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LAPLACE L,-TRANSFORM OF DISTRIBUTIONS

JAN KUCERA, Praha
(Received november 13, 1967)

In our paper [11] Hilbert spaces L%, where k ranged in the set of all integers, were
defined. It was shownthat ¥ = LY =...c L} c L} c L;' = ... c UL, = &,
where & is the space of all rapidly decreasing functions together with their derivatives
and the dual &’ of & is the space of tempered distributions (see [1]). Then Fourier
transform &, based on the classical definition with the kernel exp (—2zi¢, x), is
a unitary automorphism on every L%. The purpose of this paper is to transfer these
results on Laplace transform.

We make use of the following notation. 92 is the linear space, over the field C of
complex numbers, of all functions f : R — C with compact support supp f which
possess continuous partial derivatives of all orders. The space 9’ of distributions is
the dual of &, where 9 is provided by usual topology, cf. [1]. Finally, we denote
P = {fe?'; supp f = 0, )"}

By o we denote a multiindex («y, &y, ..., @,) € R", where all «; are non-negative
integers. We write |of = Yo, x* = [[x%, for x € R", D* = !*!/(0x)®. If there are for
example variables (X, ..., X,, ¥y, ---» V) and D* acts only on variables (x4, ..., X,),
then we indicate this by DZ. If for a given multiindex « and a function f: R* - C
there is a function g : R" —» C such that [g. go dx = (—1)"* [r. fD*p dx for all
¢ € 9, then we call g the generalized derivative of f of order o and denote it by D*f.

Inequalities x < y and x < y, where x, y € R”, mean that x; < y; and, respectively,
x; < y5,j=1,...,n. As the function exp (o, x), with ¢ fixed, will frequently appear
throughout our paper, we denote it briefly by e,.

Let us remind of definition 1 from [11]: For k = 0, integer, let Ly = {f : R" » C;
there exists D*f for every B, |B| £ k, and | I+%[<k_fk,. x**|DFf|* dx < + co}. There is
defined an inner product in L% by (f, g)k = [r» [Difs Dig] dx, where

n

D, = (1 + X (2nix; + afox,))f = Y, ag(2mix)* D

Jj= la] +1B1 =k
and .
[Dkf , D] = Z laaplz (Znix)“ D’f(2mix)* Dg.
|

| +|Bl sk
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The space L;*, k = 0, integer, is the dual of L%, If elements f, g € L;* are, according
to Fréchet-Riesz theorem, represented by ¢, € L%, then (f, 9)-x = (, @), defines
an inner product in L;*. All L*, k integer, are Hilbert spaces.

Definition 1. For each integer k and each y € R" we define the Hilbert space L'é’v =
= {fe2,; e_,feLk}, with an inner product (f,g), = (e_,fie_,9) k=
=0,1,-1,2, -2,...

From definition 1 and from [11] it follows immediately that ... = L] , = L} , =
e Ly, = L7}, = L7} = ..., and that the identity-operator .# : L |~ L} , k=1,
is continuous. If ¢ 2 9, 0,y€R", then L5, = L} ,, k=0,1,—1,2, —2,..., and
again the identity-operator £ : L§’y - L} , is continuous. Let us show that also the
operator 9[dx, : L% , — L57." is continuous.

First we prove the inclusion (9/dx,) (L5 ,) = L%,'. Actually, for fe L%  we have
(0105 ) =(210x)ese 1) =(Olox2)e)eoS e (0I5 )e-1)=11S +eol6xcNe ).
Evidently y,fe L}, and (9/0x,) (e-,f) € Ly™!. Moreover, supp (9/x,)(e-,f) =
<= <0, 00)". This implies that supp e,(d/dx,)(e-,f) = <0, c0)" which proves
e,(0]0x,) (e,f) e L' and hence (0/dx,) f e L5 ,'. The continuity of 8/dx, : L , —
— L5~} follows then from the continuity of 8/ox, : L5 — L§™".

