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PRIMITIVE LATTICES

JAroOsLAV JEZEK and VACLAV SrLAvik, Praha

(Received April 26, 1978)

By a primitive lattice we mean a lattice L such that the class of all lattices that do
not contain a sublattice isomorphic to L is a variety. A typical example of a primitive
lattice is the pentagon (the lattice pictured in Fig. 18); the corresponding variety is
just the variety of modular lattices. In [1] we have found several examples of primitive
lattices; the task of the present paper is to find all primitive lattices.

It turns out that the notion of a primitive lattice has several equivalent definitions
(see Theorem 11.1). For example, a lattice is primitive iff it is a finite, subdirectly
irreducible sublattice of a free lattice. In the study of finite sublattices of free lattices
the following three conditions are important:

(I) aab=ancimpliesanb=an(bvec)
(M avb=avcimpliesavb=av(bac)

(M) a A b £ ¢ v d implies either a <cvd or b<cvdoranb=c or
anbsd

In fact, every sublattice of a free lattice satisfies these three conditions while, on the
other hand, it is an open problem if any finite lattice satisfying these three conditions
is a sublattice of a free (cf. [2] and [3]). We shall prove (see Theorem 11.1) that the
answer to this problem is affirmative in the case of subdirectly irreducible lattices;
in more detail, we call a lattice weakly primitive if it is finite, subdirectly irreducible
and satisfies (I), (1I), (III) and we prove that the notions of primitive lattices and
weakly primitive lattices coincide.

The main (and on]y) results of this paper are Theorems 11.1 and 11.2. Both these
theorems give a complete description of the class of primitive lattices. The description
found in Theorem 11.1 is simpler, while that in Theorem 11.2 is more transparent.
The description formulated in Theorem 11.2 is a list consisting of 33 items, nearly
all of them representing infinite families of primitive lattices indexed by finite sequences
of numbers from {1, 2, 3}.
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In Section 2 we find an infinite collection of “fundamental” primitive lattices
(their typical representants are pictured in Figures 1, 2, ..., 10) and five constructions
R, P, P*, Q, Q* enabling us to construct a new primitive lattice from a given primitive
lattice (and from its given element, satisfying certain conditions). In Sections 3,4, ...
..., 10 we are trying to show, conversely, that there are no other primitive lattices
(and, moreover, no other weakly primitive lattices) than those that can be obtained
by the five constructions from the fundamental primitive lattices and their duals.
The results of these sections are summarized in Theorem 11.1.

In several cases we were forced to omit proofs that otherwise would be long but
routine.

The acquaintance with [3] would be convenient for the reader.

1. PRELIMINARIES

Let L be a lattice. The least and the greatest elements of L (if they exist) are denoted
O.and 1,.Ifa,beLand a < b, weput [a, b], = {xe L;a < x < b} and (a, b), =
= {xe L; a < x < b}. If no misunderstanding threatens, we write only 0, 1, [a, b],
(a, b). The dual of L is denoted by L*. If a,be L, a < b and there is no ¢ with
a < ¢ < b, then we write a < b and say that b is a cover of a (or that a is covered
by b, or that b covers a). Elements a such that 0, < a are called atoms of L; atoms
of L* are called coatoms of L. An element a € L is called A -reducible (in L) if a =
= b A ¢ for some b, ce L\{a}; in the opposite case it is called A-irreducible.
Dually we can define v -reducible and v -irreducible elements. Evidently, if L is
finite, then an element of L is A -reducible iff it has at least two covers and it is v -
reducible iff it covers at least two different elements. If a, b € Land neither a < b nor
b < a, we write a || b; if either a < bor b £ a, we write a Jf b.

Ordered pairs are denoted by {a, b). The setid, = {<x, x>; x € L} is just the iden-
tical mapping of L onto itself and, at the same time, the least congruence of L. The
set L x L= I* is just the greatest congruence of L. If [ay, b,],..., [a,, b,] are
pairwise disjoint intervals of L, then [ay, b;]* U ... U [a,, b,]* U id, is an equi-
valence on L; the intervals [a,, by ], ..., [a,, b,] are its blocks and all its remaining
blocks are one-element. A congruence of L is called non-trivial if it is different from
id;. The intersection of all non-trivial congruences of L is denoted by w;. L is called
subdirectly irreducible if it contains at least two elements and w; is non-trivial.

1.1. Lemma. Let L be a lattice and [a, b] its interval. Then [a, b]* Uid, is a con-
gruence of L iff the following two conditions are satisfied:

() If xe L and x < b then x } a.
(ii) If xe Land a < x then x } b.

Proof. Itis evident. g
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1.2. Lemma. Let L be a lattice and [a, b, [c, d] its two disjoint intervals such
that a < c and b < d. Then [a, b]? U [¢c, d]* U id, is a congruence of L iff the fol-
lowing four conditions are satisfied:

(i) If x < b then x } a.
(i) If x > ¢ then x }f d.
(iii) If x < d and x £ b then x J c.
(iv) If x > a and x % c then x J b.

Proof. Itis evident. g

1.3. Lemma. Let L be a sublattice of a lattice K. Let o be a congruence of L such
that o U idyg is a congruence of K. Let B be a congruence of L such that f < o. Then
B v idg is a congruence of K.

Proof. It is enough to prove that if {a, by e fand xeK then{a v x, b v x> e
epuidg. If a v x = b v x, this is (of course) true. Let a v x # b v x. Since
B = o and a L idg is a congruence, (a V x, b v x> ea U idg and thus {a v x,
bvxyea; hence a vx, bvxgL Putz=(av x)A(bvx),so that zeL
and consequently (a v z, b v z) & f. However, itiseasytoseethata v z = a v x
andbvz=>bvx n

1.4. Lemma. Let L be a sublattice of a subdirectly irreducible lattice K. Let o
be a congruence of L such that o L idy is a congruence of K. Suppose that whenever
a,be L and {a, b) ¢ o then a has a non-trivial intersection with the congruence
of L generated by {a, b). Then L is subdirectly irreducible.

Proof. Suppose, on the contrary, that § ny = id, for two non-trivial congruences
B,y of L. By 1.3, (« n f) U idg and (x N ) U idg are congruences of K; since their
intersection is trivial, one of them, say (cx N ﬂ) U idy, is trivial. Hence « N f = id;.
There exists a pair {a, b) € § with a % b; hence <a, b) ¢ «. Denote by J the con-
gruence of L generated by <a, b}, so that & N & is non-trivial. We get a contradiction,
sinceandcanf=id,. m

Consider the following three conditions for a lattice L:

() aAanb=ancimpliesanb=aa(bvec)forall a,b,celL.

(IMavb=avcimpliesav b=av(bac)forall a,b,celL.
() If @, b,c,deLand a A b £ ¢ Vv d then either a<cvdorb=<cvdor
anb=Zcoranb<d.

As is well-known, every sublattjce of a free lattice satisfies all these three con-
ditions. On the other hand, it is an open problem if any finite lattice satisfying these
three conditions is a sublattice of a free lattice (cf. [2] and [3]).

Evidently, if a lattice satisfies (III), then its every element is either A -irreducible
or v -irreducible.
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By a fine interval of a finite lattice L we mean an interval [a, b] of Lsuch thata < b,
ais A-irreducible and b is v -irreducible (i.e. such that b is the only cover of g and a
is the only element which is covered by b).

1.5. Lemma. Let [a, b] be a fine interval of a finite lattice L. Then [a, b]* U
v id,, is a congruence of L.

Proof. It follows from 1.1. g

1.6. Lemma. Let L be a finite lattice satisfying (II) and let a, b be its elements
such that a < b, a is A-irreducible and b is v -irreducible. Then there exists a fine
interval of L contained in [a, b].

Proof. (By induction on Card [a, b].) If Card [a, b] = 2 then [a, b] is fine.
Let Card [a, b] > 2. The element a is covered by exactly one element c; evidently
¢ < b. If ¢ is v-irreducible then [a, c] is fine. If ¢ is v -reducible then (since L
satisfies (III)) ¢ is A-irreducible and thus [¢, b] contains a fine interval by the in-
duction assumption. g

1.7. Lemma. Let L be a finite lattice satisfying (1), (II), (II). Then every element
of L has at most four covers. Moreover, if there exists an element of L with four
different covers, then L has at least six different fine intervals.

Proof. The first assertion follows from Corollary 1.3 of [2]. If an element of L
has four different covers, then it follows from Theorem 3.3 of [2] that L contains
a sublattice isomorphic to a certain 22-element lattice pictured in Fig. 1 of [2];
looking through the picture, we conclude from 1.6 that L has at least six different
fine intervals. g

A lattice is called weakly primitive if it is finite, subdirectly irreducible and satisfies

(D), (11), (1I).
1.8. Lemma. A weakly primitive lattice contains at most one fine interval. If [a, b]
is a fine interval of a weakly primitive lattice L, then w, = [a, b]* v id,.

Proof. It follows from 1.5. g

1.9. Lemma. Let L be a weakly primitive lattice. Then every element of L has at
most three covers and every element of Lis a cover of at most three different elements.

Proof. It follows from 1.7, 1.8 and from duality. g

By a star element of a weakly primitive lattice L we mean an element with exactly
three different covers in L. Costar elements are defined dually.

598



1.10. Lemma. Let L be a weakly primitive lattice with more than two elements.
Then L has at least two atoms and at least two coatoms.

Proof. Suppose that L has only one coatom a. Then evidently [a, 1]* uid, and
[0, a]? v id,, are two non-trivial congruences of L with trivial intersection, a contra-
diction with the subdirect irreducibility of L. Similarly, L can not have only one
atom. g

2. STRONGLY PRIMITIVE LATTICES

Let L be a finite lattice. A finite sequence X, ..., X, of elements of L is called
admissible (for L) if every element of L is a member of X, ..., x, and for every
ie{l,..., k} and every non-empty subset U of {u € L; u £ x;} such that AU < x;
there exists a non-empty subset ¥ of {xy, ..., x;_;} such that AV < x; and such that
for every v € V there exists a u € U with u < v.

A lattice L is called strongly primitive if it is finite, subdirectly irreducible, satisfies
(111) and both L and L* have admissible sequences.

2.1. Lemma. Let L be a strongly primitive lattice. Then L is a sublattice of a free
lattice; consequently, L is weakly primitive.

Proof. It follows from Theorems 6.4 and 6.3 of [3]. m

Let us define lattices A4,, A,, A3, A4, B,(n 2 1), C,(n 2 1), D,(n 2 0), E,(n 2 0),
F,(n 2 2), G,(n 2 2). They will be defined if we indicate their underlying sets and
all the pairs x, y of their elements such that x < y:

A4, = {0,1}; 0 < 1. (See Fig. 1.)
Ay =1{0,1,..,9) 0<2<3<4<1, 0<5<6<T<1, 2<8<9<4,
5<8,9< 7. (See Fig. 2.

A3 =1{0,1,...,9}; 0<2<3<4<1, 0<5<6<7<1, 2<8<9<4,
5<8, 6 <9. (See Fig. 3.)

)

Fig. 1: A, Fig. 2: 4, Fig. 3: A5
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A, ={0,1,..,11}; 0<2<3<4<1,0<5<6<7<1,2<9<11<4,
5<8<10<7,8<9, 10 < 11. (See Fig. 4.)

Fig. 4: A,

B, ={0,1,...,11, ay, ..., a,, by,

veobp ey, inendy ., d};0<2<3<4<1,
0<5<6<7<b;<...<b,<9<4,2<7,6<c¢c;<a;<...<¢,<

<a,<8<95<10<d;<..<d,<11<1,8<1l,a,<by,...,a,<
< b,, ¢; <di, ..., ¢, < d, (See Fig. 5 for n = 3.)

C,={0,1,..,9, as,...,a, by, ..., by, €155y dy, .0 dy}; 0<2<3<4<1,
0<5<d; <...<dp2<6<T<by<c,<..<b<ec,<9<1,6<
<a;<...<a,<8<4,5<7,8<9, a;,<by,...,a,<b,, di<cy,..
...y d, < c,. (See Fig. 6 for n = 3.)

40

Fig. 5: B,

Fig. 6: C,
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D,={0,1,...,8, ay,....,a, by, ... b,}; 0<2<5<6<a;<...<q,<1,0<
<4<50<3<7<1,3<8<1,b,<a,..b,<a,2<b;<by<
<bs<..<7,4<by<by<bg<...<8.(See Fig. 7 for n = 3.)

E, ={0,1,..,13,ay,...,a, by, ..., b,};0<2<5<6<7<9<a,;<...

0 <a,<1,0<4<56<8<9,2<10<7,4<11<8,0<3<12<
<1,3<13<1,10<b; <by<bs<..<I12, 11 <b,<by<bs<...
...<13,b, < ay, ..., b, < a,. (See Fig. 8 for n = 3.)

