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ARCHIMEDEAN CLASSES IN AN ORDERED SEMIGROUP IV

TORU SAITO, Saitama

(Received July 10, 1985)

In our previous papers [2], [3] and [4], we studied archimedean classes in an
ordered semigroup. The difficulty occurs because of the fact that the set product of
two archimedean classes is not necessarily contained in a single archimedean class.

In this paper, we propose to set up the notion of modified archimedean classes of
two archimedean classes. Fortunately, for each pair of modified archimedean classes,
their set product is contained in some modified archimedean class. In § 1, we prove
this fact. Using the results in § 1, in § 2 we study the behavior of the set product of
a finite number of archimedean classes.

The terminologies and notations of our previous papers [2], [3] and [4] are used
throughout. In particular, we denote by S an ordered semigroup and by € the set of
all archimedean classes of S.

§1

Let C € ¥. First we suppose that C is a torsion free archimedean class of S. Then
by [2] Theorem 3.5, the §-class CS contains at most two elements of ¥. We define
m i(C) when and only when C6 has two elements of ¥. Thus, in this case, Cd consists
of two torsion free archimedean classes 4 and B such that 4 < B. Now we define
m(C) as the set of all elements x of S such that the archimedean class X of S which
contains x lies between 4 and B. It can be easily seen that m.(C) is the set of all x
such that ¢ < x £ b for some ae 4 and be B. Also we have cither C = 4 or
C = Band m4(C) = m(A4) = m4(B). Now m(C) € {C, m.(C)} is called a modified
archimedean class of C.

Next we suppose that C is a periodic archimedean class of S. Then C contains the
unique idempotent, say e. We denote m(C) = {e}. Also we denote by C, and C_
the set of all nonnegative elements and the set of all nonpositive elements of C,
respectively. We define m+(C) when and only when there exists an idempotent f of S
such that e < f, e D5 f and e and f are consecutive in eZg. In this case we define
m.(C) = [e, f] as the set of all elements x of S which lie between e and f. Similarly
we define m_(C) when and only when there exists an idempotent g of S such that
g <e gPgeand g and e are consecutive in eZ. In this case we define m_(C) =
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= [4g, €] as the set of all elements x of S which lic between g and e. Now m(C) e
e {my(C), C,, C_, C, m,(C), m_(C)} is called a modified archimedean class of C.

Lemma 1.1. Let C € 4. Then a modified archimedean class m(C) of C is a convex
subsemigroup of S.

Proof. If m(C) = C, then the assertion follows from [2] Lemma 1.3. Suppose C
is a torsion free archimedean class and m(C) = m(C). Let x, y € m4(C). Then
a; £x < byand a, £y < b, for some ay, a, € A and by, b, € B. Here a,a, € 4,
b,b, e Band aja, < xy < byb,. Hence xy € m.(C) and so m(C) is a subsemigroup
of S. If, in addition, zeSand x £z <y, thena, < x<z=<y<b,andso ze
€ M ,(C). Hence m.(C) is convex.

Suppose C is a periodic archimedean class with idempotent e. mO(C) is clearly
a convex subsemigroup of S. Suppose m(C) = C.. Since e € C., it follows from [1]
Lemma 1 that C, is a subsemigroup of S. If x, ye C,, ze S and x < z < y, then
x" = e for some natural number n and z < y<eandsoe=x"<Lz"<e" =
Hence z £ eand z" = eand so z € C,.. Hence C, is convex. Similarly C_ is a convex
subsemigroup of S. Let m(C) = m(C). Then there exists an idempotent f of S such
that e < f, e 25 f, e and f are consecutive in eZy and m.(C) = [e, f]. Let x, y e
em,(C). Then e<x<fand e<y<f and so e=e*<xy < f2=f Also
e € m,(C) and so m(C) is a subsemigroup of S. If, in addition, ze Sand x £ z £ y,
thene < x < z < y < fand so ze m,(C). Hence m,(C) is convex. Similarly m_(C)
is a convex subsemigroup of S.

Lemma 1.2. Let C € €, let m(C) be a modified archimedean class of C, let x € m(C)
and let X be the archimedean class containing x. Then Co < X0.

Proof. If m(C) = C, then we have X = C and so C§ = X4. Suppose C is a torsion
free archimedean class and m(C) = m(C). Thus there exist torsion free archimedean
classes 4 and B in C6 such that 4 < B. Since x € m,(C), we have 4 < X < B.
Hence by [2] Lemma 5.6, we have C§ = C6 A C§ = A6 A BS < X6.

Suppose C is a periodic archimedean class with idempotent e. If m(C) € {m(C),
C., C_}, then m(C) = C and so X = C. Hence C6 = Xé. Suppose m(C) = m,(C).
Then there exists an idempotent f such that e < f, e D5 f, e and f are consecutive
in e2; and m.(C) = [e, f]. We denote by F the archimedean class containing f.
Since x € [e, f], we have e < x < fand so C < X < F. Also by [2] Theorem 3.3,
we have C § F and so by [2] Lemma 5.6, we have C5 = C§ A F§ < X4. In the case
when m(C) = m_(C), we can prove Cé < X4 in a similar way.

Lemma 1.3. Let C, D € % such that C§ A D{ is torsion free and let m(C) and m(D)
be modified archimedean classes of C and D, respectively.

(1) If ¢6D, m(C)=C, m(D)=D and C = D, then m(C)m(D) = C =
= C=* D.

(2) If ¢ D, m(C) = C, m(D) = D and C % D, then m(C) m(D) < m4(C) =
= m4(D) = m,(C = D).
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(3) If C & D and either m(C) = m4(C) or m(D) = m.(D), then m(C) m(D) =
& m.(C) = mo(D) = mo(C D).

(4) If Cnond D and Cy D, then m(C) m(D) = m(C) = m(C = D).

(5) If Cnond D and Dy C, then m(C) m(D) < m(D) = m(C * D).

Proof. (1) By Lemma 1.1, C is a subsemigroup of S. Hence by [2] Lemma 5.8,
m(C)m(D)=CD =C>*=C=C*C=CxD.

