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@

Introduction. Let ) u, be conditionally convergent series. Then it is known that
1

(i) u,—>0 as n— ©

o)

and (ii) the series of positive terms of Zu and the series of absolute values of negative

terms of Zu both diverge to + oo.

Any series Zun which satisfies conditions (i) and (ii) will be said, in what follows,
1

to be of type (A).
The authors of the present note have proved [4] that the results of Riemann’s
theorem [5] on conditionally convergent series all hold for any series of the type (4).

0
Let Y u,, which will sometimes be written as ) u(n), denote any infinite series. To
1 ) 1
each rearrangement of the series Zu(n) there corresponds a complex (x;, X5, X3, ...)
1

and conversely, where x,, X,, X3, ... 1S a permutation of the set of all positive integers.
The set of all such complexes form a metric space E [1] with the metric

e
d(x, y) = Zl - T-l*-_l‘g——lynl
where x = (xy, x5,...)and y = (¥, ¥z, .-.)-
Let Zc(n) be any conditionally convergent series and let A denote the proper
subset of E consisting of all points of E which correspond to convergent rearrange-

ments of ZC(n) Further, let A(«) denote the proper subset of A consisting of those

points of A which correspond to rearrangements of Zc(n) converging to the given
1
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real number o. Then it has been shown by H. M. SEN GUPTA [7] that the sets A
and A(x) are dense boundary subsets of E. It immediately follows that the above
result holds for any series of the type (4).

The purpose of the present paper is to extend certain results of Sengupta and to
determine the cardinal number of sets of certain types of series.

The set A(4, p). Let ) u, be any series of the type (4)and let 2 and u (4 = p) beany
1
two preassigned real numbers, finite or infinite. We shall denote by A(%, p) the set of

all points of E which correspond to those rearrangements of Zu for which (S,, as
usual, denoting the n-th partial sum)

ImS,=4 and limS, =pu.

It is obvious that A(4, 1) = A(2).

Theorem 1. The set A(2, p) is a dense boundary subset of E.

Proof. Let ¢ > 0 be given. We can then choose a positive integer N such that
27N < e Let p = (ay, a,, ...) be any point of E. If ¢ = (by, b,,...) % p be any point
of the sphere S(p,27¥~1), then b; = a; for i = 1,2, ..., N. Let M be the greatest
positive integer such that b; = a;fori = 1, 2, ..., M. Then, clearly M = N.

We now consider the series
u(bprss) + u(bprss) + ...

which is clearly of the type (4). Hence there exists a rearrangement of this series, say
the series

u(Cprsz) + u(Crrss) + -

for which im S, = 4 — « and lim S, = i — o where o = u(a;) + u(a,) + ... +
+ u(aM) + u(bM+1).
It foliows that for the series

u(a,) + ... + u(ay) + u(byyq) + ulcyss) + u(epres) + -on s
[mS, =4 and LmS, = 4.

Also the point (ay, a3, ..., Gy, bags 15 Cors2s Car3s ---) lies in S(p, €) and is distinct
from p. This shows that the set A(4, ) is everywhere dense in E. It is easy to show that
A(A, p) is a boundary set. This completes the proof of Theorem 1.
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Taking A = p = « (finite), we get Sengupta’s Theorem [7].

It easily follows that each of the sets A(co, B, A2, — ), A(c0, —®), A(eo, 00),
A(— o0, — ) is a dense boundary subset of E.

Let A(2) denote the set of all points of E which correspond to those rearrangements

[
of Yu, for which im S, = 4 (whatever be lim S,). Then clearly 4(%) > A(4, x) and it
1

follows that A(2) is also a dense boundary subset of E. Similarly, the set A(u) con-
sisting of those points of E for which lim S, = u is a dense boundary subset of E.

Mapping f.: Let ) u, be a series of the type (4) and let B denote the subset of E
1

which consists of those points of E for which A = Iim S, is finite. We define a map-
ping f, of the subspace B onto the real number space E, by the following rule

f(p) =TmS, for peB.

The following properties of the mapping f (proofs of which are similar to those of
Sengupta’s [7] corresponding theorems) may be stated.

1. The function f is everywhere discontinuous over the set B.

2. The map f from B to E; is open in the sense that each non-empty subset of B
which is open in B is mapped into a non-empty open set in E;.

