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Minimal Rearrangements of Sobolev Functions

JOHN E. BROTHERS*) and WILLIAM P. ZIEMER,**)
Bloomington, U.S.A.

Received 10 April, 1987

1. Introduction

It is well known that if u: R® —» R is a nonnegative function with compact sup-
port, then for 1 < p < oo,

R L

where u* denotes the spherical symmetric rearrangement of u; c.f. [PS]. u* is defined
by
@ wt(x) = sup {12 (t) > a(n) e}
where o(n) is the volume of the unit n-ball in R" and pu(f) < oo is the Lebesgue
measure of the set E, = {x: u(x) > t}. Note that u(t) = |E| where E} = {x: u*(x) >
> t} and |E}| denotes the Lebesgue measure of E;. The purpose of this paper is to
show that if u is absolutely continuous and equality holds in (1), then u is almost
everywhere equal to a translate of u*. We also construct examples which show that
this may not be true if y is not absolutely continuous.

More generally, we establish the following result: For 1 < p < oo let 4: [0, 0) —
— [0, o) be of class C? and such that

3 A(0) =0, and
4 AY? is convex .
Note that (4) implies that A is convex. Further, (3) and the convexity of A imply that
6) A is increasing .
Let u: R » R be nonnegative and measurable with compact support. Assume

*) Research performed in part while a visitor at the Centre for Mathematical Analysis, The
Australian National University, Canberra, A.C.T.

**) Research supported in part by a grant from the National Science Foundation.
Department of Mathematics, Indiana University, Bloomington, Indiana 47405, U.S.A.
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that the gradient Vu of u in the sense of distributions is a measurable function with
6 I A(|Vu]) < .
Rll

Note that (4) implies that u € W'-?(R"). Denote M = ess sup u = ess sup u* < o
and C* = {x: Vu*(x) = 0}.

1.1. Theorem. If u satisfies (6), then Vu* is a measurable function and
™) [ aqved s [ agou.
R® R®

Moreover, if 1 < p <, |C*Au*"}0,M)| =0, A is strictly increasing, and
equality holds in (7), then there is a translate of u* which is almost everywhere
equal to u.

For the case A(£) = |¢|” this result was recently discussed by Friedman and
McLeod [FM] under the additional assumption that u is of class C", and with
the hypothesis |C* n u*~*(0, M)| = O replaced by the weaker hypothesis that p
is continuous on the interval (0, M). (|C* n u*~*(0, M)| = 0is equivalent to absolute
continuity of g on (0, M); see Lemma 2.3.) However, the proof in [FM] contains
an error which can be only repaired using the apparently stronger assumption
|C ~ u™*(0, M)| = 0, C = {x: Vu(x) = 0}. Indeed, in Section 4, we give an example
of a C® function u whose distribution function u is merely continuous and for
which equality holds in (7) for every p = 1 and with A4 strictly increasing, but yet
no translate of u* is equal to u almost everywhere.

If A is strictly increasing and u satisfying (6) is such that equality holds in (7),
then we prove that E, is equivalent to an n-ball for every t. The example mentioned
above shows that without the assumption that p is absolutely continuous, these
n-balls need not be concentric. Since the sets E} corresponding to u* are also n-balls,
each Ef is a translate of E,. This correspondence induces a mapping T:R" — R"
of the form

T(x) = x + <([x)

such that u* = u o T. If pis continuous, 7 is lipschitzian. Defining i by #(|x|) = u*(x)
we prove that if p > 1, then a necessary and sufficient condition for equality in (7)
is that @'z’ = 0 almost everywhere. Note that |C* n u*~!(0, M)| = 0 is equivalent
to #'(r) % O for almost all r such that 0 < i(r) < M. It therefore follows that if
equality holds in (7) and |C* n u*~1(0, M)| = 0, then 7’ = 0 almost everywhere
and so © = 0 because 7 is lipschitian. In case p = 1 the condition #'z’ = 0 is only
sufficient for equality in (7). For p > 1, our analysis also shows that if I <= (0, M)
is an interval for which Vu # 0 on u™*(I), then u~*{t} and u™{s} are concentric
(n — 1)-spheres whenever s, t € I. This result was established by Uribe [U] under
the assumption that u € C™. .
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In case p = 1 it may not be true that u is almost everywhere equal to a translate
of u*. For example, if u is any (non-spherically symmetric) lipschitzian function
whose level sets are (n — 1)~spheres the coarea formula (see Proposition 2.1 below)
implies that :

LJVul = L"m—l(u-l{t}) dt = '[ Rﬂfnfl(u*-;{t}_) df _ LJV“*.I‘- )

Conversely, we show that if 0-< u € W*+!(R") with.compact support satisfies

[ vl = j v,
R® R® .
then each E, is an open ball.