In [11], 0,4 P = q Z 0, signified the normed space of all such functions ¢ : R" —
— C that the mapping ¥ — @ maps continuously L5 ¥ into L{™* for k=0, 1, ..., q.
The norm was given by |¢|,, = max sup |||y

1

k=0,1,....q |[¥]lp-x=

Then it was shown that L' = 0,,< Ly """, where r = 1 + [4n], and that the
identity-operators . : L{™" — 0,4 #:0,,— L5777 are continuous. Every poly-
nomial of degree k is an element of Oy 4 ¢ = 0. For 9 €0, ,, feL;%, p =z q =0,
we have defined the product of € L,” by (¢f) ¥ = f(¢¥), ¥ € LE. Then evidently
lefll-p < |@llpq |f]-¢ Hence the mapping (o, f) = of of 0, , x Ly into L3P is
. hypocontinuous (i.e. continuous in each variable locally uniformly with respect to
the other one). This definition is in accordance with the classical Schwartz’s definition
of multiplication. Now, we are able to define the product ¢f, where 9 € 0, ,, f€ L, 4,
as an element of L3 % by ¢of = e,(pe_,f). The mapping (¢, f) — ¢f is then hypocon-
tinuous. In particular, the mapping f — (—x)*f of L; ¢ into L;%™!*! is continuous.

For each real number ¢ > 0 we define the homogeneity operator #, : L — L%
as follows: Let fe L5. If k = 0, then (#,f) (x) = f(x[c), xe R" If k <0, then
(##.1) () = "f(#1,.0), where ¢ € L3".

Proposition. Given ¢ > 0, a multiindex o, and integers k, p,q, p = q = 0. Then
He|| < (¢ + 1c) P,

1) #, is a homeomorphic automorphism of LY for which
H = Ay

2) HF = "FH,., where F is Fourier operator.

3) #, D" = " D,

4) For ¢ €0, fe L;* we have # (of) = (#.0) (#.f).

182



Definition 2. Given y € R" and an integer k. Then we define Laplace transform &
as a mapping of L%  into the space of all mappings of the set {s € R"; ¢ = y} into L%
by the formula

(l) (£1), = ,Wzng"(e_df) , fe L’;’? , C=7).

Lemma 1. Given y, A€ R", an integer k, a multiindex « and fe L'é,./. Then the
following formulae are valid:

@ Z((~ix)*f), = D(Zf), where o =7y,
(3) L(e;, D), = (06— A+ ity ZL(esf),, where o=y + A.

In particular, for A = 0 we get
(32) 2(D%), = (o + it} (£f), -

Proof. 1) Z((—ix)*f), = #H20F(e_(—ix) f) = 2n)' FH \2(—ix) e_of) =
= (2n)" F((—2mix)* #1j2ue-of)) = n)' D FH 1 )20(e—.f) = D*H 2. F(e_,f) =
= DX(Zf),.

2) °‘cfﬁ(ezl(af/axl))a - (0'1 - /11) g(elf)a' = %ng'_(ez—a(af/axo - (‘71 - '11) e}.—a‘f) =
= H . F(0]0x,) (€1-of) = H24(27iT) F(e1-of) = i1, H 2. F (€1-,f) = ity L(e:1f ),
The mathematical induction completes the proof.

Theorem 1. Given y € R", an integer k and f € L'é’.i. Then for every ¢ > y Laplace
image (£f), is a function. Moreover, if we denote the variable of (£f), by t, then
(£f), (z) is a holomorphic function of variable ¢ + it on the set {c + ite C"
o > y}. Therefore we will further write (£f) (¢ + it) instead of (£f), (1).

