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INTRODUCTION

L=t Q be a smoothly bounded open set in R”, Q = Q x [O, w[ and let L be a uni-

formly elliptic operator given by
Lu = —0,a" du
with cozfficients
a** e 1°(Q)

satisfying for all £ € R"
(1) aggy 2 20¢)?
with a uniform constant A > 0. Moreover, let f: @ x R¥*"N _, BN be a Carathéodory
function and assume that

(2) |f(x. t,u, p)| < a|p* + b

for all (x, 1, u, p)e Q x R¥*"V with constants a, b € R.
Consider the Cauchy-Dirichlet problem for the quasilinear diagonal parabolic
system

(3) ou' + Lu' = fi(x,t,u,Vu), 1<i<N
ul (92 x [0, o) v (2 x {0}) = u,
for smooth boundary and initial data u, and assume that u e L°°(Q; RN) N
N L ([0, o[ ; H'*(Q; RY)) is a weak solution to (3) in the sense that
u(, 1) = uo(+, t) e Hy*(Q; RY) ae. in [0, cof
and that the relation
(4) :
f [—u'd,0" + a*? 0pu' 0,0 dx dt = J' S, 1, u, Vu) @ dx de +f uop dx
Q Q

Q% {0}

l) This research was supported by the Sonderforschungsbereich 72 of the Deutsche For-
schungsgemeinschaft.
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is satisfied for all ¢ € C*(Q) vanishing in a neighborhood of 02 x [0, o[ and also
vanishing for large t.

In [7], [2] it was shown that such a weak solution u is Hélder continuous (and
hence regular) in the interior of Q if the ellipticity constant 4 in (1), the growth
coefficient a in (2) and M = |u|, are related by the condition

(5) aM < 7.

Moreover, it was noted that condition (5) is best possible. Indeed, on Q =
={xeR? l le < 1}, the function h e H"**> n L*(Q; R*) given by

(6) h(x) = x|x| ™!
weakly solves the diagonal elliptic system
(7 —Ah = h|Vh|?

but is discontinuous at x = 0. Since we may interpret h as a stationary weak solution
of a parabolic system (3) with a = M = 1 = | condition (5) in general cannot be
improved.

However, the above example due to Hildebrandt-Widman [4] and other counter-
examples to regularity in the case of elliptic systems given by Frehse [1] and Heinz
[3] leave open the question of whether the parabolic “flow” preserves regularity
properties of the initial and boundary data as the solution evolves in time, even
without any restriction on the size of the ratio aM/J. In fact, it was conjectured by
Sampson [6] that parabolic systems arising from harmonic mappings between
Riemannian manifolds act conservative in this sense, and it is suspected that the
regularity properties of the initial data will even be conserved if the solution is only
bounded locally with respect to .

However, the example below shows that in general the answer will be negative and
that in general solutions of systems (3) may lose the regularity properties of the initial
data in finite time if aM/4 is too large. (We suspect that this will be true if aM[A > 1,
already, leaving open the limiting case aM = A.) Thus, the special (variationa])
structure of the operator must be held responsible for the phenomena occuring in
the case of harmonic mappings.

Again, one should ask: Do parabolic systems of the kind (3) preserve regularity
if they are of variational type? A positive response to this question should be of great
interest for various applications in differential geometry.

Example. Let Q = {xe R | |x| < 1} be the unit ball in R*, Q = Q x [0, oo.
Let I' be the fundamental solution of the (backward) heat operator with singularity
at (0,1)e Q, ie.

1 x2
® R T O )

if t <1, I'(x, f) = 0, otherwise.
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By classical results we have the following representation formula for the solution v
of the initial value problem

9) —0p—Av=0 in R’ x]-o0,1]
o(*,1) =, :

For any v, € L°(R*; R) the unique solution v of (9) is given by
(10) v(x, 1) = J'RS I(x =y, 0)v,(y)dy =:((+, 1) % vy) (x).