Finally, we remark that it is p0551b1e to prove the analog of Theorem 1 1 for
Sobolev functions on the n-sphere; the proof will appear in [BZ].

The proof of Theorem 1.1 uses techniques similar to some in [FM], [TA] and [U]
but the generality of our hypothesis requires a delicate analysis that ultimately rests
on developments that are now basic to geometric measure theory. We also employ
ideas from [ AT]. In the present paper we will only outline the main ideas of the proof.
Complete details are in [BZ]. We express our appreciation for assistance from Jiri
Dadok in the discovery of the map T.

2. Notation and Preliminaries

We will denote by yx, the characteristic function of a set 4 and by |A| the
Lebesgue outer measure of A. The Lebesgue density of 4 at x € R" is defined by

. |AnB(x,r)
o =G

Here B(x, r) denotes the closed ball of radius r centered at x. We denote by W*+?(R"),
1 £ p < oo, the Sobolev space of functions in I?(R") whose distributional derivatives
are also in I?(R"). The I7-norm of u is denoted by |uy,, = ||u|, + [|Vu],-

To begin our analysis, we use H. Federer’s theory of functions of bounded varia-
tion [F ,4.5.9] to obtain a general version of the coarea formula which is valid for
Sobolev functions. For this purpose we will adopt the following convention concern-
ing the pointwise definition of u: For x € R" we define o

(8) u(x) = H(x) + Ax)

2

where A(x) and p(x) denote the lower and upper approximate limits of u at x, respect-
ively. That is, u(u) = inf {#: D(E,, x) = 0},

and A(x) is defined similarly.
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2.1. Proposition. If u € W'**(R") and f is a nonnegative Borel function, then with
convention (8) in force,

9) J |Vu| f =J‘ J. fd#""ds.
R" R Ju—1{s}

Here 5#"~! denotes (n — 1)-dimensional Hausdorff measure and on the left side
we employ the convention 0. o0 = 0.

Another fundamental result from geometric measure theory which we will employ
is a general version of the isoperimetric inequality. To state it, we first recall a charac-
terization of a bounded, measurable set E of finite perimeter, or in the terminology
of [F], a bounded, measurable set E with the property that d(R" L E) is representable
by integration. In particular, this means that the current defined by E is an n-dimen-
sional integral current. First the measure theoretic boundary of E is defined to be

O*E = {x:0 < D(E, x) < 1} .
Then E has finite perimeter if and only if #,”'(6*E) < oo; c.f. [F, 4.5.6, 4.5.11].

2.2. Proposition. Let E = R" be a bounded, measurable set with finite perimeter,
and E* be an n-ball such that |E*| = |E|. Then

#""Y0E¥) £ #""Y(9*E)
with equality holding if and only if E is equivalent to an n-ball.

An elementary proof can be found in [B 2].

2.3. Lemma. If u € W'*(R"), 1 £ p < o, then on [0, M] the following are true:

(i) p is one-one.

1/n
(ii) a( £ ) = identity.

o(n)

(iii) For almost all t,
(10) o > — () gj (Vu| 2 doen?.
u= {1}
(iv) ¢’ < 0 almost everywhere.
(V) n is absolutely continuous if and only |C* A u*~1(0, M)| = 0.

Proof. It follows from [F, 4.5.9] that E, has finite perimeter for almost all <.
Further, for almost all 7,
(1) H"YO*E, ~ u~{1}) = 0.
We obtain (i) using this, the coarea formula (9) and the isoperimetric theorem.

The second assertion in the Lemma follows immediately from the fact that u
is one-one.
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We next use the coarea formula (9) to obtain for 0 < t < M

M
(12) u(i) = |C n um(t, M)| + J' '[ (Va|~t do=1de,

t Julz}
which clearly implies (10).

Denote by B the set of te[0, M] such that |Vu| = oo almost everywhere on
u~*{t}. One infers from (10) that (iv) is implied by |B| = 0, which follows from
application of the coarea formula.

