Czechoslovak Mathematical Journal

M. Loganathan
On tolerance relations

Czechoslovak Mathematical Journal, Vol. 36 (1986), No. 4, 662-667

Persistent URL: http://dml.cz/dmlcz/102123

Terms of use:

© Institute of Mathematics AS CR, 1986

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/102123
http://dml.cz

Czechoslovak Mathematical Journal, 36 (111) 1986, Praha

ON TOLERANCE RELATIONS

M. LOGANATHAN, Madras

(Received September 16, 1985)

A tolerance on a set is a binary relation which is reflexive and symmetric (see
[2]. [3])- A tolerance T on a semigroup S is called
left compatible if (x, y) € T implies (zx, zy) e Tfor all z€ S,
right compatible  if (x, y) € T implies (xz, yz) e Tfor all z € S,
weakly compatible if it is left and right compatible,
compatible if (x, y) € Tand (u, v) € Timply (ux, vy)e T.

In this note we completely characterize the structure of semigroups in which every
tolerance is left compatible (or, as the case may be, right compatible, weakly com-
patible, compatible).

We follow the notation and terminology of [1]. Let

LZ = the class of all left zero semigroups

RZ = the class of all right zero semigroups

Z = the class of all zero semigroups

LC = the class of all semigroups in which every tolerance is left compatible

RC = the class of all semigroups in which every tolerance is right compatible.

If S is a semigroup and x, y are distinct elements of S, then the least tolerance on S
which contains the pair (x, y) will be denoted by T({x, y). It is clear that T(x, y) is
the tolerance consisting of the pairs (x, y), (y, x), (z, z) for all ze S.

Let Se LC. 1t is easy to verify that every subsemigroup and every homomorphic
image of S is in LC. If e, f are distinct idempotents of S then, since T(e,f) is left
compatible, (e, ef) = (ee, ef) € T(e, f) and so we have either ef = e or ef = f.
This shows, in particular, that the set E/S) of idempotents of S is a band and, for
any e, f € E(S),

(1) ef=e or ef =f.

Lemma 1. (i) Let S be a semigroup. If |S| < 2 then every tolerance on S is com-
patible.
(ii) Let Y be a semilattice. If Ye LC then |Y| < 2.
(iii) Let S be a rectangular band. If S € LC then S is either a left zero semigroup
or a right zero semigroup. Conversely, if S is either a left zero semigroup or
a right zero semigroup then every tolerance on S is compatible.
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Proof. (i) follows from the fact that if |S| < 2 then the only tolerances on S are
the identity relation and the universal relation.

(ii) Let Ye LC. For any e,fe Y either e = f or f = e, by (1), and therefore Y is
a chain. Assume ‘Y| = 3 and let e, f, g be elements of Y such that e > f > g.
Then (f, g) = (fe, fg) € T(e, g) implies either f = e or f = g, which is a contra-
diction. Hence |Y| < 2, as required.

(iii) Let S € LC. Then every subsemigroup of S is in LC.

So, in view of (1), S cannot contain a copy of the 2 x 2 rectangular band
{ell, €125 €21» 322} in which e;;e,; = e;;. Hence S is either a left zero semigroup or
a right zero semigroup. To prove the converse let T be any tolerance on S, where
SeLZor SeRZ, and let (x, y), (u, v) € T. Then (ux, vy) e T, since

(ux, vy) — {(u, v) if SelLZ,
’ (x,y) if SeRZ.
Hence T is compatible.
Let A, B be semigroups. Define a multiplication on the disjoint union 4 U B by
the rule
xy=yx=1y (xe€Ad, yeB).

This multiplication is associative. We shall denote the resulting semigroup by S{4, B).
The following proposition describes the structure of bands which are in LC.

Proposition 2. Let S be a band. Then S is in LC if and only if S is one of the
following:

(1) a left zero semigroups;

(2) a right zero semigroup;

(3) S(R, L), for some Re RZ, Le LZ.