Fig. 8: E,

Fig. 9: F,

F,={0,1,...,9, as, ..., a, by, b};0<2<5<6<a;<...<a,<1,0<
<4<6 0<3<T<8<1,3<9<1,2<7 5<b <by<bs<...
<8, 4<by<by<bg<..<9, by<ay,..,b,<a, (See Fig. 9 for
n=35)
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G, =10, 1,... :
: {<5 0,7,a1,...,an,bl,...,b,,},0<2<5<a1-<---<an<1’0<4<
S O3 XOSL 3T <L 2< b < by < by <. <6, 4<b; <
+<bs<...<7, b, <ay,.... b, < a. (Sec Fig. 10 for n = 4.)

Fig. 10: G,

2.2. Lemma. The lattices Ay, A,, A3, Ay, B,(n 2 1), C(nz=1), D(n=0),
E,(n 2 0), F(n = 2), G,(n = 2) and their duals are strongly primitive.

Proof. The verification of all the conditions from the definition of a strongly
primitive lattice is a tedious routine work in each of the ten cases.

Let L be a finite lattice and ae L. An element b e L is called the companion of a
(in L)if L= [0, a] U [b, 1] is a disjoint union. Evidently, b is uniquely determined
by a. We say also that a is the cocompanion of b.

Let L be a finite lattice. An element a € L is called a perfect element of L if 0, <
< a < 1;, a has a companion and the following is satisfied: if x, ye Land a < x v
v y < 1, then either a < x or a < y. An element a € L is called a coperfect element
of Lif it is a perfect element of L*, i.e. if 0, < a < 1;, a has a cocompanion and
whenever 0, < x A y < a for some x, y € L then either x < a or y < a. Evidently,
if a is either perfect or coperfect, then a is both A -irreducible and v -irreducible.

For every lattice L we fix four different elements not belonging to L and denote
them by oy, i), ¢, d;. ‘

For every finite lattice L we define a lattice R(L) as follows: R(L) = LU {0y, iy, ¢.};
Lis a sublattice of R(L); o, is the least and i, is the greatest element of R(L); the
element ¢, is incomparable with all elements of L. (See Fig. 11.)

Let L be a finite lattice, a € Land 0, < a < 1,. Then we define four new lattices
P(L, a), P*(L, a), Q(L, a), Q*(L, a) as follows:

P(L,a) = L {i, ¢ }; Lis a sublattice of P(L, a); iy, is the greatest element of
P(L,a); 1. A ¢, = a. (See Fig. 12.)
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P*(L,a) = Lu {0y, ¢,}; Lis a sublattice of P*(L, a); o, is the least element of
P¥(L, a); O, v ¢, = a. (See Fig. 13.)

Q(L, a) = Lo {oy, iy, ¢;, d,}; Lis a sublattice of Q(L, a); o, is the least and iy is
the greatest element of Q(L, a); 1, A ¢, = a; 0, v d = c;. (See Fig. 14.)

i
l.'L
c, CL a
a cL
o, o
Fig. 11: R(L) Fig. 12: P(L, a) Fig. 13: P*(L, a)

Q*(L, a) = L {0y, iz, ¢1, d,}; Lis a sublattice of Q*(L, a); oy, is the least and i,

is the greatest element of Q*(L, a); 0, v ¢, = a; 1, A d = c;. (See Fig. 15.)

Evidently, P*(L, a) is isomorphic to the dual of P(L*, a), Q*(L, a) is isomorphic to
the dual of Q(L*, a) and Q(L, a) is isomorphic to P*(P(L, a), c.).

Fig. 14: Q(L, a) Fig. 15: Q*(L, a)

2.3. Lemma. Let L be a strongly primitive lattice. Then R(L) is strongly pri-
mitive and ¢y, is both a perfect and coperfect element of R(L).

Proof. If x4, ..., X; is an admissible sequence for L then i, 1, ¢;, Xy, ..., X, 0,
is an admissible sequence for R(L). Analogously we can find an admissible sequence
for the dual of R(L). We have wg(, = @, U idg,. The rest is easy. u

2.4. Lemma. Let L be a finite lattice satisfying (III), let both L and L* have
admissible sequences and let a be a perfect element of L. Then P(L, a) satisfies
(I11), both P(L, a) and the dual of P(L, a) have admissible sequences and c, is both
a perfect and coperfect element of P(L, a).
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Proof. Let ¢,d,e,feP(L,a) and ¢c A d <e v f. If ¢,d, e, fe L then either
cnd=<eorcand=<forc=<ev ford<ev f,since L satisfies (IIT). The same
conclusion is evident if either one of the elements ¢, d, e, f equals i, or one of the
elements e, f equals ¢, or ¢ = d. It remains to consider the case ¢ = ¢, & d, e, fe L
(since the case d = ¢ & c, e, fe L would be similar). Since ¢ A d=c¢, A d =
=a Adanda,d,e,feL, we have cither a Ad<eorand=<forasevf
ord < e v f. To prove that P(L, a) satisfies (III), it is enough to derive a contradic-
tion froma<ev f&andfe&kandff&dfevf Sinced£evf we
have e v f + 1, and so a < e v f < 1,. It follows from the perfectness of a that
either a < eor a < f, so that eithera A d < eor a A d < f, a contradiction.

Let x4, ..., X, be an admissible sequence for L and let us prove that i, ¢, 1;, a,
Xy, ..., X is an admissible sequence for P(L,a). Let ie{l,...,k} and 0 = U <
c{xeP(L,a); x £ x;}, NU=Z x;. If ¢, ¢ U then 0+ U\{i} = {xeL; x £ x;}
and A(UN{i.}) < x,, so that there exists a non-empty ¥V < {x,, ..., x;_,} such that
AV £ x;and (Yoe V) (Jue UN{ir})u < vyevidently V = {if, ¢;, 11, a, x4, ..., x4}
and (Yve V) (JueU)u < v. Let ¢, e U. If x; = a, we can evidently put ¥V = {1, ¢}.
Let x; % a. Put Uy = (U~ {ip, ¢,}) U {a}. Evidently 0 + U, = {xeL; x £ x;}
and AU, £ x;; hence there exists a non-empty V, < {x, ..., x;_1} with AV, < x;
and (Yve Vp)(FueUy)u <v. Put V= (Vo\[a,1.]) U {c.}. Evidently 0 + V =
c {ip e, a, %y, . Xim1), AV x;and (Ywe V) (FueU)u < v,

Denote by b the companion of a.

Let yy, ..., y, be an admissible sequence for L* and let us prove that b, ¢, i, 4, ...
..., Yx is an admissible sequence for the dual of P(L, a). Let ie{1,...,k} and 0 +
+Uc{xeP(La); x%ty}, VU2 x,. If ¢,¢U then U < {xeL; x % y;}, so
that there exists a non-empty ¥V < {y,,..., y;—;} such that V¥ > y; and (Yo e V)
(FueU)u = v; evidently V< {b,c, i, yys..s ¥ie1}- If ¢,€U then evidently
y; 2 b and it is enough to put ¥V = {c,, b}.

The element b is the companion of ¢, in P(L, a), 1 is the cocompanion of ¢, in
P(L, a) and it is easy to see that ¢, is both perfect and coperfect. g

2.5. Lemma. Let L be a strongly primitive lattice and a its perfect element such
that a is not a coatom of L. Then P(L,a) is a strongly primitive lattice and cy,
is both a perfect and coperfect element of P(L, a).

Proof. By 2.4 it is enough to show that P(L, a) is subdirectly irreducible. There
exists an element ee L with a < e < 1;. Since L is subdirectly irreducible, there
exists a pair {v, w) of different elements of L such that (v, w) belongs to any non-
trivial congruence of L. Let a be a non-trivial congruence of P(L, a). We have
<P, q) € a for some p, g € P(L, a) with p % g. If p, g € L then evidently <v, w) € a.
If p,q¢ L then evidently <{a,1;> ea and so {v,wdea. If peL and q ¢ L then
evidently {1;, i) € « and thus {e, 1,> € a, so that {v, w) € « again. We have proved
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(v, w) € a for any non-trivial congruence o of P(L, a) and thus P(L, a) is subdirectly
irreducible. g

2.6. Lemma. Let L be a strongly primitive lattice and a its coperfect element
such that a is not an atom of L. Then P*(L, a) is a strongly primitive lattice and ¢,
is both a perfect and coperfect element of P*(L, a).

Proof. It is the dual of 2.5. g

2.7. Lemma. Let L be a strongly primitive lattice and a its perfect element such
that a is a coatom of L. Then Q(L, a) is strongly primitive and d, is both a perfect
and coperfect element of Q(L, a).

Proof. By 2.4 and its dual it is enough to show that Q(L,a) is subdirectly
irreducible. Since L is subdirectly irreducible, there exists a pair {v, w) of different
elements of L such that {v, w) belongs to any non-trivial congruence of L. Let o
be a non-trivial congruence of Q(L, a). We have {p, q) € « for some p, g€ Q(L, a)
with p # ¢.If p, g € Lthen evidently (v, w) € a. Since {0, O, a, ¢, d} is a sublattice
isomorphic to the pentagon, p, g €{o., 0y, a,c;, d.} implies <0y, a)ea and so
(v,wyea. If p=i, and q = ¢, then {a,1,> e« and so {(v,w)ea. If pe L and
qg=cthen {pv 1, e videa ie {(1,,i)€ea, so that {a,c.)ea and con-
sequently {v, w) e a. If pe Land q = d;, then {v, w) € o similarly. g

2.8. Lemma. Let L be a strongly primitive lattice and a its coperfect element
such that a is an atom of L. Then Q*(L, a) is strongly primitive and dy, is both
a perfect and coperfect element of Q*(L, a).

Proof. Itis the dual of 2.7.

3. WEAKLY PRIMITIVE LATTICES: NO STAR OR COSTAR ELEMENTS
AND ONE OF THE COATOMS v -IRREDUCIBLE

In this section let L be a weakly primitive lattice such that L has neither star nor
costar elements, L has exactly two coatoms u, r and r is v -irreducible.

Puta=unAr,U={xeL;x <u, xZ£a} (sothat e.g. ueU) and denote by ¢
the meet of all elements of U; put b =t v a.

3.1. Lemma. ¢ is the companion of r in L; we have a < r, L = [0, u] U {r, 1} and
a<b<u.

Proof. If x,yeUthenx £ rand y £ r,sothatx v r = y v r = 1; by (II) we
get 1 =(x A y)Vvr sothat x A y£a and thus x A yeU. This implies that
te U and t is the companion of a in [0, u]; evidently, ¢ is the companion of r in L.
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Suppose that a is not covered by r. There exists a unique element s with s < r
and we have a < s. Evidently s is A-irreducible and so [s, r] is a finite interval of L.
Put U, = {xeL; x<s x £ a}. We have se U,. Denote by t, the meet of all
elements of U;. If x, ye U, then X, y £ u, so that x v u = y v u = 1; by (I) we
get 1 =(x A y) v u, sothat x A y £ a and thus x A y e U,. This implies that
t; € Uy and t, is the companion of a in [0, s]. Evidently ¢ v t; = 1. Now it is easy
to see that [0, a]* U [, u]*> U [, s]*> U id, is a congruence of L. However, o, =
= [s,r]> uid, by 1.8 and we get a contradiction with the subdirect irreducibility
of L.

Since a < r and r is v -irreducible, we have L = [0, u] U {r, 1}.

We have evidently a < b < u. Suppose b = u. Then it is easy to see that [u, 1]* U
v [a,r]> uid, and [0, u]* U [r, 1]*> Uid, are congruences of L, a contradiction
with the subdirect irreducibility of L. g

3.2. Lemma. If a = O then [t, u] is weakly primitive and L ~ R([t, u]).

Proof. Evidently L ~ R([t, u]). Since L satisfies (I), (I), (III) and [¢, u] is a sub-
lattice of L, [t, u] satisfies (I), (II), (III) as well. Hence, to prove that [, u] is weakly
primitive, it is sufficient to show that it is subdirectly irreducible. However, this
follows from the fact that if « is a congruence of [#, u] then evidently « U id, is a con-
gruence of L. g

3.3. Lemma. If a + 0 and if [0,u] is subdirectly irreducible, then [0, u] is
a weakly primitive lattice, a is a perfect element of [0, u], a is not a coatom of [0, u]
and L ~ P([0, u], a).

Proof. Only the perfectness of a needs an explanation. Evidently 0 < a <b < u
and ¢ is the companion of a in [0, u]. Let x, ye[t,u] and a < x v y < u. We have
u Ar=a=xvy; since L satisfies (III), either u < x v y or r<x Vv y or
a £ xora = y. The first two cases are impossible and thus eithera < xora < y. m

3.4. Lemma. Let o be a congruence of [0, u]. The following assertions are
equivalent:

(i) « v idy is a congruence of L.
(i) <a, by ¢ a.

(iii) If {x,y) e€a then either x,y =t or x,y < a.