(2) Since C 6 D, we have Cd = D§ = C5 A Dé and so C and D are torsion free
archimedean classes and m4(C) = m4(D). Also we have m(C) = C < m4(C) and
m(D) = D = m(D). Hence by Lemma 1.1, we have m(C) m(D) = m.(C) m4(D) =
= (m4(C))* = m4(C) = m4(D). Further if C§ = D§ is of L-type, we have C * D =
= C and if it is of R-type, we have C * D = D. Hence always we have mi(C) =
— ma(D) = ma(C + D),

Similarly we can prove (3).

(4) Since Cy D, it follows from [2] Lemma 4.7 that C6 < Dé and so Cé =
= C5 A Dé. Hence C is a torsion free archimedean class and so m(C) € {C, m+(C)}.
Also by [2] Theorem 6.1, we have C = C * D.

1° Case: m(C) = C and m(D) = D. Then by [2] Theorem 6.1, we have
m(C) m(D) = CD < C = m(C) = m(C * D).

2° Case: m(C) = m.(C) and m(D) = D. Thus there exist two torsion free
archimedean classes 4 and B in C6 such that 4 < B and so A5 = B6 = Cé + DJ.
Also since Cy D, we have Ay D and By D. Let x e m,(C) and let y € D. Then
a < x < bforsome aedand beBand so ay < xy < by. But by [2] Theorem 6.1,
we have ay € AD = A and by € BD < B and so xy € m4(C). Hence m(C) m(D) =
= m4(C) D < m4(C) = m4(C * D).

3° Case: m(C) = C and m(D) arbitrary. Let x € C and y € m(D) and let Y be the
archimedean class containing y. Then by Lemma 1.2, we have Cé < Dé < Y9 and
so Cnond Y and Cy Y. Hence by 1°, we have xy € CY = C and so m(C) m(D) =
= Cm(D) € C = m(C) = m(C D).

4° Case: m(C) = m4(C) and m(D) arbitrary. In a similar way we can prove
m(C) m(D) = m4(C) m(D) = m4(C) = m(C) = m(C * D).

We can prove (5) similarly.

Lemma 1.4. Let Cy,...,C,€%. Then

(Cy#...xC)6=C 6 A ... NCJ.

Proof. If n = 1, then the assertion is evident. If n = 2, then by the definition of
the operation *, we have (Cy * C;) 8 = C;6 A C,5. Hence by induction, the as-
sertion holds for every natural number n.

Lemma 1.5. Let C, D € % such that C6 A D6 is a periodic d-class of L-type,
CS A D6 < CS and C* D =% D. Let m(C) and m(D) be modified archimedean
classes of C and D, respectively. Then m(C) m(D) = my(C * D).
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Proof. First suppose C < D. Then C < C* D £ D. But by Lemma 1.4, we have
(Cx D)6 =Cé A DS < Cé and by assumption, C* D & D. Hence C < Cx D <
< D. Since (C * D) d = Cé A D¢ is a periodic d-class of L-type, C * D is a periodic
archimedean class with idempotent, say h and the Zg-class h9y is of L-type.

1° Case: m(C) = C and m(D) = D. Let xe C and ye D. Since C < C* D < D,
we have x < h < y. Hence by [2] Lemma 6.3, we have h = xh < xy. On the other
hand, (C* D)é = C§ A D5 < Dé and so by [2] Lemma 4.7, we have C « Dy D.
Hence by [2] Theorem 2.7, we have xy < hy = h. Hence xy = h and so
m(C) m(D) = CD = {h} = my(C = D).

2° Case: m(C) = C and D is torsion free. Let x € C and y € m(D) and let Y be
the archimedean class containing y. Since DJ is a torsion free d-class, we have
C5 A DS + D5 and by Lemma 1.2, D§ < Y. Hence (C* D)& = CS A D§ <
< D§ = DS A Y5and so by [2] Lemma 5.6, thereis no Z € € such that Ze C§ A Dé
and Z lies between D and Y. In particular C * D does not lie between D and Y and,
since C * D < D, wehave C* D < Y. Hence C < C * D < Yand by [2] Lemma 5.6,
we have C A Y6 S (C* D)6 = CS6 A D6 < C6 A Y5. Hence C6 A DS = C§ A
A Y5 and so

C+«D=min{Ze¥% C<Z<D and Ze C5 A D3}
=min{Ze%, C<Z<Yand ZeCi A Y6} =Cx*Y.

Hence C* Y= C=#* D < Y and also Cé6 A Y6 = Cé6 A D5 < CS. Hence by 1°,
xy € CY = my(C x Y) = my(C * D). Hence m(C) m(D) = C m(D) = my(C = D).

3° Case: m(C) = C, D is periodic and m(D) e {my(D), D,, D_}. We have
m(D) = D and by 1°, we have m(C) m(D) = C m(D) < CD = my(C * D) and so
m(C) m(D) = my(C * D).

4° Case: m(C) = C, D is periodic with idempotent e’ and m(D) = m. (D). Thus
there exists an idempotent f* of S such that e’ < f’, e’ 9 f', ¢’ and f’ are consecutive
in Py and m,(D) = [, f']. Let x e C and y € m (D) and let Y be the archimedean
class containing y. Then ¢’ < y and so C < C* D < D < Y. Hence in a similar
way to 2°, we can show that C6 A Y6 = C5 A D6 and so Co A Y < C§. Also

C+*Y=min{Ze%; C<Z<Yand ZeCs A Y5}
=min{Ze¥; C<Z<Yand ZeCo A D3} SC*D < CxY

by [2] Theorem 5.11. Hence C* Y= C* D and so by 1°, we have xye CY =
= my(C * Y) = my(C * D). Hence m(C) m(D) = C m (D) = my(C * D).

