Czechoslovak Mathematical Journal

Jan Jakubik
Normal prime filters of a lattice ordered group
Czechoslovak Mathematical Journal, Vol. 24 (1974), No. 1, 91-96

Persistent URL: http://dml.cz/dmlcz/101219

Terms of use:

© Institute of Mathematics AS CR, 1974

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/101219
http://dml.cz

Czechoslovak Mathematical Journal, 24 (99) 1974, Praha

NORMAL PRIME FILTERS OF A LATTICE ORDERED GROUP

JAN Jakugik, Kosice

(Received January 9, 1973) .

The representation of lattice ordered groups as subdirect products of linearly
ordered groups was investigated in several papers ([1], [4]—[7], [9]—[13]). Let P
be the positive cone of a lattice ordered group G and let W be the union of all normal
prime filters of P, Ko, = {x € G : |x| ¢ W}. Then K, is an l-ideal of G and G/K, is
the largest quotient group of G that can be represented as a subdirect product of
linearly ordered groups (cf. [1]).

BANASCHEWSKI [ 1] remarks that it might be of interest to have a characterization
of W and K, internally in terms of the elements of G and that it remains as an open
question whether W is the set of all elements 0 < a € G such that

1) (xy +a—x)A...n(xy+a—x)>0 forany x,€G.

Let W, be the set of all strictly positive elements a of G satisfying (1). In this paper
it will be shown that there exists an I-group G with two generators such that W & W,
thus answering in the negative the above mentioned question (§2). An internal
characterization of the sets W and K, for any I-group G will be given in §3.

Let G be a subdirect product of linearly ordered groups. Then for each 0 < ae€ G
and any finite set x;, ..., x, € G the relation (1) is valid. In §4 we show that for an
infinite set {x;} (i e I) such that Ai(x; + @ — x;) exists, the relation

/\;E[(xi +a— x,-) >0
need not hold.

The standard terminology for lattice ordered groups will be used (cf. Birkhoff [2],
Fuchs [3]). The lattice ordered groups will be written additively though they are not
assumed to be abelian.

1. PRELIMINARIES

Let us recall some definitions and results that we shall use.
Let G be a lattice ordered group with the positive cone P. A proper subset @ + Q
of P will be called a prime filter in P if
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(i) x, ye Q implies x A y€ Q;
(i) xe Q and ze P, z = x implies z € Q;
(iii) x, ye P and x + ye Q implies xe Q@ or ye Q.

The relation between prime filters of P and homomorphisms of G into totally
ordered groups is described by the following proposition:

(*) ([1], Proposition 1.) For any homomorphism f with f(G) % {0} of G into
a linearly ordered group T, Q(f) = {x € P : f(x) > O} is normal prime filter and
Ker (f) = {xe G :|x| ¢ Q(f)}. Conversely, for any normal prime filter Q in P
there exists an epimorphism f from G into a linearly ordered group such that
Q = O(f), namely the natural homomorphism G — G|K where K is the l-ideal

{xeG:|x|eQ}.
For any A < G we denote )
A’ ={xeG:|x| A |a| =0 for each ae 4}.
The set A° will be called a polar of G. Each polar is a convex I-subgroup of G. The

following theorem was proven in [13]:

(**) A lattice ordered group G is a subdirect union of linearly ordered groups if
and only if each polar of G is normal.

2. AN EXAMPLE
Lemma 1. Let ¢ be a homomorphism of a lattice ordered group G into a linearly
ordered group H. Let a, x,, x, € G such that
) (x; +a—x)A(x;+a—x,)=0.
Then ¢(a) = 0.
Proof. From (2) it follows
o(x; +a—x)Aop(x, +a—x,)=0

and since H is linearly ordered we have either ¢(x; + a — x;) = 0 or ¢(x, + a —
— x,) = 0; because ¢(a) is conjugate of ¢(x; + a — x;) we infer that ¢(a) = 0.
Let Z be the additive group of all integers with the natural linear order. Let

F =Tz (iel)

be the complete direct product of I-groups Z; = Z for each i € I where I is the set of
all integers. The elements f € F are written in the form f = (..., (i), ...) (i €I). For
any integer n put

paf = (. b(i), ..) (i€])
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with b(i) = f(i — n). Let m be a fixed positive inger, m > 1. We denote by F,, the
set of all f € F such that for any i, j, k € I satisfying i — j = km we have f(i) = f(j).
Let G be the set of all pairs (n, f), ne Z, fe F,. We put (ny, f) < (ns, f5) if either
n, < n,, or ny = n, and f; < f,. We define the operation + in G by the rule

(3) (ny fy) + ("bfz) = (ny + ny, pofy + f2)-

Then G is a lattice ordered group that is generated by two elements (cf. [8]). Let
jeI,0 £ j < m.Let O and O be neutral element of F,, and of G, respectively. Further
let f; € F,, such that f;(i) = 1 when i — j = km for some keI and f,(i) = 0 other-
wise. Put a; = (0, f;), X; = O, x, = (1, 0). Then we have

(xy +a; —x;) A(xy +a; —x,)=0.

According to Lemma 1 and (*) we obtain a; € K. Since K, is an l-ideal of G (cf. [1])
we infer that the element a = Y a; (j = 0, 1, ..., m — 1) belongs to K,, hence a ¢ W.
For each x € G,

x+a—x=a,

thus a fulfils (1) and so a € W;. Therefore W; + W.

