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We are going to prove the following

Theorem. Let G be a bounded domain in &2, 8G its boundary and M : G U 3G —
— E* a surface such that M(0G) consists of umbilical points. Let there exist
functions R; : M — R; i = 1, 2, 3, 4; such that

(1) R;dH + R,dK + Ry;*dH + R, +dK =0,

H and K being the mean and Gauss curvatures of M(G) resp. Further, let
() R} + R} + 4H(R,R, + R3R,) + 4K(R3 + R}) > 0.
Then M(G U 0G) is a part of a sphere.

Proof. (1) Consider a field of orthonormal moving frames {m, v,,v,, 3} associated
to M = M(G U 0G). Then

(3) dm =  o'v, + 0?v,,
do, = ®v, + oy,
dv, = —wlv, + w3vy,
dvy; = —wlv;, — wdv,

with the usual integrability conditions. From

4) w* =0,

we get '

(5) o = ao! + bo?, ) = bo' + cw?
and

(6) da — 2bo? = aw' + fw?,

db + (a — ¢) 0} = Bw' + yo?,
de + 2bw? = yo! + d0? .
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The mean and Gauss curvature are given by

(7) H=%(a+¢')r K:ac——bz
respectively. From this,
()  dH =3+ e + 36 +0)o7,

dK = (ay + cx — 2bB) @' + (a0 + ¢p — 2by) w02
The *-operator is given (as usually) by
©) *17 = po' + g0’ > *T = _go' + po’.

Taking in regard another field {m; wy, w2, W3} of moving frames with

(10) vy = &(Cos @ . @ ~sin g . w,),
v, =sing@.w; +Cosgp.w,,
vy = €W, af=e§=l,
we get
(11) dm = Q'w, + Q*w,
with
Q' =g cosp.0! +sing.0?, = —¢sing. o' + cosgp.w?
and, for T = PQ! + QQ?,
(12) p=¢(Pcosg — Qsing), g =Psing + Qcos .
From this,
(13) *7 = g (—0Q"' + PQ?)

so that the s-operator depends just on the orientation of M. For further use, let us
choose one of the orientations of M the result is, of course, independent of the chosen
orientation.

(2) We have
(14) «dM
*dK

If

—3B + ) o' + Ha + )@,
—(ad + cB — 2by) @' + (ay + cx — 2bp) @*

so that the equation (1) yields
(15) Ry(x + ) + 2Ry(ay + cx — 2bf) —
— Ry(B + ) — 2R (ad + cf — 2by) =0,
Ry(B + &) + 2R,(ad + B — 2by) +
+ Ry(x + 7) + 2R,(ay + cx — 2bB) = 0.
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On M, choose a coordinate system (u, v) such that

(16) I =r2du? + s2dv*, ie, o' =rdu, w?>=sdv, rs+0.

From do' = —0? A o}, do* = o' A o}, we get
(17) 0= —s"'r,du + r71s,dv.
We have, from (6),
(18) dla-c)= 4ba? + (@ —9y) o' + (8- ),
db = —(a — ¢) o] + po' + yo?,

ie.,

(19) (a——c),,+4br—s"=(a—y)r, bu_(a_c)%=ﬂ,,
(a_c)"—4bs_:=(ﬂ—5)5, b.,+(a—c)§:—=ys.

Finally,

(20) ars = s(a— )+ rb, + () (a = ) + (1) b,

pro= b+ ()a- 0+ ()b,
s = bt ()@ -9+ ()b,
ors = —rla—c), +sb, + (*)(a—¢c)+ (*)b.

The system (15) becomes

(21) au('a —¢), + agy(a — ¢), + byib, + byyb, = cq4(a — ¢) + ¢12b,

a“(a - C)u + a22(a - C)u + b21bu + bzzbv = Czl(a - C) + cZZb
with

(22) a;; =  s(Ry + 2¢R,),
a;; = r(Ry + 2aR,),
by; = —2s5(2bR, + R; + 4HR,),
by, = 2r(Ry + 2HR, + 2bR,),
a,; = S(R3 + 2¢R,),
a,, = —r(Ry + 2aR,),
by, = 2s(R1 + 2HR, — 2bR4) ,
by, = ’2r(——2bR2 + R; + 2HR4) .
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Recall that the system (21) is called elliptic if the form
(23) @ = (ay,b,y, — ay,by,) p* — (agy1byy — azyby, +
+ ay3byy — ayabyg) v + (ayibyy — ayibgy) V2
is definite. In our case, ‘
ayybyy — ay,by, = 2r*[2(H + a) (R(R, + R3R,) +
+ 2b(R(R, — R,R;) + 4Ha(R; + R}) + R} + R3],
agsby; — ayiby, + ag,byy — azbyy = 4rs[—2b(RR, + R3R,) +
+ (a — ¢) (RyR, — R,R;) — 4bH(R; + R})],
ay1byy — ay by = 25*[R} + R} + 2(H + ¢) (R\R, + R3R,) +
+ 2b(R,R; — RyR,) + 4cH(R} + R})].
Denoting by 4 the discriminant of @, we get
4
(24) 6r2s?

x [R} + R} + 4H(R(R, + R3R,) + 4K(R3 + R})].

= [(Ry + 2HR,)* + (R; + 2HR,)*] x

The first term of the product cannot be equal to zero; indeed, let us suppose, on the
contrary, Ry + 2HR, = Ry + 2HR, = 0. Then the second term would be
—4(H* — K) (R} + R3) < 0, which is a contradiction to (2). This means that (2)
induces the system (21) to be elliptic. On the boundary dG, @ — ¢ = b = 0 according
to the supposition. From this, a — ¢ = b = 0 on G, i.e., 4 H> — K) = (a — ¢)* +
+ 4b%? = 0 on G, and M is a part of a sphere. QED.

From our Theorem, we get immediately the following

Corollary. Let G be a bounded domain in %%, 0G its boundary and M : G U 3G —
— E* be a surface such that M(0G) consists of umbilical points and there exists
a function f(x, y) on G such that

(25) f(H,K) =0, f3=4Hfyfx + 4kfg >0
on G. Then M is a part of a sphere.

The proof is trivial, because f(H, K) implies fy dH + fx dK = 0, and we are in
the situation of our Theorem for R; = fy, R, = fx, R3; = R, = 0. This Corollary
has been proved by A. Svec, for ovaloids, in his paper [1].
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