Proof. It is easy to prove (i) = (i) = (iii) = (i). m

3.5. Lemma. Let a = 0 and suppose that [0, u] is not subdirectly irreducible.
Denote by y the congruence of [0, u] generated by <a, b). Let {p, g) € y and p * q.
Then either p > t& q<aorp=<a&q =t
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Proof. Suppose, on the contrary, that either p, g = ¢ or p, g < a. Since [0, u] is
not subdirectly irreducible, there exist two non-trivial congruences a, § of [0, u] with
trivial intersection. We have either <a, b) ¢ « or <a, b) ¢ f; it is enough to consider
the case <a, b) ¢ a. It follows from 3.4 and from the subdirect irreducibility of L
that <a, b) € B. Denote by & the congruence of [0, u] generated by <{p, g>. Since
[0, a]* U [t, u]? is evidently a congruence of [0, u] containing 8, we get <a, b} ¢ d.
By 3.4, 6 U id, and a U id;, are non-trivial congruences of L and so w, < (6 U id;) N
N (x v idy); consequently, 6 N a is non-trivial. However, 6 na = B na = idjo
(since & = y = B), a contradiction. g

3.6. Lemma. If 0 < a and if [0, u] is not subdirectly irreducible, then [t, u] is
a weakly primitive lattice, b is a coperfect element of [t,u], b is an atom of [t, u]
and L~ Q*([t,u], b).

Proof. If it were b = t then [0, a]* U id,, and [a, 1]* U id, would be two non-
trivial congruences of L with trivial intersection, a contradiction. Hence ¢t < b.
If xe Land t < x < b, then evidently <t, x) belongs to the congruence of [0, u]
generated by {a, b}, so that t = x by 3.5. We have proved that b is an atom of [¢, u].
Put U, = {xe[t,u]; x % b} and denote by p the meet of all element of U,. If
x,yeUqthenx A a=y Aa=0,s0that0 = (x v y) A aby(I)andthusx v ye
€ U,. This implies that pe U, and p is the cocompanion of b in [t, u]. Since b is
v -reducible in L, b is A-irreducible and b is a coperfect element of [¢, u]. Evidently
L~ Q*([t,u], b) and it remains to show that [, u] is subdirectly irreducible. Sup-
pose, on the contrary, that there are two non-trivial congruences ay, a, of [¢, u]
with trivial intersection. For every i e {1, 2} define an equivalence f8; on L as follows:
{x, y) € B;iff either <x, y> e o; or x = y or {x, y} = {0, a} and ¢, b) € ;. It is easy
to see that f8,, f, are congruences of L. Since L is subdirectly irreducible, there exist
two elements x, y € Lsuch that x # y and <x, y) € B; N B,. If it were x, y € [¢, u],
then we should have {x, y) € «; N a5, a contradiction. Hence, by the definition of §;,
there is no other possibility than {x, y} = {0, a}. But then <t, b) € ¢; N a5, a con-
tradiction. g

3.7. Lemma. Suppose that [0, u] is not subdirectly irreducible, a + 0 and a is
not an atom of L. Then L ~ Aj;.

Proof. There exists exactly one element a, with a; < a and we have 0 < a,.
Put by =t v a,. If it were b; = b, then we should have u A r=a <b =b; =
=1V a,, so that either u < borr < b or a £ a, or a <t; since the first three
cases are evidently impossible, we get a < t, but then [0, a]|* U id, and [a, 1]*> U id,,
would be congruences of L, a contradiction. Hence b; < b. If xe Land b; < x < b,
then evidently <b,, x) belongs to the congruence of [0, u] generated by <a, b}, so
that b; = x by 3.5. We have proved b; < b. If it were ¢t = b; then evidently
[0, a,]* v id, and [a,, 1]* U id;, would be non-trivial congruences of L with trivial
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intersection, a contradiction. Hence ¢t < b,. Especially, b, is v-reducible and b is
the only cover of b,. If xe Land a,; < x < b, then x = ¢t and evidently {x, b,)
belongs to the congruence of [0, u] generated by <a, b), so that x = b, by 3.5.
Hence a; < b,.

It follows from 1.2 that [a,, a]* U [by, b]* U id, is a congruence of L, so that
o, = [ay, a]* U [by, b]* Uid,.

Denote by a, the only element with a, < a, and put b, =t v a,. If it were
b, = by, then evidently a, would be A-irreducible and [a,, a,] would be a fine
interval, a contradiction with w, = [a,, a]* U [by, b]* Uid,. Hence b, < b,. We
can prove a, < b, < b, similarly as we have proved a, < b, < b. If it were a, £ 0,
then we should have t < b, (otherwise [0, a,]* U id, and [a,, 1]*> U id, would be
congruences), so that b, would be v-reducible and by 1.2 we could show that
[ay, a ]* U [by, by]* Lid, is a congruence, a contradiction with w;, = [ay, a]* U
U [by, b]* Uid,. Hence a, = 0, i.e. 0 < ay; evidently 0 < t < by.

If t were A-irreducible, then evidently [0, a,]* U [t, b,]* U id, would be a con-
gruence, a contradiction with w, = [a;, a]* U [by, b]*> U id;. Hence there exists
a unique p witht < pand p & b,. Evidently p < u. Wehavep va; 2 b>u A r;
it follows from (III) that p v a; = u. There exists an element g with p < g <u
and an element ¢ with b < ¢ < u. Since p v a; = u, it is easy to see (using 1.1) that
[p, ¢]* vid, and [b, c]* U id, are congruences of L; w, = [ay, a]* u [by, b]* L
v id, thus implies p = g and b = ¢, so that p < u and b < u.

Now it is clear that L= {1,7,0,ay,a,t, by, b, p,u} and L~ 4;. o

4. WEAKLY PRIMITIVE LATTICES: NO STAR OR COSTAR ELEMENTS,
BOTH ATOMS A-REDUCIBLE AND BOTH COATOMS A-REDUCIBLE. PART 1.

In this section let L be a weakly primitive lattice such that L has neither star nor
costar elements, L has exactly two coatoms r, s and exactly two atoms u, v, the ele-
ments r, s are Vv -reducible and the elements u, v are A -reducible.

Puta=rAsand b=u v v

4.1. Lemma. The elements r and s have companions and the elements u and v have
cocompanions in L.

Proof. Put U = {xeL; x¥r}. If x,yeU then x v r=y v r=1, so that
(x Ay) v r=1by(ll)andso x A y e U. This implies that the meet of all elements
of U is the companion of r. Analogously we can construct the companion of s and
the cocompanions of u and v. g

Denote by t the companion of r, by t, the companion of s, by g the cocompanion
of v and by ¢, the cocompanion of u.
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4.2. Lemma. We do not have a < b.

Proof. Suppose a < b,ie. ¥ A s < u v v. By (III) we get either r < bor s < b

of a < u or a < v. It is enough to derive a contradiction from r < b.

Suppose r < b, so that b = 1. We have either u £ r or u < s; for the reasons of
symmetry only the case u < r will be considered. Then u £s, v £r, v 5. It is
easy to see that [u, r]* Uid, and [v,s]*> Uid, are congruences of L with trivial
intersection and so either u = r or v = 5. But then either u or v is A-irreducible,
a contradiction.

Suppose r = b. We have either u < s or v < s; only the case v < s will be con-
sidered. We have u £ s and evidently u < g < r; since u is A-reducible, it is u <
< g < r. Now it is clear that the equivalence « = [u, ¢]* U id, is a non-trivial con-
gruence of L. Since u £ s, evidently g, = s. This implies by 1.2 that the equivalence
B = [v,s]*> u[r, 1]* U id, is a non-trivial congruence of L. However, o N f is trivial,
a contradiction. g

4.3. Lemma. If b < a then L~ A,.

Proof. Since b is v-reducible, a is A-reducible and b < a, there exists a fine
interval [f, g] of Land b < f < g = a. By 1.8 there is no fine interval other than
[f, g] and so [b, a] is a chain, every element of [b, f] is v -reducible (so that it has
a unique cover) and every element of [g, a] is A-reducible. Since a A ¢ % b and
a A q £ a, itis easy to see that a A g < f. Analogously a A go <f,bVvit>g
and b v t, > g. Evidently t £ r and t, £5, so that t v ¢, £ r and t v t, £ s;
this proves ¢t v t, = 1. Analogously g A g, = 0. Using these relations, it is a routine
and tedious work to verify that the equivalence « = [b, f]* U [g, a]* U
Ulu,a A gqPPulv,anqgPulbvit,sPolbyvit,r?ufuvitgnas]?u
Ulu vt g Ar]PUfo vt go A sPulv vt go A r]* U {0} U {1}*is a con-
gruence of L. However, o, = [f, g]* vid, and so « is trivial. Consequently, L has
at most twelve elements. It is a routine work to find all (up to isomorphism) lattices
with at most twelve elements and then to decide which of them satisfy the conditions
imposed on L; A, is the only lattice with these properties. g

5. WEAKLY PRIMITIVE LATTICES: NO STAR OR COSTAR ELEMENTS,
BOTH ATOMS A -REDUCIBLE AND BOTH COATOMS v-REDUCIBLE. PART II.

In this section let L be a weakly primitive lattice such that L has neither star nor
costar elements, L has exactly two coatoms r, s and exactly two atoms u, v, the
elements r,s are Vv-reducible, the elements u,v are A-reducible, the elements
a=r Asand b = u v vare not comparable,a v b <randa A b = v.
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Similarly as in Section 4, denote by ¢ the companion of r and by g the cocompanion
of v. Moreover, put

d=bvgq, k=ant, h=bvk, Il=and.

5.1. Lemma.v<t<s,u<q<r,uit,q$s,t||a,q“banduis the com-
panion of s.

Proof. Since u £ s, u is the companion of s by 4.1. Since s is v -reducible, t < s.
Evidently t 2 u and so ¢t > v. Now it remains to prove ¢ ” a, since duality implies
the remaining assertions. Suppose, on the contrary, that a < ¢t < s. It is easy to
verify that [z, s]* uid, and [v, a]* U [b, r]* U [u, ¢]* U id, are two non-trivial
congruences of L with trivial intersection, a contradiction with the subdirect ir-
reducibility of L.

5.2. Lemma. Let x,ye L and suppose that a Ab<xZa, b<y=<avhb,
y=bvx and x=a A y. Then x < y. Especially, we have a <a v b and
aAnb<b.

Proof. Suppose, on the contrary, that x < z < y for some z. If it were z < s

then z < a, so that z < y A a = x; hence z £ 5. Dually, we can prove z % u.
We get a contradiction, since u is the companion of 5. g

53. Lemma. If avb=r and a Ab=v then b<d<r, v<k<a and
d|| k.

Proof. b <d < r and v < k < a are evident. Suppose d }f k. Then evidently
k < d,sothata A t < b v ¢, a contradiction by (III). =

5.4. Lemma. Let a v b = r and a A b = v. Then it is not possible that d < h
and simultaneously | < k.

Proof. Suppose that d < h and I < k.

Suppose that [u, d]*> U [0, I]* U id, is not a congruence of L. By 1.2 either there
exists an x = u with x || d or there exists a y with y % u and y | L In the first case
evidently [b, x A d] must contain a fine subinterval. Consider the second case and
take a minimal y with the required property. Using I < k, it is easy to see that
v < y < a; using the minimality of y we see that y A I < y. Ifitwere y A k £ y
then y Ak =y Al<l<d=>bv qand we should get a contradiction by (III).
Hence y < k and [y v [, k] contains a fine subinterval.

We have proved: either [u, d]* U [0, I]> U id,, is a congruence or [b, d] or [, k]
contains a fine subinterval. Dually: either [k, s]* u [h, 1]* Uid, is a congruence
or [k, a] or [d, r] contains a fine subinterval. However, this is a contradiction,
since L is subdirectly irreducible. g
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5.5. Lemma. Let a v b =r and a A b=v. Then d } h.

Proof. Suppose d || h. Since there is a fine interval contained in [b,d A h], the
interval [0, a] is a chain. Denote by x the only element covering h. We have a A x >
> a A h, since otherwise a A x =a A h < h = b v k, a contradiction by (III).
We have a A x < x, since if there existed z with a A x < z < x, we should have
z¥a, z£s, z=2u, z=b, z=h, z= x, a contradiction. Since a A x =+ h,
the elements a A x and h are the only two elements which are covered by x. Since
d A x < x,wehaveeitherd A x S hord A x < a A x.Inthefirstcased A x <
< b v k, a contradiction with (III); in the second case b < d A x < a, a contradic-
tion again. u

5.6. Lemma. It is not possible that a v b = r and simultaneously a A b = v.

Proof. It follows from 5.3, 5.4, 5.5 and the dual of 5.5. g

6. WEAKLY PRIMITIVE LATTICES: NO STAR OR COSTAR ELEMENTS,
BOTH ATOMS A-REDUCIBLE AND BOTH COATOMS v -REDUCIBLE. PART IIl.

In this section Jet L be a weakly primitive lattice satisfying the conditions of Section
5 and, moreover,a v b =randa A b > v.

Define elements ¢, g, d = b v q in the same way as in Section 5. Evidently, we
have d < r and d || a. There exists exactly one element b; with b < b;. Put a; =
=a A b;.

