = B4(Fw,wf), a^(w,wf) = B4(Gw,w'), 

for every w,w' 6 W4. It is easy to verify that 

E2 = F2 = G2 = -I 

EF = -FE = -G, FG = -GF = -E GE =-EG =-F, 

which shows that the associative subalgebra of End(W4) generated by J, E, F, and 
G is isomorphic with the algebra H of quaternions. This means that W4 can be 
considered as an 1-dimensional quaternionic vector space. 

The scalar product B4 induces a scalar product on W% and this in turn induces 
a scalar product on A2W4. We shall denote these products again by B4. We find 
easily that the elements cr\,cr2,crz are orthonormal with 

-94(<7l,<7l) = 1, #4(<72,<72) = 1, ^4(^3,(73) = 1. 
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Using the monomorphism A, we transfer the scalar product B4 from A2JV4 to V3. 
This product on V3 we denote by B3. With respect to B3 the basis es,e6,e7 is an 
orthonormal basis with 

-B3(ci,ei) = 1, -B3(e2,e2) = 1, -93(e3,e3) = 1. 

The corresponding quadratic form we shall denote by Q3. Now, we can see that 
A : V3 —> A2JV4* is an isometry into. 

We can start to investigate the group O7 of automorphisms of the form u7. Any 
element tp G O7 preserves the subspace V3, and induces an automorphism <p of W4. 
Obviously, (p preserves up to a positive multiple the bilinear form B4. Consequently, 
we can define a homomorphism 

\x : 07 -> CO{Q4), [up = <p, 

where 

CO{Q4) = {% G GL{W4)) 3d>0 such that Q4{xw) = dQ4{w) for all w G W4}. 

For every tp G O7 we find easily the formula 

\tp = A2{<p-l)\. 

This means that for every v G V3 we have 

B3((pv,tpv) = B4{\<pv, \(pv) = JB4(A2(^-1)Av,A2((^-1)Av) = 

= dB4{\v, \v) = d.B3(i;, v), 

which means that the restriction (p = ip\V$ preserves the bilinear form B3 up to a 
positive multiple. Therefore we can define the restriction homomorphisms 

. p : 0 7 -> CO{Q3\ Pip = <p = ip\V3, 

where 

CO{Q3) = {il> G GL{V3)]3c> 0 such that Q 3 ( # ) = cQ3{v) for all u G V3}. 

It is possible to prove that the image of the homomorphism p is the subgroup 
CSO{Q3). Consequently, we obtain a split short exact sequence 

0 -> K -+ O M A CSO{Q3) - 0, 

where If = kerp. We shall now consider the restriction /1 : K —• CO(Q4) of the 
homomorphism /x. It can be proved that an element tp G CO(Q4) belongs to the 
image of /x if and only if ip is an automorphism of the 1-dimensional quaternionic 
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vector space W4 preserving the bilinear form B4. Consequently, the image of fi can 
be identified with the group 

S3 = {AeM;(A,A) = l}, 

where (•, •) denotes the standard scalar product on H. In this way we get a homomor-
phism [i: K —> S3, and our standard considerations show that this homomorphism 
is an epimorphism. Thus, we obtain a split short exact sequence 

Q->L->K-^S3-+0, 

where L = ker/x. 
Any element <p e L determines an endomorphism D<p : V —» V such that D(pV4C 

V3, D(p\V3 = 0, and 

<pe\ = ei + .D^ei, <̂ e2 = e2 + D^e2, <pe3 = e3 + D<pe3, <pe4 = e4 + D^e4, 

<pe5 = e 5 , <pe6 = e 6 , <pe7 = e 7 . 

It is obvious that the group 

{id + D;De End(V) with DV4 C V3 and D\V3 = 0} 

is commutative. This shows that also the group L is commutative. Considering an 
automorphism <p = id + D, we can easily see that 

u7(<pei, <pej, <pek) = u7(ei, ej, ek) if {2, j , A;} n {5,6,7} ^ 0. 

This means that <p = id + D e 07 if and only if 

u7(<pei, <pejy <pek) = o;7(ei, ejy ek) = 0 for all i, j , k G {1,2,3,4}. 

We can find easily that <p = id + D G 07 if and only if the following four equations 
are satisfied: 

u7(Deu e2, e3) + uj7(eu De2, e3) + u7(ei, e2, De3) = 0, 

u7(Dex, e2, e4) + uj7(ex,De2, e4) + u7(ei,e2, De4) = 0, 

u;7(.Dei, e3, e4) + u7(euDe3, e4) + u7(ei, e3, De4) = 0, 

u7(De2, e3, e4) + u7(e2,De3, e4) + u7(e2, e3, De4) = 0. 

Hence we can conclude that L is a Lie group isomorphic with the Lie group R8. 
Finally, we obtain 
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10. Proposition. 

with dimO{u7) = 15. 

We have here 

07 = (R8 K S3) K CSO(3). 

Type 8. The form us. 

A2
8 = {0}, Al = {0}, 

{i{v)us) A (*,(w)ws) Aw8 = 

= (cidi + c2d2 + c3d3 + 040*4 + c^d5 + 06^6 + C7d7)o.i A ot2 A ct3 A ct4 A a5 A ct6 A a7. 

The form a;8 is the best known one. It arises in the following way. We recall 
that the algebra Ca of Cayley numbers is defined as the double of the algebra of 
quaternions. Let (•, •) denote the standard scalar product on the algebra of Cayley 
numbers. We take V = ImCa. Then for any v\, v2, v3 G V we have 

W8(tri,V2,V3) = (ViV2,Vz). 

It is obvious that Aut{Ca) C 0 8 , where Aut{Ca) denotes the group of automor
phisms of the algebra of Cayley numbers. In fact, it can be proved that these two 
groups coincide. Moreover, the group Aut{Ca) is isomorphic with the exceptional 
Lie group G2. Thus, we have 

11. Proposition. 0 8 = G2 with d im0 8 = 14. 
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