3. The map f from B to E, is not closed in the sense that there is at least one closed
set in B whose image is not closed in E;.

I

In this section we shall prove certain theorems on the Cardinal number of sets of
certain types of series.

Theorem 2. Let ¥ a, be any series of the type (4) and let A and p (A = p) be any
1 ©

two preassigned numbers. Then the set of all series obtainable from Y a, by rear-
1

rangement of its terms, for each of which the sequence of partial sums has A and p
as its upper and lower limits respectively has the power of the continuum.

0 .

Proof. Let Y.a, be any series of the type (4). Let py, p, P3, ... denote the non-
1 0

negative terms and gy, g5, g3, - .. the negative terms of y a,, the terms being taken in
1

the order in which they appear in the original series. It is then possible to decompose
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0 0 0 0 0 0
Y P, into two subseries ) p, and Y p; and Y g, into Y g, and Y g/, such that the series
Y Prs 2 Prs 2.dn> 2.4 are all properly divergent.
T T T
0 o0 0 .
Now, form the series ) ay, taking all the terms of ) p, and Y gy, (in the order in
1
which they appear in Za,,). Similarly, we construct the series Za',: with p’ and g as
its terms. From the very manner of construction of the two series Za and Za,,, it is

clear that each is a serles of the type (4). Also every term of Za occurs once and only

once in one of Za and Za

Now, for every real number «, there exist rearrangements Zl’ and Zl” of Za

and Za" respectively such that

ImB,=)—0a, limB,=u—a and limB) =

where B, =i + I, + ...+ L, B, =17 + 15+ ... + 1.
Now, consider the series
L+ +0L+05+

which is a rearrangement of the original series fa If g, denotes the n-th partial sum
of this series, it easily follows that

mg,=4 and limg, = .

This shows that the power of our set is = ¢, the power of the continuum. But it is
known that the power of the set E is ¢ [6]. This proves the theorem.
Taking A = p = a we get the following theorem.

Theorem 3. Let Y a, be any series of the type (A) and let a be any preassigned
1 ©

number. Then the set of all series, obtainable from Y a, by rearrangement of its
1

terms, which converge to o has the power of the continuum.

It is easy to see that Theorem 2 remains valid in each of the following cases also.
I. A = 4+ o0, uis finite,

II. 1is finite, uy = — 0,

. A = 400, p = —o0,

IV. A =pu= +oo.
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Theorem 4. Let Za,, be any series of the type (A) and let o be any number given

in advance. Then the set of all subseries of Za which converges to o has the power
of the continuum.
Proof. Let us suppose that « > 0. Let x denote any number in 0 < t £ 1. Then,
0

using the same notatlon as in Theorem 2, there exists [ 3] a subseries Z Pug Of Z p, and

a subesries Zq,,,x of Zq,, such that

® ®
;an =o+x and ;qu = —x.
The series
Pny t dmy + Dny + G, +
clearly converges absolutely to o and by means of a suitable rearrangement of this
series we obtain a subseries of ilo:a,,, the sum of which is a. It follows that the set of all

such series has power >c¢, but it is easy to see that the set of all subseries of a given
series has the power c. Similar proof applies to the case when o < 0. The theorem is
thus proved.

[ee]

Theorem 5. Let Y a, be a divergent series of positive terms where a, — 0 as n — oo
1
and let s be any positive number chosen in advance. Then the set of all subseries

0
ona,, which converges to s has the power c.

Proof We decompose Za into two subseries Zb and ZC such that the series Zb
and Zc are both dlvergent
Let x denote any number in 0 < ¢ < 4s. Then it is possible to find [3] subseries

0 -] o0 o)
Y'b,, and Y c,, of ¥'b, and ) c, respectively such that
1 1 1 1

o] 0
Yby=1%s+x and e, =35 —x.
1 1
The series of positive terms
bn; + CM1 + bnz + CMZ + ...
converges to s and by means of a suitable rearrangement of this series we obtain

o]

a subseries of ) a,, the sum of which is s. It follows that the required power is c.
1
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-]
It easily follows that the set of all subseries of a divergent series Y a, of positive
1

terms (where a, — 0) which themselves are divergent has the power c. It also follows

that the set of all divergent subseries Za,,x of Za,,, for which ngyy — ng — o as
K — oo [2] has the power c.
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