Moreover, v is smooth for ¢ < 1 and hence satisfies (9) in the pointwise classical
sense (cp. [5, p. 262]). Also the initial data v, are assumed continuously in L}, (R*; R)
as may easily be verified using again the estimates in [5, p. 262 f.]

Now, define forte R, x € Q

2h % I'(-, x), 1
u(x, 1) = {g h(x) 06 i;
(2h* (-, 1)) (x), t<1
o(x, t) = {2 h(x), t=1
Qh+r(-,2-1)(x), t>1

where e L* n Hi;2(R*; R®) is given by (6). Also let

L= —aA, M= —pA
where o, fe L*(Q) are givenby a = f =3 ift < l,a=4ift =1, f=4if1t=1,
B = 5if t > 1. Clearly, both Land M satisfy condition (1) with 4 = 1.

Lemma 1.
u,ve L”(Q; R®) n L, ([0, oo[; HV*(Q; R?)).

Proof. Using the fact that I' > 0 and [I'(x, t)dx = 1 for ¢t < 1 the first assertion
is a simple consequence of the convolution estimate

loxi]w = o] ¥l
for all p e L, y € L.

To verify the second part of the claim we show that |Vu(-, t)|, is even bounded,
uniformly in ¢ < 1. Indeed, using the smoothness of I' and the definition of weak
derivative for ¢t < 1 we may write

Vu = (2h + VI(+, ) = (2Vh % (-, 1)) .

Thus, by standard estimates and Fubini’s theorem

LWu(-, f)?dx < CJJIRP |VA(x — y)|* I'(y, t)dxdy < cJ.QIVh(x)P dx .
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Here, we also have used that |Vh(x)|*> = 2|x| 2, whence the integral of |Vh|* over
any unit ball is dominated by that taken over Q.
ged.
Next, observe that u weakly solves the parabolic system (cp. (9), (10))

(11) 8u + Lu = (0, + A)(2h » I'(, 1)) — 4AQRh + I'(+, 1)) =
= (—4AQ2h) = I'(+, 1)) = (2h|V(2R)|* * T(-, 1)), if <1
du + Lu = uIVu‘Z, if t>1
hence a system of the type (3) if we formally define f via “Tomi’s trick”:
8(h|VA|? * (-, 1) (x)

f(x’ t,u, P) = |Vu(x, [)IZ
2h(x)p?, t=>1.

pr, t<1

(Note that, again, we have used the fact that I' is smooth and decays rapidly at
infinity for ¢+ < 1 in order to differentiate under the integral sign and shift the dif-
ferential to h. Also we have used (7).)

Similarly, v is a solution of

(12) v+ Mv = f(x,t,0,Vv), if 1<1
v+ Mo = (3, — A)2h«I'(+,2 — 1)) — 4Av =
= —f(x,2 = t,0,Vv), if t>1.
To make the above calculations precise simply note

Lemma 2. The function f is well defined on Q x ]—oo, 1] x B* x R® and
measurable in (x,1) € Q x ]—oo, 1[ and continuous in (u, p) € R* x R°. Moreover,
there exists a constant a € R such that

If(xa ty u, P)l é alpl2 *
Proof. Clearly, it suffices to show that there exists a € R such that
[2h(x) (|V(2h)|? = I'(+, 1)) (x)] < a|V(2h = I(+, 1)) (x)]? -
Denoting absolute constants by ¢ and using the identity (with 6;; = 1 if i = j,
6, = 0if i % j)
2 — . .
VHGOP = 2, Vibl(x) = 2l = xe
[*

we have fort < 1

|l VA[ « 1, ) (x)] =
i U L lzix—_y? (41 - e F (” 4_lfy?l) “‘y\ B
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4 E—n 2 A(é)
1—1&%—W““")4 A

where & = x/2/(1 — 1), n = y[2 /(1 — 1). Also

[V« 1C ) () = Efo(’ = IC, ) (9] =

— 5ij|x—y|2°—(x—y)i(x_y)j 1 _._y..z__ dy

?SURs =P (4t = )" e""( 411—4) :

U- ué - ’7|2 (é - ’7) '7)1
& —n)?