6.1. Lemma. a A b <a, <b; <d.

Proof. If it were a;, = a A b then we should have a A by < u v v, a contradic-
tion by (III). Hence a A b < a,. Since b < by, we have b v a; = b; and so
a; < by by 5.2. Evidently b, < d; if it were b, = d, then d would cover three
different elements. g

6.2. Lemma. Either [b,b;]* U[a A b,a,]> uid, is a congruence of L or
[a A b, a] contains a fine subinterval of L.

Proof. Suppose that neither the first nor the second case occurs. Using 1.2, it is
easy to see that there existsan x e Lwitha A b £ x < sand x ][ a,. Take a minimal x
with these properties. Since [a A b, a] does not contain a fine subinterval, x £ a
and so x A a < x; by the minimality of x we get x A a < a,. If it were x A a =
= a A b, weshould have x A a < u Vv v, a contradiction with (III). Hencea A b <
<xAa<a,. Wehave b v ¢ =d > b, > a; > a A x, a contradiction by (III).
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6.3. Lemma. [b, 1] is a chain.

Proof. It follows from 6.2 that [b, 1] does not contain a fine subinterval. Since b
is v-reducible, [b, 1] must be a chain.

Evidently there exists exactly one finite sequence ey, dy, €,, ds, ..., €, Ay, €y 1> dysq
of elements of [b, d] such that n > 1, e, = d, d,,; = b, d; = (e; A a) v b for all
i=1,..,n+1land e;;,; <d;foralli=1,...,n. Wehaved =e; =2 d; > e, =
=2d,>...>e=d,=b;>e,,,=d,,,=D.

64. Lemma. [f1 < i <nandifd, <e;thena And;; <a A d,

Proof. Suppose a A d;;; < x < a A d; for some x. If it were x < e;, then
x<e, Aaand so d;,;, 2xvVvb=x,x=<aAd,y acontradiction. Hence
bv x=d;>e; A a,a contradiction by (III). u

65. Lemma. If 1 Si<n—1landifand;yy<a Ad;thend;iy < e ;.

Proof. Suppose, on the contrary, that d;,, = e;,4, so that d;.; < d;. Then it
follows from 1.2 that [d;,;,d;]> U[a A divy,a A d;]> Uidy is a congruence;
by 6.2, [a A diyy, a A d;] is a fine interval, a contradiction.

6.6. Lemma. d = e, >d; > e, >d, > ...>¢,>d,=b; > ¢,y =d,y; =D
andand,>and,>...>and,=a;>aAnd,,;=aAb.

Proof. We have d,; < d; in fact, otherwise d would cover three different elements.
Now we can use 6.4 and 6.5 step-by-step. m

6.7. Lemma. o, = [b,b;]* U [a A b,a,]* uid, and [0, a] is a chain.

Proof. By 6.6,a A b < a;. Now it follows from 1.2 that [b, b,]> U [a A b, a,]?
is a congruence. Hence L contains no fine interval; since a is A -reducible, [0, al is
a chain. g

6.8. Lemma. L= [u,d| U {l,7,5,a,1,0,v,dy A a,...,d,4{ A a}.

Proof. Since v is A -reducible, there exists a w with v < w and w £ a. If it were
w = u then w = b and so w could not cover v; hence w < 5. Since w £ a, we get
w £ rand so w = r. Consequently, w = ¢.

We have proved v < t. This implies that a A t = v. There exists exactly one 7
withd < 7 < rand exactlyonea witha A d < a £ a.Ifitwerea £ Fthena A F =
=a And<d=bv g, a contradiction by (III). Hence a < . This yields evidently
bva=r.

If x is an arbitrary element of [£,s]\[t v a,s]thena A xSaAnd<d=gq v
v v, so that @ A x = v by (III); hence by (I) the subset [#, s]\[t v @, s] contains

612



a largest element 7, [t,s] = [t,7] U [t v &, s] is a disjoint union and a A i = v.
Since every element from [v, a A b] must be A-reducible, we conclude v < a A b.

Now it is not difficult to verify that the equivalence a = [F,r]* U [a, a]* U
vla vt s]*u[ti]>uid, is a congruence of L. By 6.7 and the subdirect ir-
reducibility of L, « is trivial. Hence f = r, a = a, a v t = s, { = t. This, together
with v < a A b, 6.6 and 6.7 implies the assertion. g

6.9. Lemma. L ~ C,.

Proof.Sinceq A by = g A b < b =u v v,itfollows from (III) that g A b = u.
This implies that u < b. For every i = 1, ..., n, denote by f; the only element with
d; < f; < e; and, if x is an arbitrary element of [ f;, ¢;], denote by X the only element
with X < x and X % b. Evidently, there is no other possibility than X < ¢, so that
X=qAxandb v X =x.

Define an equivalence o on L as follows: {x, y) € aiff either x = y or x, y € [ f3, e;]
forsomei=1,...,norx,ye[u,qlandx v b,y v be[f;, e] forsomei=1,...

R

Let us prove that if {x, y>ea, x + y and ze Lthen {z A x, z A y) € a. First
suppose x, y € [u, g],sothatb v x,b v ye[f,e]forsomei=1,...,n.Ifqg A ze
€{0,u}thenz A x = z A y.Otherwise (9 A z) v be[f;, e;]forsomej = 1,...,n.
Put m = Max (i, j). If it were (z A x) v b < f,thenz A x £ d,, = b v (a A d,),
so that z A x < b by (III); however, if w denotes the only element withu < w < g
then w = x and w < q A z, so that w < z A x < b, a contradiction. Hence
(zAx)vbzf,; evidently (z Ax)vb=e, Quite similarly, (z Ay)v b
belongs to [ £y, €,], t0o, and so {z A X,z A y) €.

Now suppose x, y € [fi, e;] for some i = 1,...,n. Evidently ¢ A x < x and so
(@ Ax)vb=x Similarly (g A y)v b=y, so that (g Ax, g Aydea If
z=<qthen <zAX, zAy>=<zA(qAX),zA(qAy))ea by the preceding
case. If z £ g then {z A x, z A y) €ais easy.

It is easy to prove that {(x, y) € « implies {z v x, z v y) e a for all ze L. Now,
a is a congruence; by 6.7 it is trivial and so [u, d] ={u, &,, ..., &,, b, e, dy, ..., e,, d,}.
Now L ~ C, is immediate. g

7. WEAKLY PRIMITIVE LATTICES: NO STAR OR COSTAR ELEMENTS,
BOTH ATOMS A-REDUCIBLE AND BOTH COATOMS vV -REDUCIBLE. PART IV.

In this section let L be a weakly primitive lattice satisfying the conditions of Section
5 and, moreover,a v b < randa A b > v.

Define elements ¢, g in the same way as in Section 5. Denote by b; the only
element with b < by, by a the only element with a < a and put a; = b; A a and
b=bva Wehaveb; <av banda A b < a.
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7.1. Lemma. a A b < a; <b, and a<b <a v b.

Proof.Ifitwerea A b = ay, thenb; A a < b = u v v, a contradiction by (Im).
Hence a A b < a;. Consequently b v a, = b;; we get a; < b; by 52 .The rest
is dual. g

7.2. Lemma. If b<a v b then a A b <a.

Proof. If there existed an x witha A b<x <athenbv x=avVvb>rAs,
a contradiction by (III).

7.3. Lemma. Suppose that [a A b, a] does not contain a fine subinterval. Then
[a A b, a] is a chain, every element of [a A b, a] is A-reducible and we have
eithera A b <a,ora A b <cy < ay forexactly one c,. Moreover,ifa A b < ay,
then o, = [b, b;]* u[a A b,a,]* Uid,.

Proof. The first two assertions are easy. Suppose that there are elements x, y
with a A b < x <y < a,. Since y is A-reducible, y = a; A z for some z “ a.
Wehave b v x = by > a; > y = a A z and so, by (III), either b, = a or b; > z.
If b, = a then b <a v b, so that a A b < a by 7.2, a contradiction. If b; = z
then, since b, may cover only b and a,, we get a contradiction with y = a A z.

The rest follows from 1.2. g

7.4. Lemma. Suppose that [a A b, a] does not contain a fine subinterval and
a Ab<cy<a,. Then there exists an n = 1 and elements b < b; <b, <...
v.Xb,<avbarnb<c <a <c;<ay..<c,<a,<awitha;,=b; A a
and b;=a; v b for all i =1,...,n. Moreover, w, = [a,, a]* U [b,, b]* Uid,.

Proof. Suppose that k = 1 and that we have constructed elements b = b, <
<b; <b,<..<b<avb anb<c<a;<...<¢<a, < a such that
a;=b; Aaand b;=a; v bforalli=1,.., k. Suppose further that b, is not
covered by a v b. Since b, is v -reducible, there exists exactly one element covering
b,; denote it by b, and put a;.1 = b1 A a. If it were a,, 1 = a; then we should
have by, Vv ¢, = b, > a, = by41 A a, a contradiction by (III). Hence a, <
< ay4+1 < a. Now evidently b v a3,y = by, and so a1 < by q.

Put « = [ay41, a]* U [bys1, @ v b]? vid, and let us prove o, < «. If [b, a v b]
contains a fine subinterval [f, g], then evidently [f, 9] < [bx+1,a v b] and so
o, =[f, g]* vid, < a. Now let [b,a v b] contain no fine subinterval, so that
[b,a v b] is a chain. It is enough to prove that [a,a]* U [b,a v b]* Uid, is
a congruence. By 1.2 it is enough to prove that there does not exist an x with x <
<a v b,x £ aandx || b. Suppose that there is such an x. Evidently x £ s, so that
x = u. Since x £ b, we get x £ v and so x < q. Evidently b <x v b <a v b.
Hence x v b>b>a>c¢; =a A z for some z | a and so x v b = z by (III);

&
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consequently z < a v b. However, evidently z & b,sothatz < sand we get z < a,
a contradiction.

Thus we have proved w; < a. Suppose a; < a,+;. Then it follows from 1.2
that [a, a4 1] U [by, byyq]* U idy is a congruence, a contradiction. Next suppose
that there exist elements x, y with a, < x < y < a,4+;. We have y = a A z for
some z | a; since b, v x = b4y > y = a A z, we get b,y = z by (III). However,
z % by, and thus either z < g, or z < by, so thateitherz S aory=a A z <
< a,, a contradiction.

We have proved that there exists exactly one element ¢+ With a;, < ¢4y < g4 1.
Now we can construct elements b < b; <b, <...<b,<av band a A b<
<c¢<ay;<...<¢,<a,<a with a; = b; A a and b; = a; v b by induction.
Suppose a, < x < a for some x. Then b, v x =a v b > r A s, a contradiction
by (III). Hence a, < a. The rest is easy. m

7.5. Lemma. L does not contain a fine interval.

Proof. If [a A b, a] does not contain a fine subinterval then it follows from 7.3
and 7.4 that L does not contain a fine interval. Now, if [a A b, a] contained a fine
subinterval, then the subdirect irreducibility of L would imply that [b, a v b] does
not contain a fine subinterval and by the duals of 7.3 and 7.4 Lwould contain no fine
interval again. g

7.6. Lemma. Letn 2 0and b<b; <...<b,<avbarnb<c<a <...
..<c,<a,<a where a;=b; Aa and by=a; v b for all i=1,..,n If
n=0then L~ A,;ifn = 1then L~ B,.

Proof. Since v is A-reducible, there are exactly two elements v,, v, covering v.
Evidently v; & uandsov,; < s.Similarly v, < s. If it were vy, v, < rthenv,, v, < a,
a contradiction with 7.5. Hence either v; = t or v, = t. We have proved v < t.
Quite similarly g < r.

We have t £ a, so that t va=a=r As; by (), t v a =s. Hence a < s.
We have g % by, sothatqg A by < b =u v v; by (IIl), g A by = u. Hence u < b.

There exists exactly one g’ > u with ¢’ < g and exactly one ' > a v b. Since
[a v b,r']is not a fine interval, there exists an x with x < 7" and x % a v b. It is
easy to see that x < g, so that x = ¢q'. Hence ¢’ < r'. Now we can verify by 1.2 that
[a’, 4]* v [, r]*> v id,, is a congruence, so that it must be trivial and we get u < q
and a v b<r.