Turning to (v) we see from Lemma 2.4 (the proof of which does not depend on
(v)) that u* € W**»(R"). Applying (12) with 4 = u* and recalling that p is the distribu-
tion function of u* we infer that |C* n u*~*(0, M)| = 0 implies that 4 is absolutely
continuous on (0, M). On the other hand, if p is absolutely continuous on (0, M),
then (12) implies that |C* n u*~!(t, M)| is an absolutely continuous function of
t € (0, M). In particular, if S < (0, M) with |S| = 0, then |[C* N u*~'(S)| = 0. The
coarea formula implies that C* n u*~*(0, M) = C, LU C; where |u*(C,)| = 0 and
#" "t (u*~1}) = 0 for t e u*(Cy). Thus it follows that |Co| = 0. Finally,
A1 (u*~*{1}) = 0 only for t = M. -

2.4. Lemma. If ue W'?(R"), 1 £ p < oo, then u* € W?(R").

Proof. First consider the case p > 1. Let {u,} be a sequence of smooth regulari-
zers of u and recall that u, » u in W'P(R"). It is well known that uy is lipschitzian
and that |||Vu*||, < |||Vu]|,; c.f. [TA]. Therefore, the norms [ju;|,,, are bounded
and this implies the existence of a subsequence {1y} converging weakly to v e W*?(R").
This, in turn, implies that u;, — v in I’(R"). One shows that u* = v to complete
the proof.

Now consider p = 1. i is a decreasing function and therefore of bounded variation.
Moreover, Lemma 2.3 (i) and (ii) imply that # is continuous, hence it will be sufficient
to show that |#(N)| = 0 whenever |N| = 0. This follows with the aid of Lemma 2.3.

We will employ the following useful characterization of W*-?(R"); c.f. [MO, 3.1.2].

2.5. Proposition. u € W*(R") (p 2 1) if and only if u is equivalent to a function
it € I’(R") such that i is absolutely continuous (as a function of one variable)
on each closed interval in almost every line parallel to the coordinate axes and
|Vit| e IP(R™).

Here Vi is the classical gradient; clearly, Vu = Vi almost everywhere.

Applying Lemma 2.4 and the Proposition to u* where u € W!'?(R"), we obtain
the following (where as in the Introduction, #(|x|) = u*(x)):

2.6. Corollary. i is locally absolutely continuous on (0, o).

It follows from Proposition 2.5 that u has partial derivatives almost everywhere
and, consequently, u has an approximate total differential almost everywhere [SA,
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page 300]. That is, for almost every x, € R", there is a measurable set 4 with
D(4, x,) = 1 and a linear mad du(x,): R* —» R such that

lim |u(x) — u(xo) — du(xo) (x — x,)| —0.

xx0 |x = Xol

3. Structure of an extremal
3.1. Lemma. Let u satisfy (6). Then for almost all t € (0, M),

® AT [ ot A ] o7 e

In case A is strictly increasing equality in (13) implies that

(19 A = o)) = )
and, in case p > 1, #"~ ' almost everywhere on u™'{t},

(15) |Vu| = |Vu*| = constant on u*~*{1} .

Proof. Fixing ¢ such that (10) holds we set C, = u~*{t} and C} = u*~!{¢}, and
apply Holder’s inequality to obtain

[| Al et = [ ) w13 (a2 o <
C:

Ct

1/
g(f A(Vu)) [Vul"d.;f"“‘) ( f |Vu|-1m»-1)1-1/»
Ce Ce
hence

(16) LtA(IVuI) Vel a2 [ |

Ce

AYP(|Vu]) |Vu|~? d.?f"")p.

Incase p > 1, equality clearly holds if and only if equality holds in (10) and A(|Vu|) =

= constant #"~! almost everywhere on C,. If A4 is strictly increasing, the latter

statement is equivalent to |Vu| = constant #"~! almost everywhere on C,.
Referring to Lemma 2.3 we see that p is one-one on [0, M] and

afa(n)"t p()]'" =1t for O0<t<M,
hence

(17) W o) ) = i), = [aln) "t ()]

Since i is locally absolutely continuous, (17) implies that u~* carries null sets to null
sets and so we infer using the chain rule that for almost all t € (0, M),

= () < [al) ™ WO = 70 (O] (C).
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Denoting by |Vu*| the constant value of |Vu*| on C; we thus have
|Vu*|~t s Y(CY) = —@(r)~t " H(CY) = —u(1);

we conclude using (10) that

(13) f V|1 dotm=t £ —p(e) = [Vu| =t £ 1(CY).