If k £ 0, then for each pair of multiindices o, f, [oc] + |ﬁ| < —k, there exists
a polynomial P, of degree <|B| and gy e L3 , such that

4 (£f) (u) =| | %: ) P (u) DY(ZLyg,) (u), Reu>7y.
a|l +|Bl= -k
Remark. We shall see in the proof that if we differentiate with respect to (i Im u)
instead of u on the right-hand side of (4), then (4) is valid on the set {u € C"; Re u = 7}.
Having already known that &f, fe L , is holomorphic for Re u > y we might
replace the operator D, by D, in (2). In this way we would get

(2a) L(—x)f) (u) = (DLLS) (u), Reu >7y.
Proof of Theorem 1. We first prove the second part of Theorem 1, then the first
one. Put m = —k. According to Theorem 2 of [11] for each multiindex B, |B| £ m,

there are hy e L, and a polynomial Qp of degree <m — |B| such that e_,f =
= Y Qu—ix)Dh, As suppe_,f < <0, )", we may suppose that supp h; <

1Bl =m
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< (0, Oo)n for every P, ]ﬂl < m. Hence, using (2), (3), u = o + it, we get for o = v,
(5) (gf)cr = g(evewf)zr = g(eylﬁlzmQﬂ(— ix) Dﬁhlf)a =

= IZ 2(Qy(—ix) e, Dihy), = WZ 04(D,) Z(e, Dihy), =
plsm =m

= 2 0D)(ie — 7 + 1 Lle))-
If we carry out the indicated differentiation we can write

()= Y Poylw) Di%(e,hy).,
la] +|B]=m
where P, is a polynomial of degree < |B| — (m — |B| — |of) = |B]. It remains to
put gy = e,h, which is evidently an element of L3, forevery B, |B] < m.

To prove the first part of Theorem 1 it suffices to show that (Z g,;),, is holomorphic
on {u; Reu > y}. Infact, (Lg,), = H# 1,7 (¢-95) = [rnexp(—(o + it), x) g5(x)dx =
= [gnexp (y — u, x) hy(x) dx.

Let us take A > 0, then evidently H,(u) = [¢o, 4y exXp (y — , X) hy(x) dx is an
entire function of u. Put for brevity M = <0, ©)" — <0, AY". Then for each ¢e
€(0, )", Re u = y + & we have

, (jMIexp (v — u, x) hy(x)| dx)z <
S [ owts w2 [ s = I T L o (- 200

Thus lim H,(u) = 0 uniformly on {u; Reu =y + &}. According to well-known
A—- 0

Weierstrass theorem the limit-function (£gy), is holomorphic on {u; Reu > y}.
The proof is complete.

Corollary. It follows from the proof of Theorem 1 that there exists a function ¢(u),
holomorphic on {u; Reu >y} and bounded on {u; Reu =y + &} for every ee
€ (0, o0)", such that

(6) (1) () = o) [T (w; = 7)", Rew>y.
j=
Hence if we write £f = F, then the integral

9(x) = - Flo + i7) exp (o + it, x)dr,

Rn l_]tl(O'J + iTj _ YJ m+2
j=

is absolutely convergent for every o > 7, does not depend on ¢ and is equal to zero
for x ¢ €0, )", see [10], Lemma 1.
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Evidently g is a distribution from Lg’, and can be differentiated. Let us write
a>y

n a m+2
(o) o=
i=1 \0x;

n 0 m+2 n
=1] <_‘ - 7;) e, F Y(F(o + 2mit) [ (o + 2mit; — ;) ™ 2) =
' Xi i=1

= e,F YF(o + 2mit)) = e, "' )5, F(c + it) =

=e,F 1 Fe_f)=ce_,f=f.
We have got an inversion formula

Theorem 2. Given y € R, a non-negative integer m and fe L;". Let F = Zf.
Then for every o > y we have

n

m+2
Q [ F(u) TT(; — 7)™ exp (u, %) du
o o+ iR

j=1

7 f- (z"i)_",ﬁl (

0 7
axj
where the indicated differentiation is in the sense of distribution theory.