3. CONSTRUCTION OF K,

Let G be a lattice ordered group. We define by induction subsets K, and K, = G
(n=1,2,...) as follows. We put K, = K; = {0}. If K,_, and K,_, are already
defined we define K, to be the set of all elements 0 < a € G such that

“@ (x; +a—x))A(x; +a—x)eK,_

for some x,, x, € G. Further let K, be the subsemigroup of G generated by K,;
i.e., K, is the set of all elements of G that can be written in the form b = a; + ... + a,
for some ay, ..., a, € K, and some positive integer m.

Lemma 2. U K, < K,.
n=1
Proof. Obviously K, = K,; assume that K,_; = K,. Let a e K,,. Then

(xy +a=x)A(x2+a—=X3)=0; +... +a,

for some elements x;, x,€ G, ay, ..., a,€ K,_;. If ae F for some normal prime
filter F of G, then some a; belongs to F and hence a; € W, which is a contradiction.
Hence a € K. Since K, is a subgroup of G we infer that K, < K,,.
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Lemma 3. For each positive integer n, K, and K, are convex subsets of G con-
taining 0.

Proof. The assertion is obviously valid for n = 1; assume that the assertion holds
forn — 1. Let a, b, x;, X, € G,0 < b < a and let (4) hold. Then we have

0S(x3+b—x ) A(X24+b—x)S (%3 +a—x)A(x3 +a—x,).
Because K,,_, is convex by the assumption, we obtain
(x1 +b=x) A(x2 +b—x)e K,

and therefore b € K,,. Thus K,, is a convex subset of G. Let ye K, z€ G,0 < z £ y.
Then there are elements y,, ..., y,, e K, with y, + ... + y, = y. Further there are
elements z;,...,z, With0 < z; S y;, z = z, + o+ 7 (cf. [3]). Thus z; € K, and
hence z € K, Therefore K, is convex in G.

Lemma 4. For each positive integer n, K, and K, are normal subsets of G.

Proof. Obviously K; = K; = {0} is normal. Assume that K,_, and K,_, are
normal for some n > 1. Let a € K,, x,, X, € G such that (4) holds and let b € G. By
putting X3 = b 4+ x; — b, x, =b + X, — b, @’ = b + a — b we obtain from (4)

(xs +a" —x3) A (x4 + 0 —x)eK,_q,

thus b + a — be K,. Hence K,, is a normal subset of G. From thls it follows im-
mediately that K, is a normal subset of G as well.

From Lemma 2 and Lemma 3 we obtain that K = UK, (n = 1,2, 3, ...) is a convex
normal subset of G containing 0; since each K, is a subsemigroup of G, the set K is
a subsemigroup of G.

It is easy to verify that if A is a convex subsemigroup of G containing 0 then the set

={xeG:—a<x<aforsome acd} ={xeG:|x|eA}

is a convex I-subgroup of G; if, moreover, 4 is normal in G, then B is anll-ideal of G.
Thus we have the assertion:

Lemma 5. The set K = {xe G : |x| e U K,} is an l-ideal of G.
n=1

Lemma 6. Each polar of the factor I-group G|K is normal.
Proof. Let
CcGK, D={YeG/K:X AY=K foreach XeC},

Z e G|K. Assume that Y, = Z + Y — Z ¢ D for some Ye D. Then there is X e C
such that Y; A X =U, > K. Let.xeX, yeY, zeZ. Thus y, =z +y — z€Y;
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andu; = y; AxeU,, u; ¢K. Denote u = —z + u; + z. From
O<uysy;=z+y-:
we obtain 0 < u < y and hence

uy +K=sx+K, u+K=y+K.
Therefore

Ksuinanu+K=@u +K)A(u+K)s(x+K)Aa(y +K)=K

and so u; A ueK. Since u; A u 2 0, we have u; A ue K, for some positive in-
teger n and hence, according to the definition of K, ;, we obtain u,; € K,4+; < K.
Thus U, = K, a contradiction.

Lemma 7. K, c K.

Proof. From Lemma 7 and (**) it follows that G/K is a subdirect product of
linearly ordered groups. Since G/K, is the largest quotient group of G that can be
represented as a subdirect product of linearly ordered groups (cf. [1]) we obtain
K, < K.

According to Lemma 2 and Lemma 8, K, = K. Hence we have the following in-
ternal characterization of the sets Wand K,:

Theorem. K, = {xe G :|x|e UK, (n = 1,2,3,...)}, W= P — K,.

4. MEETS OF CONJUGATE ELEMENTS

Let G be a lattice ordered group that is a subdirect product of linearly ordered
groups. From the results of Banaschewski [1] (cf. also the Introduction) it follows that
for each 0 < a € W and any finite set X = {x,,...,x,} = G,

Alxi+a—x)>0.

xi€X

We show by an example, that for an infinite set X = G we can have

A@i+a—x)=0.

xieX

Let Z, F, and p, be as in §2. We denote by F, the set of all f€ F such that the set
s(f) = {iel:f(i) + 0}

is finite. Let G be the set of all pairs (n, f) with n € Z, f € F,. We define the opera-
tion + in G by (3), §2. Then G is a group. Further we put (n, f) > 0 if either (i) n > 0,
or (ii) n = 0, s(f) + 0 and f(io) > 0 where i, is the least element of s(f). Then G
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turns out to be a linearly ordered group. Let n e Z, f, f" € F, such that f,(i) = 0 for
each iel, f"(i) =0 for each iel, i + n and f"(n) = 1. Put a = (0, /°), x, = (n,fo).
We have —x, = (—n, f,) and

Xy +a—x,=(0,f7"),
hence
Ax; +a—-x)=0,

where i runs over the set of all positive integers.
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