We also infer usin;'(l 1) and the isoperimetric theorem that

(19) #"Y(C,) = #""Y(0*E,) = H"Y(CY).

We next define ¢({) = {A'/?({™"), infer from (3) and (4) that ¢ is decreasing on
(0, 0) and use (4) to verify that ¢ is convex. Using Jensen’s inequality, ideas from
[AT] and [B 1] and (5), (18) and (19) we obtain

(20) J AVP(|Vu) [Vu|~* don—t =f ¢(|Vu|~ ) dom~t 2
Cc Ct
2 A#"(CT) ¢(|Vur|7T) = A H(CY) AVE(|Vur]) [Vur| 7t
(13) now follows from (16) and (18). (Note that (20) reduces to (19) in case A(¢) =
= |¢|".) Now assume A4 is strictly increasing. If equality holds in (20), then equality
holds in (19), whence follows (14). Furthermore, if p > 1, equality in (13) implies

equality in (10) hence in (18), and thus we conclude (15) using (14). -
Integrating (13) and using the coarea formula (9) we conclude

L"A(IV“D = Ln fu_l(t}A(qul) |Vu|~t dowm=tdt = f A(|Vu)),

which verifies the first assertion of Theorem 1.1
For the remainder of this section we assume that equality holds in (7).

3.2. Lemma If A is strictly increasing and u satisfying (6) is such that equality
holds in (7), then E, is equivalent to an open ball U, for each t € [0, M). Further,

{x: u(x) = M} is equivalent to () Uy = By,. is a closed ball (possibly a single point),
t<M
which we assume to be centered at 0.

Proof. The isoperimetric theorem implies that E, is equivalent to an open ball
U, for each ¢ in the set G of t € (0, M) such that (14) holds. The remainder of the
proof is straightforward. =

With 4 and u as in Lemma 3.2 we will now derive a fundamental relationship
((21) below) between u and u*. To this end, let ¢(t) denote the center of U, for t e
€ [0, M) and set ¢(M) = 0. Now define 7: R - R" and T: R" - R" by

T=coil, T(x)=x+ t(x]).

Note that ©(r) = 0 for |r| < ro = radius By, hence T| By, is the identity.
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3.3. Lemma. Assume that p is continuous on (0, M).

(i) For0 <t < M, Ttranslates 0E to dU,, and T(E{) = U, U o, where 6, = 0U,
contains at most one point.

(ii) = and T are lipschitzian with Lip (t) = 1 and Lip (T) = 2.

(iii) There exists @ < R" such that |R" ~ Q| = 0 and T| Q is one-one.

(iv) For almost all x € R",
(21) u*(x) = uo T(x).

(v) For almost all x € R, T'is differentiable at x and dT(x) is one-one.

(vi) For S = R% |S| = 0 if and only if |T(S)| = 0.

(vii) For almost all x € R",

(22) Vu(x) - v = Vu(T(x)) - dT(x) (v), veR".

Proof. (i) Note that for 0 < t, < t; < M, dU,, lies within (but possibly tangent
to) oU,,. Thus since pu and u* are continuous by assumption and Corollary 2.6,
for0 <ty < M,

(23) E; = By V(U2E}), U, =Byu(UadlU,)~o,.
t>to t>to

(i) Fix x,, x, € R". By (23) we can assume x; € dE;,, where 0 < t, < t; < M.
Denote r; = |x;|. Then u*(r,) = t,,

[T(x2) = T(:)| 5 [ = 3 + [tr2) — )],
and
[e(r2) — o(ro)l = le(t2) — et)| < 72 = 7y < |2 = x4

(iii) follows from (i).

(iv) follows through use of (iii) and Lemma 2.3.

(v) follows from (i) and the definition of T.

(vi) By the area formula [F, 3.2.3] and (jii) we have [ JT = |T(B)| for each
measurable subset B = R", where JT = Idet dTl is the jacobian of T. Further,
(v) implies that JT(x) > 0 for almost all x € Eg, hence (vi) follows directly.