5° Case: m(C) = C, D is periodic with idempotent ¢’ and m(D) = m_(D). Thus
there exists an idempotent g~ of S such that g’ < ¢, g’ D€', g’ and e’ are con-
secutive in ¢'Py and m_(D) = [¢’, ¢']. We denote by G the archimedean class
containing g’. Let x e C and y e m_(D). Then g’ < y < ¢'. Since g’ Dy €, it follows
from [2] Theorem 3.3 that G 6 D. By way of contradiction we assume G < C * D.
Then, since G < C * D < D, it follows from [2] Lemma 5.6 that D6 = Dé A G <
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< (C* D)6 = C5 A D5 <X DS and so (C = D)8 = DS = G&. Hence by [2] Theo-
rem 3.3, we have h 9y g’ Dge’. But, since G < C+* D < D, we have g¢' < h < ¢,
which contradicts that g’ and e’ are consecutive in ¢’P;. Hence wehave C < C* D <
< Gandso x<h=g =<y=c¢e. By 1° we have xe' € CD = mo(C * D) = {h}
and by [2] Lemma 6.3, we have xh = h. Hence h = xh < xy < xe’ = h and so
xy = h. Hence m(C) m(D) = Cm_(D) = {h} = m,(C * D).
6° Case: m(C) and m(D) are arbitrary. Let x e m(C) and y e m(D) and let X
be the archimedean class containing x. Then by Lemma 1.2, we have Cé <X X§
and so (C* D)6 = C6 A D5 < C6 = C6 A X5. Hence by [2] Lemma 5.6, there
is no Ze Cé A D6 which lies between C and X. In particular, C * D does not lie
between C and X. Since C < C * D, we have X < C* D < D. Hence by [2] Lemma
5.6, X6 A D6 X (Cx D)6 =Cé A D65 < X5 A D5 and so X6 A D6 = C5 A Dé.
Hence
CxD

Il

min{Ze¥%; C<Z < D and ZeCé A Dé}
=min{Ze¥; X<Z<Dand ZeXé A D6} =X D

and so X*D =C=*D < D. Also we have X6 A D§ = C5 A D6 < Co < X4.
Hence by 1° ~ 5°, we have xy € X m(D) = my(X * D) = my(C = D) = {h} and so
xy = h. Hence m(C) m(D) = {h} = my(C = D).

The case when D < C can be treated similarly.

Lemma 1.6. Let C, D € % such that Co A DJ is a periodic -class of L-type,
C6 A D6 < C8 and C+ D = D. Let m(C) be a modified archimedean class of C.
Then D is a periodic archimedean class. Also if C < D, then

(1) m(C) mo(D) = m(C) D_ = m(C) m,(D) = my(D) = my(C * D);

(2) m(C) D, = D, = (C*D),, m(C)D < D, = (C*D),;

(3) m(C)m_(D) = m_(D) = m_(C x D),
and if D < C, then

(4) m(C) mo(D) = m(C) D = m(C) m_(D) = my(D) = my(C * D);

(5) m(C)D_ = D_ =(C*D)_, m(C)D < D_ = (C=D)_;

(6) m(C) m.(D) < m,(D) = m.(C » D)

Proof. Since D6 = (Cx D)§ = C5 A D§ is a periodic -class of L-type, D is
a periodic archimedean class with idempotent, say e’, and also the D-class e'9y is
of L-type. First suppose C < D. Then since Dd = Cé A D§ < C§, we have C < D.

(1) 1° Case: m(C) = C. Let xe C and ye D_. Then x < e <y and by [2]
Lemma 1.4, we have xy < €’y = ¢’. On the other hand, it follows from [2] Lemma
6.3 that ¢’ = xe’ < xy. Hence xy = ¢’ and so m(C) D_ = CD_ = {¢'} = my(D) =
= mo(C * D). Since my(D) S D_, we have m(C) my(D) = C my(D) = my(D) =
= mq(C * D). Finally let x € C and y € m,(D). Thus there exists an idempotent f”
of S such that e’ < f’, ¢’ D5 f’, ¢ and f’ are consecutive in ¢'Py; and m.(D) =
= [¢/,f']. Hence ¢’ £ y < f’ and xe’ € C my(D) = mo(D) = {e'}. We denote by F
the archimedean class containing f’. Then by [2] Theorem 3.3, we have D 6 F and
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s0 C6 A F§ = C5 A D5 < C$. Also C < D < F and by [2] Theorem 5.11,
CxF=min{Ze%; CXZ<F and ZeCS A Fé}
=min{Ze% C<Z<Fand ZeCSA DS} SC+*D=CxF.

Hence C+*F =C*D = D < F. Hence by Lemma 1.5, we have xf' € CF =
= my(C * F) = my(D) = {€'} and so xf’ = ¢'. Hence ¢ = xe’ < xy < xf' =¢
and so xy = ¢'. Hence m(C) m (D) = C m,(D) = {€'} = my(D) = my(C * D).

2° Case: m(C) is arbitrary and m(D)e {my(D), D_, m.(D)}. Let x € m(C) and
yem(D) and let X be the archimedean class containing x. Then by Lemma 1.2,
we have D§ = (C* D)6 = C6 A D§ < CS = C5 A X6 and by [2] Lemma 5.6,
there is no Z € % such that Z € DJ and Z lies between C and X. In particular, D does

not lie between C and X and, since C < D, we have X < D. Also X6 A D6 = D6 =
=Cé A D6 < Cé < X6 and

D=C+*D=min{Ze¥%; C<Z<D and Ze C5 A DS}
=min{Ze%; C<Z < D and Ze D}

min{Ze¥%; X £Z < D and Ze DS}

mn{Ze%; X<Z<Dand ZeX5 A DS} =X *D.

It

Hence by 1°, xy € X m(D) = my(D) and so m(C) m(D) = my(D) = my(C * D).