Definition 3. Given y € R” and an integer k = 0. Then we put H , = {F; F is
holomorphic for Reu >y and sup  Y° [z |(o + it)|*. [DPF(o + it)]* dr <
< +oob. o>y lal +1F] sk

Lemma 2. Let y € R" and k = 0 be an integer. Then

1) Laplace transform % is an isomorphism of L’;W onto H’z"y.
2) For each F € H} , and each multiindex B, |B| < k, there exists lim D{F(c + it)

c—oy+
in the topology of L, (with respect to the variable t) and this limit is the generalized

derivative of order B of lim F(o + it). We denote lim F(o + it) = F(y + it).

ooyt oyt
3) For each o, B, |«| + |B| < k, the function [y, (6 + it)* DEF(c + it)|* dr is
non-increasing in all variables on the set {c € R"; ¢ = v}. In particular,

sup | |(¢ + it)* D!F(o + it)|>dr = J (6 + ic)* DEF(y + ir)|* dr .
R»

6>y JRn

4) Hj , is Hilbert space with an inner product

1

®) m%%=@jLWM+mmw+w«,
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where

n k
B, = (1 + S+ 2n i) = Y ay(iey D
=1 0t;)  lal+Tpisk
and
[DF(y + it), DGy + i1)] =

= Yy klal,,\z (it)* DEF(y + it) (it)* DEG(y + it) .

lal+18l=
5) & is a unitary mapping of L’i,v onto H';v),.

Proof. Points 1, 2, 3 follow immediately from [10], Lemma 6, point 4 is evident.
We prove point 5 with the help of [11], Theorem 1.

Compute at first

0
Han =
61:)) 1z
0 ~
——)> = %IIZnD .
0t

(f, g)Lkz,y = (e_yf, e—vg)k = (ﬁ(e—yf)’ g/;(e—vg))k =
= (fl/ufyfzny(e—yf)a ‘WI/Zn%ZWg(e—yg))k = (%puuyf, W1/2n$9)k =

D#y)2n = (1 + 2<2ni1j +

Il

%1/27: (1 + Z(“”J + 2n

Now for f, g € L} ,, we have

= j [Dkwl/2n3f7 Dk‘%]/ang] dr = J [”1/2:: ﬁkgf’ H 1120 ﬁkgg] dr =
Rn

Rn

— (2n) J [Bu2f, Be2d] dt = (2f, Lg)u, ,
o

Definition 4. Given y € R" and an integer k > 0. Then we denote H, ’; the linear
hull of all functions u*Dj®, |a| + || <k, where & eHj ,. For F = u*Dio,
G = Diy, &,y eHy ,, |o| + |B| < k, |%| + |4| £ k, we define the inner product
©)  (F.G) s, = (O~ £7'9), D(—x) £ W),
Theorem 3. Laplace transform & :L’§’7 - H’;yy is a unitary isomorphism for

each integer k.

Proof. The case k = 0 has been already proved in Lemma 2. Further let k < 0.
As it follows from Theorem 1 Laplace transform % is a one-to-one mapping of Lk y
onto Hﬁ’y. The linearity of # is evident. The inner product (9) was defined so that &
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turns out to be unitary. Indeed, let F,GeHs ., F= Y  a,u*Did,y G =

= Y b Dl Pup € HSJ. Then lal + |8~k
el + 171 £~k
(F, G)Hz,yk =
= Z aaﬂ Bxl(DI((’—x)ﬂ "(Z;l¢ap)’ Dk((_-x)l ‘g_ll//ki-))l-"z,y =

lal +1Bl=—k  |x|+]4]

Gy Y bu(Z Hu* DD, £ (u DY), =

el + 1A —k el +1715 -k

=(Z7'F, 276y, -

lin

—k

™

Corollary. H% , is the image of a unitary mapping of Hilbert space L . Hence it
is also Hilbert space.