For every i = 1, ..., n denote by d, the element covering ¢, and different from a,.
It is easy to see that t < d, < s. Suppose that we have proved s > d, > d,_; > ...
... >d, for some ke{2, o h+ 1}. There exists an x with ¢t < x < d,. Since
dy-1¢{s,d, d,_,....,d} and every element of [t,s]\{s, d,, d,—y, ..., d} is <x,
we get d,_; < x. We have a,_, vV t 2 ¢,y = a A x (where a, = a A b), so that
a,_, vtz x by (IIl); but a,_, v t < dj_y, so that x = d,_; and dy_; < d,.
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It follows by induction that s > d, > d,_; > ... > d,. There exists an x with
t<x<d;and ay<a b By l2itis easy to see that [v, y]* U [t, x]* U id,
is a congruence, so that it is trivial, so that t < d; andv<a A b. »

7.7. Lemma. L is isomorphic either to A, or to B, for some n = 1 or to the dual
of B, for somen = 1.

Proof. It follows from the preceding lemmas and their duals. g

8. WEAKLY PRIMITIVE LATTICES: UNICITY OF STAR ELEMENTS

In this section let L be a weakly primitive lattice and z and Z its two star elements;
our aim is to prove z = Z. Denote by py, P2, P3 the three elements covering z and put

by =p,Vvps, by=p; VvPps, bs=p;vp,, ag=>b, Ab;,
a,=b; Absy, az=b; A Db,,
U=p Vp,Vp3s=p Vb =p,vby=p3vby=bvb,=
=b1Vb3=b2Vb3.
By (I), py A by = p» A b, = ps A by = z. This implies that by | b,, by | bs,

b, || bs. There exists exactly one triple g5, g2, g5 such that by < g; <u, b, < ¢, <

< u, by < g5 < u. Evidently p, || 41, P || 92, P || 45 and consequently g; A g, A
A g5 = z. Denote by py, p,, Ps the three elements covering Z and define by, b,, b3,

ah a2’ 53’ a: ql’ 525 CYE} analOgOUSI)’-

8.1. Lemma. Let i€ {1, 2, 3}. Then p; is the companion of q; in [z, u].

Proof.Letx € [z,u] and x % p;. Then p; A x = z. Since, moreover, p; A ¢; = z,
wegetp; A(x v g)=zby(I),sothatx v g; + uand thusx < ¢;. m

8.2. Lemma. If there exist elements a, b e L\ (z, u) with a A b € (z, u) then there
exists an element ¢ € L\ (z, u) with u A ce(z, u).

Proof. We have u A be[z,u] and u A b # z. If u A be(z,u) then we can
put c=b. If unb=uthen una=@warb)ra=unr(@arnb)=anbe
€(z,u)and wecanputc = a. u

8.3. Lemma. If there exists an element ce L\(z,u) with u A ce(z,u) then
there exists an element d € L (z, u) with u A d € {d1, 42> d3}-

Proof. Supposec v g, S u,c v g, Zu,cv qs 2 u.Thencv gy =cvq,=
=cvgs=cvuand so cvu=cv(q Adz2Ads)=cvVvz=c by (Il)
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a contradiction. Hence ¢ v ¢; £ u for some i€ {1,2,3}. Put d = ¢ v g;. Evidently
dé¢(zyu)andu Ad=¢q; m

8.4. Lemma. Let there exist an element d € L\ (z, u) with u A d = q; for some
ie{1,2,3}. Then L contains a fine interval [f,g] and b; < f < g £ q;.

Proof. It follows from 1.6. g

8.5. Lemma. Let there exist elements a, b € L\(z, u) with a A be(z,u). Then
there do not exist elements m, n € L\ (z, u) with m v ne(z, u).

Proof. Suppose that there exist elements a, b, m, n € L\ (z, u) with a A b e (z, u)
and m v ne(z, u). By 8.2, 8.3, 8.4 and their duals L contains a fine interval [f, g]
and b; S f<g <g;and p; £ f<g = a; for some i,je{l1,2,3}. Since p; | g,
we have i # j. Denote by k the only element of {1, 2, 3} \ {i, j}. We have p, < b; <
< f < g < q,, a contradiction. g

8.6. Lemma. Suppose that there are elements a, b € L\ (z, u) with a A b e(z, u)
and elements m, n € L\ (Z, ii) with m A ne(Z,i). Then z = Z.

Proof. By 8.2, 8.3 and 8.4 there exists a fine interval [f, g] of L and we can sup-
pose by < f<g < gyand by £ f < g £ G, (the remaining eight possibilities would
be quite similar). Since z v Z < f < u, it follows from 8.5 that z, Z are comparable.

Suppose Z < z. Since z vV p, S f<u and z v p3 < f < u, it follows from 8.5
that both p, and p; are comparable with z; since Z < z and z < p,, Z < p;, we get
P2, P3 < z. Since P, | p3 and z is A-reducible, L must a contain a fine interval
contained in [p, Vv Ps, z], so that [f, g] < [P, v Ps, z], a contradiction.

Hence Z < z is impossible. Quite similarly, z < Z is impossible. Since z, Z are
comparable, we get z = Z. g

8.7. Lemma. The following two conditions can not take place simultaneously:

(i) There exist elements a, b € L\ (z, u) with a A be(z, u).
(ii) There exist elements m, n € L\ (Z, ) with m v n € (Z, i).

Proof. Suppose that (i), (ii) are satisfied. By 8.2, 8.3 and their duals there exist
elements deL\(z,u) and deL\(Z, i) with u A de{qy,q,, 93} and Z vde
€ {P1, P2, P3}. We shall suppose u A d = g, and Z v d = p,; the remaining eight
cases are analogous. By 1.6 L contains a fine interval [f gland b, S f<g < q
and p; < f<yg = a,.

Since z v Z £ f < u, it follows from 8.5 that elther z < zZ or Z < z. Suppose
Z < z. It follows from 8.5 that z  Zz. Hence Z < z. Since z v p; < f < u, it follows
from 8.5 that z, p; are comparable; since z < z and z < p,, we get p; < z. Since p;
is v-reducible and z is A-reducible, L contains a fine interval contained in [py, z];
since L contains only one fine interval, [f, g] < [P, z], a contradiction.
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We have proved z < Z. Hence either p; < Zor p, < Z or p; < Z. We can not have
P < Z, since Z < q,. We shall assume p; < Z, since the case p, < Z can be con-
sidered analogously.

Quite similarly, either u < g5 or u £ g,. We shall assume u < g3, since the other -
case can be considered analogously.

Let us prove p, | g,. If it were g, < py, we should have g, < p; < u £ g,
a contradiction. If it were p; < §,, then, since b; < f < §,, we should have u =
= p,; v by £ §,, so that the interval [u, g4, A 213] would contain a fine interval of L
and thus the interval [f, g], a contradiction.

Let us prove p; < p,. Suppose that this is not true. If it were p, < p,, then
ps < Z < p, < p,, a contradiction. Thus p; || p,. Since p; || g5, t00, as we have
proved above, p; A P, =p; A G, =z. By (I) we get p; A (P, Vv T2) = z, i.e.
p1 A Ul = z,i.e. p; = z, a contradiction.

Since p; < p, and p3 £ Z < p,, we get by =p, v p3 £ P, < G; A 3. Hence
[b2, @y A 5] must contain a fine interval of L and thus the interval [f, g], so that
b, < f, a contradiction. g

8.8. Lemma. Suppose that L\ (z, u) is a sublattice. Then [z, u]* U idy is a con-
gruence of L.

Proof. Itiseasy. g

8.9. Lemma. Let z < Z < i £ u. Then z = Z.

Proof. Suppose z < Z, so that # < u. We have Z = p; for some ie{l, 2, 3};
we can suppose Z = p;. We have # < g; for some j and j # 1; we can suppose
= qs.

Suppose 41 £ 42, 4> £ q2. G5 £ q,- Then, by 8.1, G, = ps, 32 = P2, G5 Z P2,
so that Z = g; A g, A g3 = p,. Hence Z = p; v p, and L contains a fine interval
contained in [p1 V D, Z], a contradiction, since by 8.8, 8.2, 8.3, 8.4 and the duals
of 8.2,8.3,84 we have o, = [z, i]* Uid,.

Hence there exists a k e {1, 2, 3} with g, < g,. Ifit were i < g, then we should have
@ < g, A g3, so that there would exist a fine interval of L contained in [#, g, A g3],
again a contradiction with 8.8, 8.2, 8.3, 8.4 and the duals of 8.2, 8.3, 8.4. Hence
i £ q, and thus evidently @ H q,. Since g, < and g < q,, we get G, = U A q,.

Quite similarly p, = Z v p, for some . We get a contradiction with 8.5. g

8.10. Lemma. Suppose that L\ (z, u) is a sublattice of L. Then L\ (Z, ) is a sub-
lattice of L.

Proof. Suppose that L\ (Z, @) is not a sublattice. By 8.2 and 8.3 we can suppose
G, =i A d for some d ¢ (Z, if). There exists a fine interval [f, g] of L contained in
[b:,3,]-By8.8,f, g€ [z u].Sincez v Z £ f < u, the elements z, Z are comparable.

&
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Of course z # Z. Suppose Z < z. Since p, Vv z < f<uand p; v z < f < u, the
elements p,, P3 are both comparable with z; since zZ < z, Z < P, and z < p;, we
get P,, Ps < z and thus L contains a fine interval contained in [p, v P, z], a con-
tradiction. Hence z < Z. )

Since u A 1 = g > z, we have either u < i or # < u. Suppose u < ii. Then
u < g, for some ie{1,2,3}. We have i =+ 1, since if i = 1, the interval [u, q,]
would contain a fine interval, a contradiction. We have i # 2 since if i = 2 then
P, <b, £f<u<g, a contradicition. Hence u < g5. But then p; < b; <
< f < u £ @3, a contradiction.

We have proved z < Z < # < u. This is a contradiction with 8.9. g

8.11. Lemma. Suppose that L\(z,u) and L\(Z, ) are sublattices of L. Then
z =1Z

Proof. By 8.8 there exist two elements f, g € [z, u] n [Z, ] with f < g. Since
z v Z £ f < u, the elements z, Z are comparable. Suppose z < Z and u < ur. If
ie{1,2,3} then p; v Z < u < i, so that p; is comparable with Z; since z < Z and
z < p;, we get p; = Z. Hence u = p, v p, v p3 < z, a contradiction. If Z < z
and # < u, a contradiction is obtained similarly. Now we get z = Z by 8.9.

8.12. Lemma. L has at most one star and at most one costar element.

Proof. It follows from 8.6, 8.7, 8.10, 8.11 and duality. g

9. WEAKLY PRIMITIVE LATTICES: 0 STAR AND 1 COSTAR

In this section let L be a weakly primitive lattice such that 0 is a star element of L
and 1 is a costar element of L. Denote by p;, p,, p3 the there atoms of L, put

by =p,Vvps, bp=pVvVps, by=p;Vvp,,
a; =b, Aby, a,=by Aby, az=>by A Db,

and denote by ¢, g5, g5 the three coatoms of L (ordered so that g, = by, g, = b,
q; 2 bs)-

9.1. Lemma. (i) L = {0} U {1} U [p1, 42 A 451V [p2. 41 A 5] U [P3, 41 A g2] v
U [by, q1] Y [b2, 2] © [bs, q3] is a union of eight pairwise disjoint sets and the
corresponding equivalence is a congruence of L. '

(i) If g1 A g, < by and q; A g5 < by then [b1, q,]? vid, is a congruence of L.
(i) If g2 A q3 = ay then [py, a,]* Uidy is a congruence of L.

(iv) If 92 A g1 < by and g, A g3 < by then [py, g, A 45]* U [by, g2]> U id,
is a congruence of L.
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Proof. Itiseasy. m

9.2. Lemma. Suppose that qi A g, =4ds, 41 A g3 =a, and q, A q; = a.
Then L is isomorphic either to D, or to the dual of D,,.

Proof. By 9.1 (ii), (iii) for every i € {1, 2, 3} both [p;, a,]> U id, and [b: g% v
v idy, are congruences. Since Lis subdirectly irreducible, at most one of the intervals
[P, a1], [P2» a2l [P3» as], [b1s 41] [b2s 42], 3, 93] contains more than one ele-
ment. All of these intervals can not be one-element, since then L would be the
8-element Boolean algebra and thus not a weakly primitive lattice. Let e.g. p; < a;.
There exists exactly one element x with p; < x < a,. Evidently [p,, x]* U id, and
[x, a;]* U id, are congruences of L, so that p; = x and thus p, < a,; thus L ~ Dj.
Analogously, if either p, < a, or p; < a; then L ~ D¥ and if either b; < q; or
b, <g,or by <qzthen L~ D, g

Consider the following condition:

(C) For every pair i, j of different numbers from {1,2,3} We have either g; A q; <
<b;or gq; Aq;<bh,

9.3. Lemma. Let (C) be satisfied. Then b; < q; for at most one i€ {1, 2, 3}.

Proof. If g, A g, = a3, g1 A g3 = a, and g, A g3 = ay, this assertion follows
from 9.2. In the opposite case we can suppose a; < g, A g3 < bs, since all the
remaining possibilities are similar. Evidently b, < ¢g,. From g, A g5 < b3 =
= p, V p, we get g5 = b; by (III). It remains to prove g, = b,;. Suppose, on the
contrary, that b; < q,. We haveeither g, A g, < by =p, V p30rq; A q, < b, =
= p; Vv p3; by (II) in any one of these cases g; A g, = p;andso g, A g, = a3 =
= p;. Since g3 = by, we have q; A g3 < bs. Now applying 9.1 (iv) twice we get
that [py, g, A g3 U [by q,]> vid, and [p, gy A q3]* U [by, q4]* Uid, are
congruences of L, a contradiction with the subdirect irreducibility of L. g

9.4. Lemma. Let K be a weakly primitive lattice without star and costar elements.
Let K have two atoms a, b; suppose that b is A-irreducible and that K \ [b, 1] is
a chain. Then K is isomorphic to the pentagon.