(2) 1° Case: m(C) = C. Let xeC and ye D,. Then x < y < ¢’ and by (1)
xe' € C my(D) = my(D) = {e'}. Hence xy < xe’ = ¢’. Since D is a periodic archi-
medean class with idempotent e’, we have y” = ¢’ for some natural number n. First
suppose xy < yx. Then x"¢’ = x"y" < (xy)" < e = ¢’ and by (1) x"¢’ € C my(D) =
= my(D) = {¢'}. Hence (xy)" = €. Next suppose yx < xy. Then e'x" = y"x" <
S(xyr=e. But D§ =(C*D)d=Cé A D5 <C5 and by [2] Lemma 4.7,
we have D y C. Also since D6 = C3 A D9 is of L-type, the P p-class ', is of L-type.
Hence by [2] Theorem 2.7, we have ¢'x" = ¢’ and so (xy)" = ¢’. Hence we always
have (xy)" = ¢’ and so xy e D. But since xy < ¢, we have xy e D,. Hence

m(C) D, = CD, = D, = (C*D),. Also by (1)

m(C)D = CD = C(D,uD_) =
=CD,UCD_ < D,umyD) =D, =(C*D), .

2° Case: m(C) is arbitrary and m(D) € {D,, D}. Ina similar way to (1) 2°, we can
prove that m(C) m(D) < D, = (C * D),.

(3) 1° Case: m(C) = C. Let x € C and y € m_(D). Thus there exists an idempotent
g’ of S such that g’ < ¢, g’ Dy ¢, g’ and €’ are consecutive in €'P; and m_(D) =
= [g’, ¢']. We denote by G the archimedean class containing g’. Then G < D and
by [2] Theorem 3.3, we have G D and so C5 A DS = (C * D) § = Dé = GJ. But

D=C+*D=min{Ze¥; CSZ< D and ZeCé A D&}
=min{Ze¥%; C<Z < D and Ze D3}
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and so there exists no Ze€ % such that C £ Z < D nad Z € DJ. Hence we have
G<C<Cx%D=D and so xe[g’,e'] = m_(D). Hence by Lemma 1.1, xye
em_(D)m_(D) € m_(D)and so m(C) m_(D) = Cm_(D) € m_(D) = m_(C * D).
2° Case: m(C) is arbitrary. In a similar way to (1) 2°, we can prove m(C) m_(D) <
c m_(D) = m_(C D).
In the case when D < C, we can prove (4), (5) and (6) similarly.

Lemma 1.7. Let C, D € ¥ such that C6 A Do is a periodic 5-class of L-type and
C5 = CS A DS. Let m(D) be a modified archimedean class of D. Then C = C = D,
which is a periodic archimedean class. Also

(1) me(C) m(D) = mo(C) = mo(C + D)

(2) m(C)ym(D) = m(C) = m,(C * D);

(3) m_(C) m(D) € m_(C) = m_(C D).

Proof. Since C6 = C5 A Dd is a periodic d-class of L-type, we have C * D = C.
Also C = C* D is a periodic archimedean class with idempotent, say e, and the
D -class eZ is of L-type.

(1) We have my(C) = {e}. Let y e m(D) and let Y be the archimedean class con-
taining y. Then by Lemma 1.2, we have C§ = C§ A D§ < DS < Y5 and so by [2]
Lemma 4.7, we have Cy Y. Hence by [2] Theorem 2.7, we have ey = e and so
mo(C) m(D) = {e} = my(C) = my(C = D).

(2) There exists an idempotent f of S such that e < f, e 2, f, e and f are con-
secutive in eZ; and m,(C) = [e, f]. We denote by F the archimedean class con-
taining f. By [2] Theorem 3.3, we have Cd F and so F§ = C§ = C5 A D§ =
= F§ A D& which is a peripdic 5-class of L-type. Hence by (1) we have mo(C) m(D) =
= my(C) = {e} and my(F) m(D) = mo(F) = {f}. Now let x € m,(C) and y € m(D).
Then e < x < f and so ey < xy < fy. Since ey e my(C) m(D) = {e} and fye
e mo(F)m(D) = {f}, we have e < xy < f and so xye[e, f] = m,(C). Hence
m.(C) m(D) = m,(C) = m,(C = D).

(3) can be proved in a similar way.

Lemma 1.8. Let C € € such that Cd is a periodic d-class of L-type. Then

(1) if m(C) € {my(C), m(C), m_(C)}, then C m(C) = my(C) = my(C * C);
@Qccec=cCcx+C,CC,=C, =(C*xC)y,CC_ = C_ =(CxC)_;

(3) if m(C) e {mo(C), m,(C), m_(C), C_}, then C, m(C) = my(C) = my(C * C);
(4) if m(C)e{C, C,}, then C. m(C) = C, = (C*C),;

(5) if m(C) € {my(C), m,(C), m_(C), C.}, then C_ m(C) = my(C) = m,(C * C);
(6) if m(C)e{C,C_}, then C_m(C) = C_ = (C=*C)_.

Proof. Since C§ is a periodic d-class of L-type, C is a periodic archimedean class

with idempotent, say e, and the Zg-class eZ; is of L-type. By [2] Lemma 5.8, we
have C = C % C.

(1) First suppose m(C) = m,(C). By [2] Lemma 1.4, e is the zero element of C
and so C my(C) = C{e} = {e} = mo(C) = my(C = C). Next suppose m(C) = m.(C).
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Thus there exists an idempotent f of S such that e < f, e 9 f, e and f are consecutive
in €9y and m,(C) = [e, f]. We denote by F the archimedean class containing f.
Then by [2] Theorem 3.3, we have C § F and so F x C = F. Since e and f are con-
secutive in eZp, there is no idempotent h of S such that e < h < f and e @ h.
Hence by [2] Lemma 6.7, CF is contained in a single archimedean class and so by
[4] Theorem 2, CF < C. = C. Now let xe C and yem.(C) = [e, f]. Then
e <y = f and xee C my(C) = mo(C) = {e}. Also by [2] Theorem 2.7, we have
fx = fandso (xf)? = xfxf = xf. Moreover, since xf € CF < C, xf is an idempotent
in Cand so xf = e. Hence e = xe < xy < xf = eand so xy = e. Hence C m,(C) =
= {e} = my(C) = my(C = C). Similarly we can prove that Cm_(C) = my\C) =
= my(C * C).