Proof. Suppose that S is in LC. By the Clifford-McLean theorem S is a semilattice
Y of rectangular bands E,, o € Y. Since Y is a homomorphic image of S, Ye LC
and so, by Lemma 1, |Y| < 2. If Y is a singleton set, say Y = {a}, then S = E, is
a rectangular band, So, by Lemma 1, S is either a left zero semigroup or a right zero
semigroup. On the other hand, if Yis a two-element set, say Y = {o, f} witha > B,
then S = E, U E;. Now for any ec E,, fe E,, since ef,feeEﬂ, (1) implies that
ef = fe = f. Next, let e,feE, and g, he E;. Since (g, gh) = (ge, gh) € T(e, h),
we have gh = g. Since (g, ef) = (eg, ef) € T(g, f) and ef € E, we get ef = f. Hence E,
is a right zero semigroup and Ej; is a left zero semigroup. If we put R = E,and L = E;
then it is clear that S = S(R, L).

We now prove the converse part. By Lemma 1, S is in LC whenever S is a left
zero semigroup or a right zero semigroup. So suppose that § = S(R, L) for some
ReRZ, Le LZ. Then, for any x, y, z € S, we have

_f(x,») if zeR,
(zx,zy)—{(z,z) if zeL.
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This yields that every tolerance on S is left compatible. Hence S € LC.

For the next proposition we need some notation.

Let A, B be semigroups. Let N be a zero semigroup with zero 0, and let r: N* - B
be a map, where N* = N\ {0}. We shall denote by S(N, r, B) the retract extension
of B by N determined by the map r. More explicitly, S(N, r, B) = N* U B with
multiplication:

(xr)y if xeN*, yeB,
xy = {x(yr) if xeB, yeN*,
(xr)(yr) if x,yeN*.
Extend r: N* — B to S(N, r, B) by defining (x) r = x for every xe B. Then r is
a retraction of S(N, r, B) onto B. We shall denote by S(4, N, r, B) the ideal extension
of S(N, r, B) by A°, where A° is the semigroup obtained from A by adjoining a zero 0,
0 ¢ A, determined by the homomorphism

x—(1,r): 4> QS(N,r,B), forall xeA.

(Here QS(N, r, B) denotes the translational hull of S(N, r, B)). More explicitly,
S(4,N, r, B) = Au S(N, r, B) with multiplication:
_fy if xeA, yeS(N,r, B),
V= it xeS(N,r,B), yed.
Similarly, we shall denote by S(A4, N, r, B) the ideal extension of S(N, r, B) by A°
determined by the homomorphism

x> (r,1): A > QS(N,r,B), forall xeAd.

The following proposition describes the structure of semigroups in LC which are
not bands.

Proposition 3. Let S be a semigroup which is not a band. Then S is in LC if and
only if S is one of the following:

(1) a cyclic group of order 2;

(2) S(N, r, L), for some non-trivial Ne Z, Le LZ, r: N* — L;

(3) S(R,N, r, L), for some ReRZ,Ne Z, Le LZ, r: N* — L.

Proof. Assume that S is in LC. Then, for x € S, we have (x?, x*) = (xx, xx?) €
e T(x, x*). Hence we must have

(2) either x*>=x or x*=x?
for all xe S.

Suppose there exists an element x in S such that x? # x and x> = x. Let x> = e.
Then e* = e = xx and xe = ex = x so that {e, x} is a cyclic group of order 2.
If y e S\ {e, x}, then

(e, xy) = (xx, xy) € T(x, y) implies xy =e
while
(x, xy) = (xe, xy) € T(e, y) implies xy = x.
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Therefore x = e, a contradiction. Hence S = {e, x}. Thus S is a cyclic group of order
2 if S has at least one nonidempotent x such that x3 = x. Consequently, if S is not
a cyclic group of order 2 then (2) implies that x> = x? for all x € S.

Suppose now that S is not a cyclic group of order 2. Then x* = x2 for all xe S.
Since S e LC, the subsemigroup E(S) of idempotents of S is in LC. Hence, by
Proposition 2, E(S) is either a left zero semigroup or a right zero semigroup or S(R, L)
for some ReRZ, Le LZ.

Case 1. Assume E(S) is a left zero semigroup. If x and y are any two elements
of S then (x?% xy) = (xx, xy) € T(x, y). Consequently, we have xy = x? for all
x, y € S. This implies that E(S) is an ideal in S and the Rees quotient S/E(S) is a zero
semigroup. Write L = E(S), N = S/E(S) and define r: N* > L by (x) r = x? for
all x e N*. It is then clear that S = S(N, r, L).

Case 2. Assume E(S) is a right zero semigroup. Let x € S with x* # x. If e € E(S),
then (e, x?) = (x%e, x’x) € T(e, x) implies x*> = e. Since this is true for every e € E(S)
it follows that E(S) = {e} is a singleton set. Now for any two distinct elements
x,ye S\{e},

(e, xy) = (x% xy) = (xx, xy) € T(x, y) implies xy = e
and
(e, yx) = (% yx) = (yy, yx) € T(y, x) implies yx =e.