oy B B

ijl—t 1 -1

2

2
exp (—n?)dy| =

— ij

Let ¢ be any vector in R>. By a rotation of our coordinate system we may assume that
&= (él, 0, O). Since h commutes with rotations such a transformation does not alter
A or B. We estimate B(¢) = B3,(¢) and, using symmetry around the x,-axis,

o E=miH =i gy s
By(¢) = J-R3 =l p(=n*)dn 2

1 1
c exp(—n?)dn = J exp(—n?)dn.
[ e

I

Thus we obtam
B(¢)>0, B(¢) = c[§|_2 , |é| large .

Moreover, B is a continuous function of &.
Similarly, A4 is continuous as a function of & and decays asymptotically at a rate

A(¢) = c|é|_2 s |f[ large .

Thus, the quotient A/B is uniformly bounded, proving the lemma.

qed.
Let
_ff(x,t,u, p), t<1
g(x. t,u, p) = {Zh(x)p2 , =1
f(x, t,u, p), t<1
h(x, t,u, p) = 2h(x)p?, t=1

—f(x,2—-tup), t>1.

Lemma 3. The functions u, v are weak solutions in the sense of (4) of the parabolic

systems
ou' + Lu' = g'(x,t,u, Vu),

' + Mv' = hi(x,t,0, Vo), 1

Il/\ ll/\

3
3.

I|/\ II/\
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Proof. Clearly, if ¢ is admissible in (4) and ¢ vanishes in a neighborhood of t = 1
then the analogues of (4) will be satisfied for u and v, as follows from the derivation
(11), (12) and Lemma 2 above. For an arbitrary testing function ¢ let ¢, = ¢ (1 < 1),
@, =0 (¢t > 1) and let ¢, = ¢ — @, Since by the remark after (10) u and v are
continuous at ¢t = 1 in L% inserting ¢, and ¢, into the equations may be justified
by an appropriate limiting process, yielding e.g. for the function u:

J. [—udp, + «VuVep,]dxdt = f g, dxdt +J ugoldx—J‘ up, dx
2 I ax (0} ax(

x10,1(

[—ua,(pz—l—onuV(pz]dxdt:ngozdxdt-l-j up, dx .
Q 2x{1}

Qx 71,00

Adding these identities and taking account of the continuity of ¢ at t = 1 the claim
follows.
Similarly, the conclusion is obtained for v.
ged.

This concludes the construction. We remark that both u and v are solutions of
uniformly parabolic diagonal systems with quadratic growth and smooth initial and
boundary data but that develop a discontinuity in finite time. In the case of u the
singularity persists for all later times whereas in the case of v the discontinuity im-
mediately disappears again as ¢ is further increased.

References

[1] Frehse, J.: A discontinuous solution of a mildly nonlinear elliptic system, Math. Z. 134,
229—230 (1973).

[2] Giaquinta, M. and M. Struwe: An optimal regularity result for quasilinear parabolic systems,
manusc. math. 36, 223—239 (1981).

[3] Heinz, E.: On certain nonlinear elliptic differential equations and univalent mappings, J.
Analyse math. 5, 197—272 (1956/57). )

[4] Hildebrandt, S. and K.-O. Widman: Some regularity results for quasilinear elliptic systems
of second order, Math. Z. 142, 67— 86 (1975).

[5] Ladyshenskaya, O. A., V. A. Solonnikov and N. N. Ural’ceva: Linear and quasilinear equations
of parabolic type, Transl. Math. Monographs 23, AMS, Providence, R. I. (1968).

[6] Sampson, J. H.: On the heat equation for harmonic maps, preprint.

[7] Struwe, M.: On the Holder continuity of bounded weak solutions of quasilinear parabolic
systems, Manusc. math. 35, 125— 145 (1981).

Author’s address: Mathematisches Institut der Universitdt Bonn, Beringstr. 6, 5300 Bonn 1,
BRD.

188



		webmaster@dml.cz
	2020-07-03T04:09:36+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