(vii) It will suffice to verify (22) for x € Ej. Now (vi) implies that if A;, 4,, ...
are measurable subsets of U, such that

IUo ~i-pl Ail =0,
then
0=|T"'(U, ~iglA,.)| = |E§ ~ ‘l:JlTT‘(A‘)I .
We thus fix ¢ > 0 and use [CZ, Theorem 13] to find a measurable subset 4 of U,
and u, € C'(R") such that u| A= u,|A4 and |Uy ~ 4| <e. We may assume

D(4, y) =1 for y e A. From the remark following Proposition 2.5 we infer
that we may also assume that Vu = Vu,; on A. Denote uf = u, o T. The classical
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chain rule implies that for almost all x e T~'(4), '
Vui(x) = Vu,(T(x)) - dT(x) = Vu(T(x)) + dT(x).

(Here Vuj(x) is the classical gradient.) On the other hand, u* = uj on T~!(4)
implies that each xe T~'(4) where Vui(x) exists and D(T~!(4),x) = 1, u* is
approximately differentiable and Vuj(x) = Vu*(x). We conclude that (22) holds
at almost all xe T~!(4). -

Assuming p > 1 and |C* n u*~*(0, M)| = 0 (which is equivalent to absolute
continuity of y by Lemma 2.3), we will show in Section 4 that ¢ = 0, hence T'is the

identity. In view of (21) this will complete the second part of the proof of Theorem
1.1.

4, Characterization of an extremal

We recall here that i(|x]) = u*(x).

4.1. Theorem. Let u satisfy (6) with p continuous on (0, M). Assume A is strictly
increasing. If p > 1 and

[ aqva) = [ aqwaep,

't’ = 0 almost everywhere.

then ii

Proof. Note that Vu*(x) = @#(|x]) |x|~* x for almost all x % 0. Using the coarea
formula (9) with u replaced by u*, we infer from (15) and (22) that for almost all

ro < r < r, such that #(r) = 0, for #"~* almost all x with |x| = r, the chain rule
for u* = u o Tholds at x and

(29 IVU(T()]| = [ut(3)] + 0.

For such an r, assuming '(r) &= 0 we choose x so that also cos 6 < —1/2 where
0 € (n[2, ] satisfies

0>cosf = x. T:(r) .
x| |()|

Denoting v = Vu*(x)/|Vu*(x)| = —x/|x| we compute

[Vu*(x)| = V*(x) . v = Vu(T(x)) . dT(x) (v) = Vu(T(x)) . w,

w=v+(v-|%)1:’(r)= -[lixlw(r)].

Setting a = |7'(r)| cos 8 we have

where

=240, x.9=0,

I~
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hence
W] = (1 + a)? + |oo]> = (1 + a)? + () —a® <1
because |7'(r)] £ 1 < —2 cos 6. Consequently,
Vu(T(x)) . w < |Vu(T(x))| ,
which contradicts (24). =

4.2. Remark. The converse to Theorem 4.1 is also true. Assume u satisfies (6),
and assume there exists a lipschitzian mapping T, T(x) = x + 7(|x|), such that

u* = u o T almost everywhere. If p = 1 and @'’ = 0 almost everywhere, then
equality holds in (7).

4.3. Proof of Theorem 1.1. The first part of the Theorem was proved following
the proof of Lemma 3.1. For the proof of the second part of the Theorem, note that
in view of Lemma 2.3(v), u is continuous on (0, M) and #'(r) = 0 for almost all
ro = radius By < r < r; = radius E;. Consequently, Theorem 4.1 implies that
7’ = 0 almost everywhere on (ro, 1), and this in turn implies that 7 = 0 because 7
is lipschitzian (hence absolutely continuous) and (ro) = 0. In view of (21) this
completes the proof. -

4.4, Examples. Here we construct radially decreasing functions w and translating
functions 7 such that W'’ = 0 almost everywhere and 7’ + 0 on some set of positive
measure. Thus 7 is not constant and so 4 = w o T~ ! is not equivalent to a translate
of u* = w. (Here, as always, w(x) = W(|x[)). On the other hand, equality will hold
in (7) for such functions because W'z’ = 0. (Recall Remark 4.2.)

First we consider a nonnegative, decreasing, lipschitzian Ww: [O, ) - R with
compact support. If ' = 0 on a set which is equivalent to an interval I with |I| > 0,
then W | I is constant because W is absolutely continuous. It follows that the level set
{x: w(x) = W(|x]) = to}, {to} = W(I), contains an annulus {x:¢; < |x| < @,}. Fix
0 < ¢ < 9, — 04 and define

w(y) vl e
u(y) = 3to, Ql<|}’|<92,
w(y —cey), |y|=e,-

Clearly, u and u* = w have equal distribution functions and (49) holds. Note that
the distribution g is not continuous at ¢,.
Next consider a nowhere dense, closed C, < (0, 1) such that |C°| > 0 and

(25) |Con | < |1|
for every interval I < [0, 1] with |I| > 0. Define
#(r) = |[r, 1] ~ Co| .
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W is strictly decreasing by (25). Moreover, W is lipschitzian and W'(r) = 0 for almost
all r € C,. Define

1(r) = 3[0,7] N Cy| ey .