Proof. (By induction on Card (K).) It is evident that K can not be isomorphic
to any one of the lattices 4, A,, A3, Ay, B, (n 2 1), C, (n 2 1) and their duals. By
the results of Sections 3,4, 5, 6,7, K results from a weakly primitive lattice M by
one of the five constructions R, P, P*, Q, Q*. If it results from M by the construction
R, then evidently M has only two elements and K is isomorphic to the pentagon.
Evidently, K can result from M by neither Q nor Q*. Suppose that K results by P*
from M, so that M = K\ {0, b} is a weakly primitive lattice. Then we do not have
a < a v b; M must have two atoms, both of them belonging to K\ [b, 1], a con-

L
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tradiction. Finally, suppose that K results from M by P, K = M U {1, r}. Then
evidently M satisfies the conditions imposed on K, so that by the induction assump-
tion M is isomorphic to the pentagon. But then evidently K can not be weakly pri-
mitive, a contradiction. g

9.5. Lemma. Suppose that (C) is satisfied, a; < q; A g3 < byand g, A q, = as-
Then L is isomorphic either to D, or to D¥.

Proof. Evidently b, < q,. By 9.3, q; = b, and g5 = bs. By 9.1 (iv), [ps, g, A
A q3]* U [by, q,]? Uid, is a congruence of L. By 9.1 (iii), p, = a, and p; = as.
Define elements a and b by a; < a < g, A g3 and b, < b < q,.

First suppose that by A b = a. If there existed an element z with p; < z ” ai,
then evidently z < g, A g3 and z v a; = a = by A b, a contradiction with (III).
Hence there is no such z and thus evidently [py, a,]* U id,, and [ay, g, A g3]* v
U [b,, q;]* U id,, are congruences of L, so that p; = a,. Now it is easy to see that
[a;, a]® U [b,, b]* Uid, and [a, g, A g5]* v [, 4,]* U id,, are congruences of L,
so that b = q,, a = g, A g5 and L is the ten-element lattice which is evidently not
subdirectly irreducible, a contradiction.

Next suppose by A b = a;. Then evidently [b,, b] is a fine interval, so that
[0, 9, A g5] is a chain; evidently p; = a;. Put a = [ay, 4, A q3]* U [by, q,]%
so that a is a congruence of [a,, ¢,] and « U id, is a congruence of L. It is easy to
see that if x € [ay, g, A q3] and y € [b,, g,] then {b,, b) belongs to the congruence
of [a;, q,] generated by (x, y); it follows from 1.4 that [a,, g,] is subdirectly ir-
reducible. Hence [aj, qz] is a weakly primitive lattice without star and costar ele-
ments; b, is its atom, b, is A-irreducible and [ay, g,] \ [b,, g2] is a chain; it follows
from 9.4 that [a,, ¢,] is isomorphic to the pentagon. Hence L~ D,.

Finally suppose that by A b > a. It is easy to see that if x e [p;, g, A g3] and
y € [b2, q,] then the congruence of [ p;, q,] generated by {x, y) contains a, b A b);
now it follows from 1.4 that [py, ¢,] is subdirectly irreducible. Hence [p;, q,] is
a weakly primitive lattice without star and costar elements.

Suppose that [0, g, A g3] is not a chain. Then there is a fine interval contained
in [0, g, A g;], so that there is no fine interval contained in [b;, 1] and [b,,1] is
a chain; thus evidently g, = (4, A q3) v b, and g, A g3 < g,. Hence q, A g3
is a coatom of [py, g,] and g, A g is v -irreducible; moreover, [p;, ¢,]\[p1, 42 A
A q3] is a chain. It follows from the dual of 9.4 that [P, g2] is isomorphic to the
pentagon, a contradiction with the assumption that [0, g, A g3] is not a chain.

Hence [0, g, A g,] is a chain. Evidently [p;, a,]* v id, and [a, g, A g35]% U
U [b,, 45]* U id,, are congruences of L and thus p, = a;. Now [a1, g2] is a weakly
primitive lattice without star and costar elements, b, is its atom, b, is A -irreducible
and [ay, q,] \[b,, 4,] is a chain; it follows from 9.4 that [a,, g,] is isomorphic to
the pentagon. Hence L ~ D}. o
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9.6. Lemma. Denote by b the only element with by < b. Suppose that (C) is
satisfied, a; < q, A q3 < b3, a3z < g, A q; < by and b is v-reducible. Then
L~ G, for some n = 2.

Proof. Evidently b < q,. By 9.3, g; = b; and q; = b;. Denote by b the only
element with b < b and b + b,. We have either a; < b < g, A g3 or a; <b <
< q, A q4; without loss of generality we shall consider only the case a; < b <
< g, A q5. Evidently b = g3 A b. Denote by e the only element with e < b,
so that a; < e. We have either a; < e or a, = e; in the first case evidently there is
a fine interval contained in [e, g, A g3] and in the second case w, = [a,, b]* U
U [b,, b]* Lidy; hence in any case there is no fine interval contained in [b,, q,]
and thus [b,, g,] is a chain and every element of [b,, g,] is v-reducible. Denote
by ¢; < ... < ¢, the elements of [b, g,] (so that n 2 1, ¢, = b and ¢, = ¢,) and,
for any i e {1, ..., n}, by ¢ the only element with ¢; < c; and &; % b, (hence either
C;=4q3 AC; OF C;=q; A c;). Since q; A g, > a3, we have n 2 2 and ¢ < ¢,
for some k€ {2, ..., n}; let k be the smallest number with ¢, < q;.

Suppose a; < e. If it were k = 2, then e v b, = b > b = g5 A ¢,, a contradic-
tion with (III). Hence k = 3. We have &,_, < §,_; < g3. Ifit were G, < x < G,
for some x, then x v ¢, = ¢—y > G—; = g3 A ¢, a contradiction by (III).
Hence ¢, < ¢, and it is evident that [¢,_,, Ge—1]* U [er-2, o=y ] U id, is
a congruence of L. But then L has no fine interval; this evidently leads to a contradic-
tion with a; < e.

bn

Fig. 16: H, Fig. 17: I,

We have proved a, = e, so that a; < b and [a,, b]* U [b2, b]* U id, is a con-
gruence. Consequently L has no fine interval. Evidently p, = a,, [0,4; A g3] is
a chain, every element of [0, g, A g3]is A-reducible, [0, g2 A ¢1]is a chain, every ele-
ment of [0, g, A q,]is A-reducible, p; = ay, p3 = a;.If it were ¢; < ¢;41 for some
ie{l,...,n — 1}, then evidently &; < ¢,,;, so that [; Ci+1]* U [cs €i+1]* U id,
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would be a congruence of L, a contradiction. Hence ¢, < q;, €3 < g3, ¢a < q1»
Cs < g3,..;evidently L~ G,. o

Let us define lattices H, (n = 0) and I, (n = 2) so that we indicate their underlying
sets and all the pairs x, y with x < y:

H,={0,2,3,..,a1,...,8,, by, ... b,}; 0<2<5<6<10<4a; <...<a,,
0<3<7<8<10,2<4<9<63<49<8,5<b;<b;<bs<...,
7<by,<b,<bg<..by<ay. - b,<a, (See Fig. 16 for n = 3.)

I, ={0,2,3,4,5 ay,...,a,, by, .., by}; 0<2<4<5<a,<...<a,
0<3<4,2<b;<by<b;<..,3<b,<by<bs<..., by<ay,..,
b, < a,. (See Fig. 17 for n = 3.)

9.7. Lemma. Let K be a weakly primitive lattice without star and costar ele-
ments. Suppose that K has two atoms a, b, that a, b are A-reducible, that K \[a, 1]
and K \[b, 1] are chains and that [a Vv b, 1] contains a fine interval of K. Then
either K ~ H, for some n = 0 or K ~ I, for some n = 2.

Proof. (By induction on Card (K).) Evidently, if K is isomorphic to one of the
lattices A, A,, A3, A4, B,, C, and their duals, then K is isomorphic to 4,, i.e. to H,,.
By the results of Sections 3, 4, 5, 6, 7 it now remains to consider the case of K resulting
from a weakly primitive lattice M by one of the five constructions R, P, P*, Q, Q*,
Evidently, K can result by neither R nor P* nor Q. Suppose that K results from M
by Q*, K = M u {0, 1, b, z}. Evidently M has two atoms and one of them, namely
a v b, is A-irreducible; M\ [a v b, 1] is a chain. By 9.4, M is isomorphic to the
pentagon, so that K =~ I,. Finally, suppose that K results from M by P, K = M U
u {1, r}. If the meet of the two coatoms of K were an atom, then M would have an
atom c such that ¢ is A-irreducible in M and M \ [c, 1] is a chain; by 9.4, M would
be isomorphic to the pentagon, a contradiction, since the construction P applied in
any way to the pentagon does not give a weakly primitive lattice. Hence the two
atoms of K are A-reducible in M and M satisfies the conditions imposed on K; by
the induction assumption either M ~ H, for some n = 0 or M ~ I, for some n = 2.
But then it is easy to see that K ~ H,,.  in the first case and K =~ I, in the second
case. m

9.8. Lemma. Denote by b the only element with b, < b. Suppose that (C) is
satisfied, a; < q, A g3 < bs, a3 < g, A q; < by and b is v-irreducible. Then
either L~ D, for some n 2 2 or L~ E, for some n = 0.

Proof. Evidently b, < g,. By 9.3,q; = by and q3 = b;. Puta = [p1, g, A q3]* U
U [Ps, q; A g,]% U [ba, ;1% 1t is easy to see that « U idjo,q, is @ congruence of
0, 4,] and « U id;, is a congruence of L. It is easy to see that if x, y € [0, q4,] and
<X, ¥> ¢ & Uidg , then <b,, by belongs to the congruence of [0, g,] generated
by <x, y>. By 1.4, [0, g,] is subdirectly irreducible. Hence [0, g,] is a weakly pri-
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mitive lattice without star and costar elements. Since [b,, b] is a fine interval of L,
[0, g, A g3] is a chain, every element of [0, g, A q3] is A-reducible and thus evi-
dently p, = a,; analogously, [0, q; A g,] is a chain and p; = a;. By 9.1 (iii),
p, = a,. Now [0, ¢,] is a weakly primitive lattice without star and costar elements,
a, and aj are its atoms, a, and az are A-reducible in [0, g,], [0, g,]\[a;, g,] and
[0, g,]\[as, g,] are chains and [a; V a3, g,] contains a fine interval of [0, g,].
By 9.7, either L~ D, for some n = 2 or L ~ E, for some n = 0, since either
[0, g,] ~ I, for some n = 2 or [0, q,] ~ H, for some n = 0. o

9.9. Lemma. Suppose that L satisfies either the condition (C) or the condition
dual to (C). Then L is isomorphic to some of the lattices D, (n = 0), D¥ (n = 0),
E,(n 2 0),Ef(n=0),G,(n=2),G;(n=2).

Proof. It follows from 9.2, 9.5, 9.6, 9.8.

9.10. Lemma. Suppose that neither (C) nor the dual of (C) is satisfied. Then L is
isomorphic either to F, or to F,’ for some n = 2.

Proof. Since the dual of (C) is not satisfied, it is enough to consider the case
4> A g3 £ byand g, A g, £b, (the remaining two cases are quite similar). Denote
by b the only element with b, < b.

First assume that b is v -reducible. Denote by b the only element with b < b and
b #+ b,. We have either b < g5 or b < q;. It is enough to consider the case b < g;.
Denote by k the largest non-negative integer such that there exist elements c,, ..., ¢,
doy ..oy dys €4, -.., € With

by=c<e<...<a =4z,
di=qsne;, di<e (i=0,...k),
di—l <ei<di (i= 1,...,k).

Evidently, the elements cg, ..., Ci, dos -++> > €15 --+> € AT uniquely determined and
so we shall keep this notation. It follows from g, A g4 £ b, that ¢, + g,. Denote
by cx+, the only element with ¢, < x4 1, S0 that ¢4y = g,. Put dis1 = Qg3 A Cpyq-
Let us prove d; < dysq < Ceiq. If k =0, this is evident. Let k = 1. Of course,
we have d, < dy,q. If it were d;, = dir1, then g3 A Gy = di < Cc = € V Gy,
a contradiction by (IIT). Hence d;, < dj.+;- Now evidently dy, ; < C;+1- By the maxi-
mality of k we have d, < d,,;. Thus we have proved d, < diyq1 < Cer1- Now
evidently [dy, di+1]* U [6w G 1] 0 idy is a congruence and @, = [de dis1]* L
U [ ces1]? U idy. Especially, L has no fine interval.

Suppose that b is v -irreducible. Then [b,, b] is a fine interval. Since (C) is not
satisfied, there exist numbers i, j € {1, 2, 3} such that i + j and neither ¢, A ¢; =
< b;nor g; A q; £ b;. Denote by g the only element with g < g ; A g;. Since L
can not have two fine intervals, g is A -reducible. But then we can dualize the above
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considerations that were made under the assumption of Y‘feducibility of b and
prove that L has no fine interval. However, this is a contradiction,

Thus we have proved that b is v -reducible and consequently a]] that was proved
under this assumption is valid absolutely.