Hence xy = yx = eforallx, ye S. Write N = Sand L = {e}. Then S = S(N, r, L),
where r: N*¥ — Lis the unique constant map.

Case 3. Assume E(S) = S(R, L) for some Re€RZ, Le LZ. Let x be a nonidem-
potent of S. Then, by (2), x* € E(S) = Ru L; hence x*>€ R or x*>e L. We claim
that x? € L. For, if x> € R then by choosing an element f € L we see that (x?, f) =
= (x2x, x*f) € T(x, f) and hence x* = x, a contradiction. Thus x> € L for all non-
idempotents x of S. We now show that S\ R is an ideal of S. Take any ee R and
x e S\ R. Since

(x%, xe) = (xx, xe) € T(x, e)
and
(ex,e) = (ex,ee)e T(x,e),

it follows that xe = x* and ex = x. In particular, S\ R is an ideal of S. Now S\ R
isin LC and E(S\ R) = Lis a left zero semigroup. So, by Case 2, S\R = SN, r. L),
where N is the Rees quotient of S\ R by the ideal L, and r: N* —» Lis given by
xr = x* for all x e N*. Clearly S = S(R, N, r, L).

Conversely, let us assume that S is one of the semigroups listed above. If S is
a cyclic group of order 2 then, by Lemma 1, Se LC. If S = S(N, r, L) then every
tolerance T on S is left compatible, since (x, y) € T implies (zx, zy) = (z%,z%) e T
for all ze S. Hence S € LC. Finally, if S = S(R, N, r, L) then, for any x, y, z€ S,

_ f(x,y) if zeR,
(Zx’zy)‘{(zz,zl) if zeS\R.
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This yields that every tolerance on S is left compatible. Hence S € LC.
Propositions 2 and 3 completely characterize the structure of semigroups in which
every tolerance is left compatible. Dually, we have

Proposition 4. Let S be a semigroup. Then every tolerance on S is right compatible
if and only if S is one of the following:

(1) a left zero semigroup;

(2) a right zero semigroup;

(3) S(L, R), for some Le LZ, R e RZ,

(4) a cyclic group of order 2;

(5) S(N, r, R), for some Ne Z, ReRZ, r: N* - R;

(6) S(L,N, r, R), for some Le LZ, Re RZ, Ne Z, r: N* > R.

Since a tolerance is weakly compatible if and only if it is both left and right com-
patible we obtain

Proposition 5. Let S be a semigroup. Then every tolerance on S is weakly com-
patible if and only if S is one of the following:

(1) a left zero semigroups;

(2) a right zero semigroup;

(3) a semilattice of order 2;

(4) a cyclic group of order 2;

(5) a zero semigroup.

Proof. Suppose that every tolerance on S is weakly compatible.

Case 1. Assume S is a band. If S is a rectangular band then, by Proposition 2,
S is either a left zero semigroup or a right zero semigroup. On the other hand, if S
is not a rectangular band then it follows from the Clifford-McLean theorem and
Lemma 1 that S is a semilattice Y, where Y = {oc, [3} with o > f, of rectangular
bands E, and E;. By Proposition 2,

E,eRZ and E;elZ
while, by Proposition 4,
E,eLZ and E;eRZ.

Hence E, and E; are singleton sets and so S = Y, a semilattice of order 2.

Case 2. Assume S is not a band. Then an easy verification shows that E(S) is
a rectangular band. Since Se LC it follows from Proposition 3 that E(S)e LZ.
Since S € RC, Proposition 4 implies that E(S)e RZ. Therefore E(S) is a singleton
set. Now by Proposition 3, S is either a cyclic group of order 2 or a zero semigroup.
The Converse follows from the next proposition.

Proposition 6. If S is one of the semigroups listed in Proposition 5 then every
tolerance on S is compatible.

Proof. The result follows from Lemma 1 once we show that every tolerance on

666



a zero semigroup S is compatible. This is clear, since, for any tolerance T on S,
(u,0), (x, y) e Timply (u, v) (x, y) = (0,0)e T.

Remark 7. Since a compatible tolerance is weakly compatible, Proposition 5
remains valid if we replace “weakly compatible” by “compatible”.
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