Clearly %'z’ = 0 almost everywhere. The map T(x) = x + 7(|x|) is one-one with
Lip(T~") = 2, hence u = wo T™! is lipschitzian. w is the symmetrization of u;
however, u* = w is not equivalent to u because |t(1)| = 4|Co| + [¢(0)|. Equality
holds in (7) by Remark 4.2.

We next construct a smooth extremal u such that u =+ u*. (However, note that
the above method of constructing u from w = u* will not work because t cannot
be CL) It is well known that there exists f € C*(R) such that f > 0, spt f < [0, 1]
and C, = (0,1) n {x: f(r) = 0}; cf. [K, page 28]. By following f with g e C*(R)
such that g | (0, ©0) > 0 and sptg = [0, co], we obtain a function satisfying the
conditions on f and such that all derivatives of g o f vanish on C,. Define

1
w,(r) = ajgof,
where ¢ € R is chosen so that w,(0) = 1. w, is clearly strictly decreasing on [0, 1],
hence w,(C,) is closed, nowhere dense and of measure 0.

Let ¢ be a continuous increasing function on [0, 1] such that ¢(1) = 0, ¢(0) = —1,
and c is constant on each component of [0, 1] ~ w,(Co). (c is a generalized Cantor
function. In case C, is obtained by shrinking then translating one of the standard
Cantor sets of positive measure obtained by removing intervals of length 8/3" from
[0, 1] where 0 < & < 1, one can take ¢ = —h o u3' where h is the Cantor function
constructed using C, such that h(0) = 0, h(1) = 1.) Observing that wi' — c is
strictly decreasing on [0, 1], we define w: [0, 2] — R so that

(26) wl=wil-c,
and denote
(27) Ty =CoW.

(26) implies that Lip (z,) = 1. Moreover, it also follows from (26) that W is C!
with {r: w'(r) = 0} = w~*(w,(C,)). (See the following paragraph.) Differentiating
(27) we have for almost all r such that w'(r) + 0, ¢(r) = ¢’ o W(r) W(r) = 0 because
W(r) ¢ w.(Co). Consequently,

(28) 7% = 0 almost everywhere .

We also conclude that |{r: W(r) = 0}| > 0, for otherwise 7, would be constant,
contradicting 7,(0) = 0, 7,(2) = —1.

We next verify that w is C®. Clearly, W is smooth on the complement of
W~ 1(w.(Co)). Inasmuch as all derivatives of w, vanish on C,, it will suffice to show
that all derivatives of W vanish on w™*(w..(C,)). Thus fix ro € w~!(w,(C,)). Clearly,
W'(ro) = 0 because (W)’ (1) £ (W3') (to) = — o0, to = W(ro). Assume inductively

23



that w®(r,) =0, and set s, = w3 (to). Since for t ¢ w.(Co), W¥(W™'(f)) =
= wP (w;'()), we have by (26)

— 1im P26 _ g |00
. 0 —s]iso s —So '1'"0 wi (t) - W, l(to) =
w""(w+1(t)) = lim —W( )(r) = |wk+D o)l »
= |[W+ (1) = e()] — [wi'(to) — e(to)] i g )

because
Iw30) = wi ()] = [e(t) — et = w3 () — w3 (el -
Now define for x € R”,
w(x) = {W(IXI) Ix[ < 2.’
, otherwise .

Since c is constant on neighbourhoods of 0 and of 1 because C, = (0, l), and since
sptw, < {r: r< 1}, it follows that all derivatives of W vanish at 0 and at 2, hence
w e C*(R"). Defining

0, r<o,
t(r) =1{1,(r)e;, 0Zr<2,
—ey r>2,

we define T(x) = x + 7(|x|) and u = wo T~ as above. In view of (28), Remark 4.2
implies that u is extremal; u $ u* = w because 7 is not constant.
Finally, it is proved in [BZ] that u € C*(R").
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