(2) Since C is a subsemigroup of S, we have CC = C = C* C. Let xe C and
yeC,. Then y< e and so xy < xe=-e. Also xye CC = C and so xyeC,.
Hence CC, < C, = (C  C),. Similarly we can prove that CC_ < C_ = (C * C)_.

(3) By (1), we have C. my(C) S C my(C) = mo(C), C. m,(C) = Cm,(C) =.
= my(C) and C; m_(C) € Cm_(C) = my(C) and so C, my(C) = C, m,(C) =
= C, m_(C) = my(C) = my(C * C).

Let xeC, and ye C_. Then x,ye C,x S eand e < y. Hence e = xe < xy <
< ey =eand so xy = e. Hence C,.C_ = {e} = my(C) = my(C = C).

(4) By Lemma 1.1, C, is a subsemigroup of S and so C.C, = C, = (CxC),.
Also by (3), C.C=C,(C,uC.)=C,C,UC,C_<=C,umyC)=C, and
so C,C < Cy =(C*0),.

(5) and (6) can be proved similarly.

Lemma 1.9. Let C, D € € such that C6 A Do is a periodic é-class of L-type and
C5 = C5 A D§. Let m(D) be a modified archimedean class of D.

(1) If C < D, then C, m(D) = my(C) = my(C * D).

(2) If D < C, then C_ m(D) = my(C) = my(C * D).

Proof. Since Cé = Cé A DS is a periodic d-class of L-type, C is a periodic
archimedean class with idempotent, say e, and the D g-class eZy is of L-type. Also
by Lemma 1.7, we have C = C = D.

(1) Suppose C < D. Let x e C, and y € m(D) and let Y be the archimedean class
containing y. Then by Lemma 1.2, we have C6 = C§ A D6 < D6 < Y5. By way
of contradiction we assume y < e. Then we have Y < C < D and by [2] Lemma 5.6,
we have D6 = D6 A Y6 <X Co <X D6. Hence DS = Cé and so D is a periodic
archimedean class with idempotent, say e’. Since m(D) contains an element ye Y
-such that Y < D, we must have m(D) = m_(D). Hence there exists an idempotent g’
of S such that ¢’ < ¢, g’ Z. ¢, g’ and ¢ are consecutive in ¢'%; and m_(D) =
= [g’,¢']. Since yem(D) = m_(D), we have g’ < y < e < e'. Further since
D 5 C, it follows from Theorem 3.3 that e 9 e’, which contradicts that g’ and e’
are consecutive in e'P,. Hence we have e < y. Also since x € C,, we have x < e.
Hence e = xe < xy < ey. But since C§ < D6, it follows from [2] Lemma 4.7 that
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Cy D and so by [2] Theorem 2.7, we have ey = e. Hence xy = e and so C, m(D) =
= {e} = my(C) = m,(C * D).
(2) can be proved similarly.

Lemma 1.10. Let C, D € € such that Cé6 A D¢ is a periodic é-class of L-type and
Co = CO A D§. Let e and h be the idempotents of C and D = C, respectively.
(1) If C < D, then the following conditions are equivalent:
(i) CD is contained in a single archimedean class;
(i) CD < C_;
(iii) ch = e for every ce C_.
(2) If D < C, then the following conditions are equivalent:
(iv) CD is contained in a single archimedean class;
(v) CD = C,;
(vi) ch = e for every ceC,.

Proof. Since (D*C)d = D6 A C6 = C5, C and D« C are really periodic
archimedean classes. Also by [2] Theorem 3.3, e Z; h and, since C6 = C§ A DS
is of L-type, the D g-class eZ;; is of L-type.

(1) Suppose C < D. First suppose CD is contained in a single archimedean class.
Then by [2] Theorem 6.6 and [4] Theorem 2, we have CD = C_. Next suppose
CD <= C_.LeteeC_. Since C < D, we have C £ D * C £ D and so there exists
d e D such that h < d. Also since c € C_, we have e < ¢. Hence e = eh < ch < cd.
Since cd e CD = C_ < C and C is convex, we have ch € C. But by [2] Theorem 2.7,
he = h and so (ch)? = chch = ch. Hence ch is an idempotent of C and so ch = e.
Finally suppose that ch = e for every ¢ € C_. Then by [2] Lemma 6.7, CD is con-
tained in a single archimedean class.

(2) can be proved similarly.

Lemma 1.11. Let C, D € ¥ such that C6 A D6 is a periodic d-class of L-type,
Cé = C5 A D6 and CD is contained in a single archimedean class and let m(D)
be a modified archimedean class of D.

(1) Suppose that C < D and in the case when D is a periodic archimedean class
and m(D) = m,(D) we have C§ % D5. Then C_m(D) < C_ = (C=D)_ and
Cm(D)s C_. =(C*D)_.

(2) Suppose that D < C and in the case when D is a periodic archimedean
class and m(D) = m_(D) we have Cé + D6. Then C, m(D) < C, = (C=* D),
and Cm(D) < C, = (C* D),.

Proof. By Lemma 1.7, we have C = C = D. Also C is a periodic archimedean
class with idempotent, say e. Since Cé = C§ A DJ is of L-type, the Zy-class eDy
is of L-type.

(1) 1° Case: m(D) = D. Then by Lemma 1.10, we have Cm(D) = CD < C_ =
=(C*D)_ and C_m(D) = Cm(D) < C_ = (C=*D)_.

2° Case: D is a periodic archimedean class and m(D) € {D, D_, mq(D)}. Since
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m(D) = D, we have by 1° Cm(D) < CD < C_ =(C*D)_ and C_ m(D) =
csC.DcC.=(Cx*D)..