Since L has no fine interval, it is easy to see that p; = d1> P2 = a3, P3 = as.

Dualizing the above considerations we see: if by % g1 A 93 and b3 241 A Qs
then @, < [P, 41 A 4212 U [by, 411> U [bs, g5]? vidy;if by £ g, A grand by 2
% g, A gy then g S [p3, 41 A 42]% U [b1, q1]% U [b2, 4217 U id,. However, these
cases are not possible, since 0, = [d, di+1]* U [ €s1]> Vid. Wegetga A q; < by
and either g; A g3 < by or g4 A g3 < bs.

Since (C) is not satisfied, we get: g3 A q, £ by and g3 A g2 £ b,.

Let us prove g, = b,. Suppose, on the contrary, that b; < g,. Denote by z the
only element with b; < z, so that z < ¢q,. Since L has no fine interval, there exists
an element y with y < z and y # b,. Since g, A g, < by, we have y £ ¢, and so
evidently a, < y £ q; A q;. We have either g; A g3 < b, or q; A q; < bs;
however, evidently only g; A g5 < b is possible. Evidently a, < b,. Since [a,, v v
U [by, z]* Uid, can not be a congruence, there exists an x with a, < x < y; we
have x < x for some X % y. Evidently X < q; A g3, so that there is a fine interval
contained in [)? VY, qq A q3], a contradiction.

Denote by g the only element with g < g3 A g, and by g the only element with
g<gand g =+ q; A q,. We have either § = p, or § = ps. If it were § = p,, then
the appropriate dualization of the above proof of (g, A g3 £ b, & g5 A g1 £ by &
&b =< q3) = g, = b, would give p; = g; A q,, a contradiction with g; A g, £ b,.
Hence § = p;. The appropriate dualization of the above proof of (g2 A g3 £ by &
&q, A qy £b,&b = q3)=q, = by gives p, = q1 A g3

Denote by I the largest non-negative integer such that there exist elements ro, ..., 1y,
S0s -+ e Spy 1y -ovy £y With

Gy A Qs =Tg>=T1 > . >T1 2 DPy1>

S; =DP3 VF;, Si>ri (i=09~-~,l),

Si—1 > t; > 8; (l=17'9l)
Denote by r,+; the only element with 1144 < ryand put s;.; = p3 V I Quite
similarly as we have proved w, = [dk, Ay 1]2 v [Ck, Cr+ 1]2 vid, we can prove
oy = [s1415 si> U [Fie1, 1] widy. Hence Siyq = Coo S1 = Chvrs T141 = di, 1) =
= dk+1'

Let us prove that if k = 0 then p; < "i+1- Suppose, on the contrary, that P =
— rppy. If i€{0, ..., I} and if r;y, < b3, then ry,y must have a cover x < b;
since r; and s;+ are the only covers of ri+1, W€ get r; < by and so r; < b, since 7;
is A-reducible and b, is v -reducible. We get rjyq < bs, 1y < by, 11—y < by, ...
<.y Ty < by, To < bs. However, ry = ds A 92 and we get a contradiction with

g3 A q; £ bs.
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Let k = 0. Evidently p; < bs. It is easy to see that if x e (b3, g5) then the only
clement y with y < x and y % b; belongs to (p;, ;) and if u € (py, r4+1) then the
only element v with u < v and v £ 7,41 belongs to (bs, g;). Now, since e, is not
contained in [py, r141]? U [bs, q5)* Vidg, we get p; <r,, and by < g5. For
every i € {1, ..., I} denote by u; the only element with u; < t; and u; # s;. Evidently
Ps < u; < by, u; =t; A b;. We have t; < s;_, since if there existed an x with ¢; <
X < s;_, then we would have b, v u; =t; > r; =r;_; A x, a contradiction by
(I1). Evidently ps <u, < ... <u;. Now it is easy to see that if s, = ¢, then
L~ Fy;, and if 5, < g, then L~ F,,;,,; in the first case we have [ % 0, since
4> A q1 £ b,.

Now let k # 0. Suppose [ 3 0. Denote by f the only element with e; < f and
f % d; and by u the only element with u < ¢, and u % s;. We have b, v u =
=t, > e; = ¢, A f, a contradiction by (III). Hence I = 0 and thus the situation is
dual to k = 0, so that L is isomorphic to F, for some n = 2. g

10. WEAKLY PRIMITIVE LATTICES: THE PRESENCE OF STAR ELEMENTS

In this section let L be a weakly primitive lattice and let z be its star element;
define elements by, b,, bs, ay, a,, as, U, 44, 4,, g3 in the same way as in Section 8.
We know already that z is the only star element of Land u is the only costar element
of L.

10.1. Lemma. If L\ (z, u) is a sublattice of L then [z, u] is a weakly primitive
lattice and L\ (z, u) is a weakly primitive lattice without star and costar elements.
Moreover, z < u in L\(z,u), z is both v- and A-irreducible in L\ (z,u) and u
is both v - and A-irreducible in L\ (z, u).

Proof. It is easy to see that [z, u]* U id, is a congruence of L. It follows from 1.4
that [z, u] is a weakly primitive lattice. Let « be a non-trivial congruence of L\ (z, u).
If it were {z, u) ¢ o then evidently a U id; would be a congruence of L, a contradic-
tion, since wy < [z, u]* U id;. Hence (z, u) € « for every non-trivial congruence o
of L\(z, u) and L\ (z, u) is subdirectly irreducible. The rest is obvious. g

10.2. Lemma. Let K be a weakly primitive lattice without star and costar ele-
ments; let z,u € K, z < u and let both z and u be both v - and A-irreducible in K.
Then there exists a finite sequence Ky, K4, ..., K, (n = 0) of lattices and a finite
sequence ji, ..., j, of elements j, € K, such that K ~ K,, Ko = {z, u}, K; = R(K,),
J1 = cx, and such that for every i€ {2, ..., n} one of the following five cases takes
place:

(i) K; = R(Ki~1) and j; = cg,_,.
(ii) j;—1 is not a coatom of K;_y, K; = P(K;_1,ji-1) and j; = cg,_,.

&
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(iii) j;—1 is a coatom of Ki-1, K; = Q(K;_1,Jji-1) and j; = dg,_,.
(iv) ji—1 is not an atom of K;_;, K; = P¥(K;_y,j;—,) and j; = cg,_,.
(V) ji=y is an atom of K1, K; = Q*(Ki~1,Ji=y1) and j; = dg,_,.

Proof. It follows by induction on Card (K) from the results of Sections 3, 4, 5,
6,7. m

10.3. Lemma. If L\(z, u) is a sublattice of L then [z,u] is a weakly primitive
lattice and there exists a finite sequence Ly, Ly, ..., L, (n = 0) of lattices and a finite
sequence ji, ..., j, of elements j;e L; such that L~ L,, Ly = [z,u], L = R(L,),
ji1 = ¢y, and such that for every i€ {2, ..., n} one of the following five cases takes
place:

() L = R(Li=,) and j; = c;,_,.

(ii) ji—y is not a coatom of L;_y, L; = P(L;_y,j;~4) and j; = ¢y, _,.
(iii) j;—q is @ coatom of Ly_y, L; = Q(L;—4, ji-1) and j; = dp, _,.
(iv) ji-1 is not an atom of L;_,, L; = P*(L;_y, j;—;) and j; = ¢y, _,.
(V) ji-q is an atom of Li_y, Ly = Q*(L;—y, ji-1) and j; = dy,_,.

Proof. It follows from 10.1 and 10.2.

Now we shall investigate the case of L\ (z, u) being not a sublattice. By the results
of Section 8, it is enough to consider the case of g, being A -reducible; the remaining
five possibilities are either symmetrical or dual. If g, is A-reducible then by 8.5 the
join of any two elements from L\ (z, u) belongs to L\ (z, u).

10.4. Lemma. Let g, be A-reducible. Denote by [f, g] the fine interval of L.
Then by < f<g = q;.

Proof. Evidently b; < f < g < q,. Suppose g < g,. Since [g, ql] contains no
fine interval, there exists an ! with g < I and I g,. Evidently [ | u. There exists
exactly one j with u < j. We have I < j, since otherwise we should have j A | =
=g <u=gq, V g3 a contradiction by (III). Hence j = u v I By (I) there exists
a greatest element h with the property u A h = g,. Since g, is A-reducible, g; < h,
h | u. We have I < h, since otherwise we should have h A I =g <u =g, v qs,
a contradiction by (III). Now evidently g, v I £ h A j; since ¢4 || I and [g, v I,
h A j] can not contain a fine interval, we obtain h Jf j and so h < j. Evidently h < j.
The following implications are true:

(i) If x = u then x J j. (This is clear.)

(i) If x < j and x £ h then x ) u. (This is clear.)

(iii) f x = g and x % u then x < h. (Indeed, py A X =p; AU AX=p, A g A
Ax=zandp; A gy =z,sothatp; A (x v ;) =zby(l)andsox v q, %
* u;henceu A (X vV g,)=¢qy, x v q; < handsox < h.)
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Now, since [g, h]* U [u, j]* U id, can not be a congruence, by 1.2 there exists a d
with d < h and d H g. Evidently d £ u and so u v d = j; since u v I = j as well,
we get u v (d A 1) =j by (I), so that d A I £ u and consequently d A I £ g.
This, together with d || g, implies that [ is v -reducible.

Denote by k the only element with / < k and by g the only element withg < g <
< q,. We have g < k, since otherwise we should have g A k=g <l=fv
v (I A d), a contradiction by (III). Since g is A-reducible, there exists an x with
g<xandx £ u.Ifitwerex £ kthenx A k=g <u = q, VvV g3, a contradiction
by (III). Hence x < k. Ifitwere x < kthenx A | =g <u = g, VvV g3, a contradic-
tion by (III). Hence x = k and so § < k. Now evidently [g,d]* U [, k]* v id,
is a congruence, a contradiction. g

10.5. Lemma. Let q, be A-reducible and let a € L\ (z, u) be such thatu A ae
€(z,u). Then u A a = q,.

Proof. Of course, a | u. Since L has only one fine interval, it follows from 10.4
that if u A ae[by, q1] U [b2, q2] U [bs, g5] then u A a = ¢,.

Suppose u A ae[pl, q, A q3]. We have a v p, 2 p; v p,=b; and a v
V p, € u, so that a v p, 2 u and thus a v p, = a v u. Quite analogously
avp,=avu By (II) we get avu=av (p,Ap;)=avz=a, so that
a = u, a contradiction.

Suppose u A ae[p3,q1 A qz]. Wehavea v p, 2 ps vV p,=b;anda v p, <
& u,sothata v p, > gy and thus a v p, = a v g,. On the other hand, it is easy
to see that a v (g; A 92) > gy, 50 that a v (q; A 42) = a Vv g, too. By (II) we get
avg =av (p2 Aqy A qz) =a v z = a, so that a = q,, a contradiction.

The case u A a€ [P gy A gds] is symmetrical to the preceding case and thus
impossible, t0o. m

10.6. Lemma. Let q; be A-reducible. Then [z,u] ~ Dy and [z, u] = {z, u, p;,
pZ’ p3’ bl! bZ’ b3’ 41}-

Proof. Puta = [p1, 42 A 431 U [p2, 41 A 45]° Y [P35, 41 A 42]* V [b1,q]* v
U [b2, 421 U [b3, 45)* U {z}* U {u}*. Evidently, o is a congruence of [z, u].
Since z v b e L\(z, u) for any b € L\ (z, u), using 10.5 it is easy to see that o U id,
is a congruence of L. It is easy to see that if x, y € [z, u] and {(x, y) ¢ « then the
congruence of [z, u] generated by <x, y) contains <f, g;> (where [f, 9] = [f, q,]
is the fine interval of L). By 1.4, [z, u] is subdirectly irreducible and consequently it
is a weakly primitive lattice. Since g, is Vv -irreducible, it follows from the results of
Section 9 that [z, u] ~ D, and so [z, u] = {z, u, py, P2, P3, b1, b2, b3, 41}. =

10.7. Lemma. Let q, be A-reducible. Then L\{p,, ps, by, b3} is a sublattice
of L; it is a weakly primitive lattice without star and costar elements, the interval
[2, ulin(ps,ps 2.5} is isomorphic to the pentagon, py is both v- and A-irreducible
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in L\{py, p3, by, b3}, by is both v - and A-irreducible in L\ {p, P3, b2, bs} and
qy is A-reducible in Lx{p2, P3, bz, b3}-

Proof. The subdirect irreducibility of L\ {p,, p3, b,, b3} is the only assertion that
needs a proof. It is enough to derive a contradiction from the assumption that there
exists a non-trivial congruente o of L\{p,, Ps, b,, b3} such that {(by, g;> ¢ a. We
shall get a contradiction with the subdirect irreducibility of L if we prove that « L id,
is a congruence of L. Let {x, y> e« and x = y. If it were x = p,, then we should
have {p;, w) € for some w e L\{p,, p3, by, b3} with either w < p; or w > p;,
so that either {z, p;>ea or {p;,u) €a, so that <{b;, q;> €, a contradiction.
Hence x + p,. Similarly y + p;, x + by, y #+ b,.