Definition 5. Given y € R" and integers p, 4, p = g = 0. Then we define a normed

*

space 0}, = {feD; there exists g € 0, , such that e_,f = Fg}. For fel} |

we put ”fl;iq,v = ”‘g’.hle—vf”p,q'

Remark. It was shown in [11] that 0}, , = L$”"" and that the identity-operator
S 0%, ., — LY 77" is continuous.

Lemma 3. Given integers p,q, p=q 20, fe 2", n #(0,,) and g D’ 0 L%,
Then f* g e P'.. (The convolution (.x.) was defined in [11] as a mapping from
F(0,4) x L% into Ly? by f+ g = F~HFf. Fg)).

Proof. We show at first that supp F2g < (—oo,O)". Take ¢ e L% for which
supp ¢ N (— o0, 0)" = 0. Then supp F2¢ N <0, oo)" = supp ¢(—x) N €0, ©)" = 0.
Hence (#%g) ¢ = g(F%¢p) = 0.

As & is dense in L, it suffices to prove that (f = g) ¢ = 0 for every ¢ € & fulfilling
supp @ N <0, c0)" = 0. We have (f *g) ¢ = F2g(F ~?¢ = f). Hence it suffices to
show that supp (# ¢ = f) n (—o0, 0)" = 0.

Actually, (# 2 *f)e Ly77". Take y € L5*"~4 for which supp = (— o0, 0)".
Then (F 29 = f) y = (F*f) (F ¢ = F*Y) = 0. We have received the last equality
from the following equality

supp (F ¢+ F =) (= 0, 0= 5ubD ([ 0y — 3) Y(~2) ) r (<, 037 = .

Remark. It follows from Lemma 3 that fe 0 , ., g € L7 implies (e_,f *e_,g) €
€ 2',. This enables us to state

Definition 6. Let y € R", integers p,q, p Z q 2 0, fe Oy, ., and g € Ly be given.

Then we define the convolution f x g as an element of L3 by
(10) frg=cfe_,fxe_,g).
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Remark. For fe0%, ., geL;? we have |fxg|p-», = [e—,(f*9)|-,=
= ”e—vf*e—yg“-p = H?(e_yf) .4 ”e—vgu-q = ”f“:,q,y “g”L“'z,v‘ Thus the mapping
(f,9) > fxgof O;,, x L;%into L;? is hypocontinuous.

*

-a ,
5ay and ge Ly 3 be given.

Lemma 4. Let y € R", integers p,q, p=qg =0, feO
Then for every ¢ = 7y the equality

(11) ee_ofxe_,9) =efe_,fre_g)
holds.

Proof. Put F =e_,fe #(0,,) N 2", G =e_,ge L3;* n Z'.. We have to show
that (e,_,F) * (e,-,G) = e,_(F * G) holds for every ¢ =7y. According to the
hypocontinuity of convolution and density of & in L;? we may assume that G e
e nD,. Take ¢ € 2. Then

(€)-oF % ¢,-5G) @ = (&,-,F) (F*(e,-,0) * 0) = F(ey—o(F(e;-,6) * 9)) ,
e,—o(F * G) ¢ = F(F?G x¢e,_,0).

However,
o Fe,-46) * 9) (x) = ,-,(x) j ey =) G 7 0y =
= LnG(y = x) &,-4(y) 9(¥) dy = (F2G * ¢,_,0) (x).

As 92 is dense in L%, the proof is complete.

Theorem 4. Given fe 0 and ge L;%, p = q = 0, integers, y € R". Then
5

psq,?
(12) L(f*g)(u) = Lf(u). Lg(u), Reu>7y.
Proof. Take o > 7. Then according to (11) we may write

L(f *g) (6 + 2nit) = Fle_(f*9)) (r) = Fle_.f*e_,9)(r) =
= F(e_of) () F(e-,9) (r) = Lf(c + 2nit) Lg(o + 2mit) .
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