3° Case: D is a periodic archimedean class with idempotent e’ and m(D) = m_(D).
Thus there exists an idempotent g’ of S such that g’ < €, g’ D€', g’ and €' are
consecutive in ¢'?y and m_(D) = [g¢’, ¢']. We denote by G the archimedean class
containing g’. Then by [2] Theorem 3.3, we have G 6 D. By way of contradiction
we assume G < C. Then since G < C < D, it follows from [2] Lemma 5.6 that
we have D§ = Go A D§ <X Céd = Cé A D6 < D6 and so Co = D6 = G§. Hence
by [2] Theorem 3.3, e, g’, ¢’ € ¢’'P and since G < C < D, we have g’ < e < €,
which contradicts that g’ and e’ are consecutive in ¢’P. Hence we have C < G < D
and so e £ g’ <e'. Now let xeC and yem_(D). Then e < g’ < y < ¢ and so
e=xe < xy < xe’. Here ee C_ and by 1°, x¢’e CD < C_. But by Lemma 1.1,
C_ is convex and so xye C_. Hence Cm(D) = Cm_(D) < C_ = (C= D)_ and
also C_m(D) = C_m_(D)= Cm_(D)< C_ =(Cx*D)_.

4° Case: D is a periodic archimedean class and m(D) = m,(D). By assumption,
we have Co # D6 and, since C6 = CS6 A DS <X DS, we have Cé < D§. Now let
xeC and ye m+(D). We denote by Y the archimedean class containing y. Then
by Lemma 1.2, we have DS < Y5 and so (C* D)5 = Cé A D6 = C6 < D§ =
= D& A Y5. Hence by [2] Lemma 5.6, there exists no Z € % such that Z € Cé and Z
lies between D and Y. In particular, C does not lie between D and Y and, since C < D,
we have C < Y. Also

Y#*C=max{Ze¥, CS<Z<Y and ZeCS A Y5}
max{Ze%; CL<Z <Y and Ze Cd}

max{Ze®%; C<Z < D and Ze CS}

=max{Ze®; C<Z<Dand ZeCé A D6} =D=C.

It

Since (D# C)d = C6 A DS, D C = Y= C is a periodic archimedean class with
idempotent, say h. Since CD is contained in a single archimedean class, it follows
from Lemma 1.10 that ¢h = e for every ¢ € C_ and, applying Lemma 1.10 again,
we have xye CY< C_. Hence Cm(D) = Cm,(D) = C_ = (C# D)_ and also
C_m(D) = C_m.(D)= Cm,(D)= C_ =(CxD)_.

5° Case: D is a torsion free archimedean class and m(D) = m (D). Since C§ =
= Cé A D6 is a periodic J-class and D9 is a torsion free d-class, we have Cé =+ DJ.
In a similar way to 4°, we can prove that C m(D) = Cm.(D) < C_ = (C = D)_
and C_ m(D) = C_ my(D) = C_ = (C = D)_.

(2) can be proved similarly.

Theorem 1.12. Let C, D € € such that C6 = D¢ is a periodic d-class of L-type.

(1) Suppose C < D. We denote m.(D) = [, f"]. Thus e is the idempotent
of D and f' is the idempotent of S such that ¢’ < f', ¢ D5 f" and € and ' are
consecutive in e'Dy. We denote by F the archimedean class containing f'.
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(i) If CF is contained in a single archimedean class, then C m+(D) = my(C) =
= my(C * D) and C_ m,(D) = mo(C) = my(C * D).

(ii) If CF is not contained in a single archimedean class, then Cm,(D) <
< m,(C) = m,(C * D) and C_ m.(D) € m,(C) = m,(C = D).

(2) Suppose D < C. We denote m_(D) = [g', ¢']. Thus €’ is the idempotent of D
and g’ is the idempotent of S such that g’ < €', g’ Dz e’ and g’ and ¢’ are consecutive
in &Py, We denote by G the archimedean class containing g'.

(i) If CG is contained in a single archimedean class, then C m_(D) = my(C) =
= my(C * D) and C, m_(D) = my(C) = my(C = D).

(ii) If CG is not contained in a single archimedean class, then Cm_(D) <
€ m_(C) = m_(C* D) and C, m_(D) < m_(C) = m_(C D).

Proof. We denote by e the idempotent of the periodic archimedean class C.

(1) Since ¢’ D, f, it follows from [2] Theorem 3.3 that Cd D6 F and C = C  D.
Now let xe C and y e m.(D). Then since C < D < F, we have e < e’ < y < f’
and so e = xe < xy < xf.

(i) Suppose CF is contained in a single archimedean class. Then by Lemma 1.10,
xf'€ CF = C_ < C. But by [2] Theorem 2.7, we have f'x = f’ and so (xf’)* =
= xf'xf’ = xf’. Hence xf’ is an idempotent of C and so xf’ = e. Hence xy = e.
Hence Cm,(D) = {e} = my(C) = my(C = D) and also, since C_ m,(D) <
S C m,(D), we have C_ m (D) = my(C) = mo(C * D).

(i) Next suppose that CF is not contained in a single archimedean class. Then
by [4] Theorems 3 and 4, there exists an idempotent f of S such that e < f, e Dy f,
e and f are consecutive in eZy and CF < [e, f]. Hence xf' € CF < [e, f] and so
e < xy < xf' <f. Hence xye[e, f] =m.(C). Hence Cm,(D) < m,(C)=
= m,(C = D) and also C_ m,(D) = C m,(D) = m,(C) = m,(C « D).

(2) can be proved similarly.

Lemma 1.13. Let C, D € € such that C6 A D is a periodic d-class of L-type,
Cé = CS A DS and CD is not contained in a single archimedean class and let
m(D) be a modified archimedean class of D.

(1) If C < D, then C_ m(D) = m,(C) = m,(C = D) and Cm(D) = m,(C) =
= m.(C % D).

(2) If D < C, then C. m(D) = m_(C) = m_(C = D) and C m(D) = m_(C) =
= m_(C * D).

Proof. By Lemma 1.7, we have C = C * D. We denote by e the idempotent of
the periodic archimedean class C.

(1) 1° Case: m(D) = D. By [2] Theorem 6.8 and [4] Theorems 3 and 4, there
exists an idempotent f of S such that e < f, e 9, f, e and f are consecutive in eZg
and CD < [e, f]. Hence C m(D) = CD < [e, f] = m,(C) = m,(C = D) and also
C_m(D) = C_D = CD < m,(C) = m,(C* D).