Letx < z. Then y < z, since otherwise {z v X,z v y) € a would imply <by, g, €
eoa. Hence <w v x, wv yyeauid, and <w A x, w A yD>eauvid, for all we
€ {P2, p3, b, by} evidently.

Let x = u. Then y = u, since otherwise {u A x, u A y) € a would imply
{by,qy€a Hence <(w v x, w v ypeauid, and <w A x, w A y) ea L id, for
all w e {p,, p3, b, bs} evidently.

Now let x £ zand x % u. Then y £ z and y % u. Evidently x v z % p,, so that
x v z=by; analogously yvz=b; and so {p, VX, pVvyy=<bvVvx,
by vydea, {p3Vvx, p3vy>=<Lbvx, by vyyea <byvx byvy)=
=uvx,uvyea <byvx,byvy)={uvx,uvyyea If x =g, then
y 2 g, (since otherwise {q; A X, q; A y)> €« would imply <by, q;> € ), so that
wAXx=wA y for all we{p,, ps, by, bs}. If x £ g4 then y % ¢, and evidently
uAXx, uAy=<z sothat (WA X, wAY)=<C2AX, zAYy)ea for all we
G{Pz’ P3» by, b3}

We have proved <w A x, w A ypeauidy, and {w v x, w v yyeauid, for
all we {p,, ps, by, b3}; if wé {p2, ps, by, b3} then of course <w A X, w A YD ex
and WV XxX,wV y)yea u

10.8. Lemma. Let K be a weakly primitive lattice without star and costar elements
and let {z, u, py, by, q,} be its interval isomorphic to the pentagon; let z < p; < u
and z < by < q,; < u. Moreover, let both p, and b, be both v - and A-irreducible
in K and let q, be A-reducible in K. Then there exists a finite sequence K, K, ...
... K, (n = 1) of lattices and a finite sequence jo,ji,...,Jj, of elements j, e K;
such that K ~ K,, K, is the pentagon {z,u, py, by, 41}, jo = 41> K1 = Q(Ko, jo)s
Jj1 = dy, and such that for every i€ {2, ..., n} one of the five cases (i), (ii), (iii), (iv),
(v) from 10.2 takes place.

Proof. It follows by induction on Card (K) from the results of Sections 3, 4, 5,
6,7 m

10.9. Lemma. Let q, be A-reducible. Then there exists a finite sequence Ly, L4, ...
..o L, (n 2 1) of lattices and a finite sequence jo, 1, ---> Ja Of elements j; € L; such
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that L~ L,, Ly = [z,u], jo = q1, Ly = Q(Lo, jo), j1 = dr, and such that for
every i€ {2,...,n} one of the five cases (i), (ii), (iii), (iv), (v) from 10.3 takes place.

Proof. It follows from 10.7 and 10.8. 5

11. THE RESULTS

A lattice Lis called primitive if the class of all lattices that do not contain a sub-
lattice isomorphic to L is a variety.

11.1. Theorem. Let L be a lattice. The following assertions are equivalent:
(i) L is primitive. ~

(ii) L is weakly primitive.

(iii) L is strongly primitive.

(iv) L is a finite subdirectly irreducible sublattice of a free lattice.

(v) L is finite, subdirectly irreducible and projective.

(vi) L is finite, subdirectly irreducible and the following holds: whenever there
exists a homomorphism of some lattice K onto L, then K contains a sublattice
isomorphic to L.

(vii) L belongs to the smallest class A" of lattices with the following six properties:

(1) The lattices Ay, A,, A3, Ay, B,(n 2 1), C,(n 2 1), D,(n 2 0), E, (n 2 0),
F,(n 2 2), G, (n = 2) and their duals belong to A; the class A" is closed
under isomorphic images.

(2) If Se A then R(S)e A .

(3) If Se A and a is a perfect element of S such that a is not a coatom of S
then P(S, a)e A .

(4) If Se A and a is a perfect element of S such that a is a coatom of S then
0(S,a)e &

(5) If Se A and a is a coperfect element of S such that a is not an atom of S
then P*(S,a)e A .

(6) If Se " and a is a coperfect element of S such that a is an atom of S
then Q*(S,a)e X .

Proof. (iii) = (i) follows from 2.1, (i) = (ii) is easy (a primitive lattice is a sub-
lattice of a free lattice and thus satisfies (I), (II), (III); moreover, a primitive lattice
is evidently finite and subdirectly irreducible) and (vii) = (iii) follows from 2.2, 2.3,
2.5, 2.6, 2.7, 2.8. The implication (ii) = (vii) follows from the results of Sections
3,4,5,6,7,8,9,10. The equivalence of (i) with (iv) and (v) follows from [3] and
(i)« (vi)is provedin [1].
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In addition to the lattices A4, ..., G, introduced in Section 2 and the lattices H,, I,
defined in Section 9 we shall define lattices 4s, J, (n = 2) and K, (n = 3) so that we
indicate again their underlying sets and all the pairs x, y with x < y:
As={0,2,3,4};0<2<3<1,0< 4 < 1. (4 is the pentagon; see Fig. 18.)

J, ={0,2,3,4,5, ay,...,a, by,....b}; 0<2<5<a; <...<a, 0<4<5,
2<3<b;, <by<bs<..,4<b,<by<bsg<..b <ay..b,<a,.
(See Fig. 19 for n = 4.) ‘

K,=1{0,2,3,4,ay,...,a, by,...,b,};0<2<4<a;,<...<4a,0<3<4,
2<b; <b3<bs<..3<b,<by<bs<...,b<ay,.. b <a,
(See Fig. 20 for n = 4.)

Fig. 18: A Fig. 19: J, Fig. 20: K,

Evidently, the following assertions are true:

As ~ R(4,).

H, ~ A,, Hy ~ P(H,, 5), H, ~ P(H,,7); if n 2 3 then H, ~ P(H,_, b,_,).

I, ~ Q*%(As,2); if n= 3 then I, ~ P(I,_q, b,—»).

J, ~ Q*(4s,4); if n 2 3 then J, =~ P(J,_y, b,_»).

K3 ~ Ay; if n 2 4 then K, ~ P(K,-y, b,—,).

Now it follows from the results of Section 2 that the lattices As, H, (n = 0),1, (n = 2),
Jo(n 2 2), K, (n = 3) and their duals are primitive.

Let L be a finite lattice, a € L and 0 < a < 1. For every finite sequence ey, ..., ¢,
(k = 0) of numbers from {1, 2, 3} define a lattice Z(L; a; ey, ..., ¢) and its element
Z(L; asey, ..., ¢) as follows: If k=0 then Z(L;a;ey,...,e) = L and z(L; a;
ey, ...,¢) = a; if k 21 and the lattice Y = Z(L; a; ey, ..., ¢—;) and its element
y = z(L; a; ey, ..., ¢,_,) are already defined, consider five cases:

() Ife, = 1, put Z(L; as ey, ..., ) = R(Y) and z(L; a; ey, .., ¢,) = cy.
(ii) If ¢, = 2 and if y is not a coatom of Y, put Z(L; a; ey, ..., ¢) = P(Y, y) and
z(L; a; ey, ..., &) = cy.
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(iii) If e, = 2 and if y is a coatom of Y, put Z(L; a; ey, ..., ¢,) = Q(Y, y) and
2(L; a; ey, ..., &) = dy.

(iv) If ¢, = 3 and if y is not an atom of Y, put Z(L; a; e, ..., &) = P*(Y, y) and
z(L; a; ey, ..., &) = cy.

(v) If ¢, = 3 and if y is an atom of Y, put Z(L; a; ey, ..., ¢) = Q*(Y, ) and
Z(L; as ey, ..., &) = dy.

For example, the lattice Z(A3; 7,2,1,3,3,2,2, 1) is pictured in Fig. 21.

Fig. 21.

11.2. Theorem. The following lattices are (up to isomorphism) just the only primi-
tive lattices:

(i) 4,.
(ii) As.
(iii) Z(R(As); c4,; €y, .- &) where k 2 0, e;€ {1, 2, 3} for all i.
(iv) Z(I,; bys ey, ..., ) where n 2 2, k 2 0, e;e {1, 2, 3} for all i.
(v) Z(Iy; by ey, ..o e) where n 22, k20, e;e{1,2,3} forall i.
(vi) Z(J,.b,; €1, ..., &) where n 22, k 20, e;e{1,2,3} forall i.
(vii) Z(J3; b,s eq, ..., &) where n 22, k 20, e;€{1,2,3} forall i.
(viii) 4.
(ix) Z(R(A2); c4,s €y, --» &) where k 2 0, e,e{1,2,3} for all i.
(X) Z(H,; bys ey, ..., ¢) where n 2 1, k 2 0, e;e{1,2,3} forall i.
(xi) Z(H}; b,, ey, ..., ¢,) where n 2 1, k 2 0, e;e{1,2,3} forall i.
(xii) Z(K,; b, ey, ..., ) where n =23, k 20, e;e{1,2,3} forall i.
(xiil) Z(K3; by; €1, ..., €) where n 23, k 20, e;e{1,2,3} for all i.
(xiv) Z(A4; 35 €4, ..., €) where k 2 0, e;€{1,2,3} for all i and e; *+ 3 if k # O.
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(xv) Z(A4; 65 €4, ..., ) where k 2 1, €;¢ (1,2,3} for all i and e, = 3.
(xvi) Z(B,; 3; ey, ..., ¢) where n 2 1, k > 0, e, €{1,2,3} for all i and e; + 3
if k0.
(xvii) Z(B,; 10; ey, ..., ¢) where n = 1, k > 1, ¢;€{1,2, 3} for all i and e; = 3.
(xviii) Z(BY; 3; 1, ..., &) where n 2 1, k > 0, e;e {1,2, 3} for all i and e; + 2
if k0.
(xix) Z(By; 105 ey, ..., &) where n
(xx) Z(C"; dn; [ZTREEN ek) where n
if k=*0.
(xxi) Z(C,; 3; €1, ..., &) where n 2 1, k > 1, e;e{1,2,3} for all i and e; = 3.
(xxii) Z(Cy; dy; €y, --.r &) wheren 2 1, k > 0, e;€{1,2,3} for all i and e, + 2
if k=+0.
(xxiii) Z(C¥; 3; ey, ..., &) where n 2 1, k > 1, e;e{1,2,3} for all i and ¢, = 2.

1, k>1,e€{1,2,3} for all i and ¢, =2

>
21, k>0,ee{l,2,3} forall i and ey + 3

(xxiv) Z(D,; 6; ey, ..., &) where n 2 0, k > 0, e;e {1,2,3} for all i and e, = 1
if k + 0.
(xxv) Z(Dy; 65 ey, ..., &) where k 2 1, e;e {1, 2, 3} for all i and e; = 2.
(xxvi) Z(D}; 65 ey, ..., &) where n 20, k > 0, e;e{1,2,3} for all i and e; = 1
if k=+0.
(xxvii) Z(Dg; 6; €y, ... e,) where k 2 1, e;e {1,2,3} for all i and e, = 3.
(xxviii) Z(E,; 2; ey, ..., &) where n 2 0, k 2 0, e;e {1,2,3} for all i and e; = 1
if k # 0.
(xxix) Z(Ey;2; ey, ..., ¢) where n 2 0, k 2 0, ¢; €{1,2,3} for all i and e, =1
if k0.
(xxx) Z(F,; 2; 1, ..., ¢) where n 2 2, k >0, e;e{1,2,3} for all i and e; =1
if k+0.
(xxxi) Z(Fy;2;eq, ..., &) where n 2 3, k 2 0, e;e{1,2,3} for all i and ¢; =1
if k + 0.
(xxxii) Z(G,; 2; ey, .-.» &) where n =2 2, k 2 0. ;e {1,2,3} for all i and e; = 1
if k # 0.
(xxxiii) Z(Gy;2; ey, ..., &) where n 2 2, k 2 0, e;e{1,2, 3} for all i and e; =1
if k+0.

Proof. All these lattices are primitive, as follows from the results of Section 2.
It can be easily verified that any of the lattices 4,, 4,, 43, 44, B,, C,, D,, E,, F,, G,
and their duals is isomorphic to a lattice belonging to the union of these 33 collections
(we have F3 ~ F,) and that the union is closed under the constructions R, P, P*,
0, 0*. Now it follows from 11.1 that there are no other primitive lattices. g

Let us remark that for any pair j, h of different numbers from {1, ..., 33} no lattice
from the j-th collection is isomorphic to a lattice from the h-th collection.
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Let us mention the following corollary of the description of all primitive lattices:
If L is a primitive lattice, then either w, = [a, b]* U id, for some a, b e L with
a<b or w,=[a,b]*U[c,d]*vid, for some a,b,c,deL with a <b <d,
a<c<dandb|ec
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