96



2° Case: D is a periodic archimedean class and m(D)e{D,, D_, my(D)}. We
have m(D)< D and by 1°, C_m(D)<= C_D < m,(C) = m,(C* D) and
Cm(D) = CD < m,(C) = m,(C = D).

3° Case: D is a periodic archimedean class with idempotent ¢’ and m(D) = m..(D).
Thus there exists an idempotent f of S such that ¢’ < f', ¢’ 9, f', ¢ and f' are
consecutive in e'Py and m(D) = [¢/, f']. We denote by F the archimedean class
containing f'. Since ¢’ Py f’, it follows from [2] Theorem 3.3 that D 6 F and so
Co =Co6 A DS=Cé A FS is of L-type. Also we have C < D < F. Since
(D*C)6=D5ACS and (FxC)d=F5 A C6=D5ACS D+C and F*C
are periodic archimedean classes. We denote by h and k the idempotents -+t D * C
and F * C, respectively. Since CD is not contained in a single archimedeuan class,
it follows from [2] Lemma 6.7 that there exists an idempotent f of S such that ¢ < f,
e 9y f and e and f are consecutive in e and also there exists ¢ € C_ \ {e} such that
ch = f. Since D < F, it follows from [2] Lemma 5.7 that D« C < F % C. Heace
h £ k and so e < ch < ck. Hence by Lemma 1.10, CF is not contained in a singie
archimedean class and so by [2] Theorem 6.8 and [4] Theorems 3 and 4, CF <
< [e,f]- Now let xe C and yem,(C) = [¢/,f"]. Then e < ¢ < y < f' and so
e =xe < xy < xf' with xf'eCF < [e,f]. Hence xye€[e,f] =m,(C) and so
Cm(D) = Cm,(D) < m,(C) =m,(C+D) and also C_m(D)=C_m,(D)<
c Cm,(D) = m.(C) = m,(C = D).

4° Case: D is a periodic archimedean class with idempotent e’ m(D) = m_(D).
Thus there exists an idempotent g’ of S such that g’ < €', g’ D€', g’ and €’ are
consecutive in ¢'Py and m_(D) = [g’, ¢']. We denote by G the archimedean class
containing g'. Since g’ @5 ¢/, it follows from [2] Theorem 3.3 that G § D. By way
of contradiction we assume G < C. Then since G < C < D, it follows from [2]
Lemma 5.6 that D6 = D6 A G6 X Cé = Cé A DO < DS and so Cé = DJ. Hence
by [2] Theorem 3.3, we have g’, e, €’ € ¢'Z;. But since G < C < D, we have g’ <
< e < €/, which contradicts that g’ and e’ are consecutive in ¢'2;. Hence we have
C £ G < D. Since CD is not contained in a single archimedean class, it follows
from [2] Theorem 6.8 and [4] Theorems 3 and 4 that there exists an idempotent f
of S such that e < f, e P f and e and f are consecutive in e2; and CD < [e, f].
Now let xe C and yem_(D) = [g’,¢’]. Then we have e < ¢’ < y < ¢’ and so
e = xe < xy < xe’ with xe' e CD < [e, f]. Hence we have xy € [e, /] = m.(C).
Hence C m(D) = C m_(D) € m,(C) = m,(C * D) and also C_ m(D) =
= C_m_(D) = Cm_(D) = m,(C) = m,(C « D).

5° Case: D is a torsion free archimedean class and m(D) = m (D). Since D§ is
a torsion free é-class, C6 = Cd A D¢ is a periodic d-class and C§ = C6 A D6 <
< D§, we have C§ < D§. Now let xe C and y e my(D). We denote by Y the
archimedean class containing y. Then by Lemma 1.2, we have DJ < Yo and so
(DxC)6=D5 A Cé=C5<D5= D5 A Y. Hence by [2] Lemma 5.6, there
is no Z € € such that Z € C and Z lies between D and Y. In particular, C does not
lie between D and Y and, since C < D, we have C < Y. Also
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Y+C=max{Ze% CXZ<Y and Ze Y5 A C8}
=max{Ze%; C<Z <Y and ZeCs}
=max{Ze% C<Z <D and Ze Cs}
=max{Ze¥;, C<Z=<Dand ZeD5 A Cé} =D=*C.

We denote by h the idempotent of the periodic archimedean class D« C = Y« C.
Since CD is not contained in a single archimedean class, it follows from Lemma 1.10
that there exists ¢ € C_ such that ch + e and so by Lemma 1.10 again, CY is not
contained in a single archimedean class. Hence by [2] Theorem 6.8 and [4] Theorems
3 and 4, there exists an idempotent f of S such that e < f, e 2 f and e and f are
consecutive in eZ; and CY < [e, f]. Hence xye CY < [e, f] = m,(C) and so
Cm(D) = Cmy(D) = m,(C) = my(C * D) and also C_ m(D) = C_ my(D) <
c Cmy(D) < m,(C) = m,(C * D).
(2) can be proved similarly.

Theorem 1.14. Let C, D € € and let m(C) and m(D) be modified archimedean
classes of C and D, respectively. Then there exists a modified archimedean class
m(C * D) of C = D such that m(C) m(D) = m(C * D).

Proof. Case: C6 A Dé is torsion free. Then by [2] Theorem 6.1, if C nond D,
then we have either Cy D or D y C. Hence by Lemma 1.3, we have the assertion.

Case: Co A D¢ is periodic of L-type and Cé &= C5 A DS. Then we have Co A
A D6 < Cé. If C = D + D, then the assertion holds by Lemma 1.5. If C* D = D,
then the assertion holds by Lemma 1.6.

Case: C5 A D¢ is periodic of L-type and C6 = C6 A Dé. Then C is a periodic
archimedean class and so m(C)e{C, C,, C_, my(C), m,(C), m_(C)}. If m(C)e
€ {my(C), m,(C), m_(C)}, then the assertion holds by Lemma 1.7. If m(C)e
€{C, C,, C_} and D = C, then the assertion holds by Lemma 1.8. If either m(C) =
=C,and C< D or m(C) = C_ and D < C, then the assertion holds by Lemma
1.9. If either m{C)e {C,C_} and C < D or m(C)e {C, C.} and D < C, then the
assertion holds by Lemmas 1.11, 1.12 and 1.13.

Case: C6 A D§ is periodic of R-type. We have the assertion dually.

Corollary 1.15. Let Cy,...,C,€ ¥ and, for each natural number 1 < i < n,
let m(C;) be a modified archimedean class of C;. Then there exists a modified
archimedean class m(Cy ... * C,) of Cyx...xC, such that m(C,)... m(C,) =
= m(Cy ... x C,).

In particular, for Cy,...,C,€%, there exists a modified archimedean class
m{Cy % ...xC,) of Cy % ... % C, such that C, ... C, < m(Cy % ... x C,).

§2

Lemma 2.1. Let C, ..., C, € € such that C;6 A ... A C,0 is a torsion free 5-class.
Then there exists a natural number 1 < i < n such that C;6 = C;0 A ... A C,0.
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Proof. We put C = Cy x...* C,, Dy = max {Cy,...,C,} and D, =
= min {Cy, ..., C,}. Then D; = C; and D, = C, for some natural numbers 1 <
<j<n and 1<k<n By Lemma 14, C65=(C;*...xC,)8=Cd A ...

. A C,0 and so C is a torsion free archimedean class. Hence C is either positive
torsion free or negative torsion free. First suppose C is positive torsion free. By [2]
Theorem 5.11, we have C = C;*...*C, < Dy *...+ D; = D; = C;. But C6 =
=Cd A ... A CoH=<C;d and so by [2] Lemma 4.7, we have Cy C;. Hence by
[2] Lemma 5.1, we have C = C;and so C;6 = C§ =C;0 A ... A C,0. Next suppose
C is negative torsion free. Then we obtain in a similar wat that C = C, and C,J =
=C0 A ... ACp.

Theorem 2.2. Suppose that C4, ..., C, € € such that C;6 A ... A C,0 is a torsion
free 5-class and there exists an archimedean class A such that for every natural
number 1 < i < n such that Cd = C;6 A ... A C,0, we have C; = A. Then

Ci...C,cA=Cy*...%C,.

Proof. By Lemma 2.1, there really exists a natural number 1 < i < n such that -
Cdo=Ci0A..AC,H Hence by assumption 46 = C;06 = C;6 A ... A C,8. In
particular A4 is a torsion free archimedean class. Now we denote by j the least natural
number 1 < j < n such that C;6 A ... A C;6 = C6 A ... A C, 0. We show that
(%) C;...C; S A=Cyx...xC;.

If j=1, then C;6 = C;0 A ... A C,6 and so, by assumption, we have C; = A.
Hence (*) holds. Next suppose j > 1. Then for every natural number p such that
lsp=sj—1, wehave 4 =C0 A ... ACOd<Cid A ... A C;_;0<XC,0 by
the minimality of j and so A+ C,. On the otherhand C;0A...AC;0=C;6A...AC,0
is torsion free J-class and so by Lemma 2.1, we have C;6 = C;6 A ... A C;0 =
=C0 A ...AC,0 for some 1 £ i <j and then by assumption, C; = 4. Hence.
we must have i = j and so we have C; = A. Also since C;06 = A6 = C,J A ...

ACH<LCOA...ACj_16=(Ci*...%C;_;)5, we have C; nond C, * ...
...*C;_y and also by [2] Lemma 4.7, C;y Cy *...* C;_;. By Corollary 1.15,
there exists a modified archimedean class m(Cy *...% C;_;) of Cy*...xC;_,
such that Cy ... C;_; < m{(Cy ... * C;_,). Hence by Lemma 1.3, we have C; ...
...C; €m(Cy*...%C;_4) C; < C; = A. Further by [2] Theorem 6.1, we have
A=C;=(Cy*...%Cj_y) % C;. Thus we obtain (x).

Now let k be a natural number such that j S k <nand C,...C, € 4 =
=Cy*...xC,. Then 46 = C;0 A ... A C,0 X Cy 0. First suppose 46 < C, 0.
Then A nond Cy+y and Ay C,, . Hence by [2] Theorem 6.1,

C,...CC 1 SAC S A=A%Cyy =Ci*...%xC % Cryy .

Next suppose A0 = C,,,8. Then Cp.0 =A6=C 6 A...AC and so by
assumption, C,+1 = A. Hence
Cl ...Cka+1 gACk+1 =AA S A=A%A= Cl*"‘*ck*ck+1'

By induction, we obtain C; ... C, € A = C,; *...*x C,.

n =

99



Theorem 2.3. Suppose that Cy, ..., C, € € such that C;6 A ... A C,0 is a torsion
free d-class and there exist two distinct archimedean classes A and B such that
there exist natural numbers 1 < i <n and 1 £j < n such that Cd = C;0 =
=CiA...ANC0OCi=Aand C; = B.ThenC, ... C,is not contained in a single
archimedean class. Also in this case, we have

Cy...C,cmy(A) = myu(B) = my(Cy*...xC,).

Proof. Since 40 = Cid = C;d A ... A C,0 =C,0 =B, A and B are torsion
free archimedean classes which lie in the same J-class. Hence by [2] Theorem 3.5,
the d-class A0 = BJ consists of exactly two elements 4 and B. Without loss of general-
ity, we can assume A < B. Then A is negative torsion free and B is positive torsion
free. We put D; = min {Cy,...,C,} and D, = max {Cy, ..., C,}. Then D, = C,
and D, = C, for some natural numbers 1 < p < nand 1 £ g < n. Hence 46 =
=COA...ACI<Cpd =D and BS = C,d A ... A C,d < C,0 = D, and
so by [2] Lemma 4.7, we have A y D, and By D,. Alsowehave D; < C; = A< B =
= C; = D, and so by [2] Lemma 5.1, we have 4 = D, and B = D,. Hence for
every natural number 1 < r < n, we have 4 = D; £ C, £ D, = B. Now m,(4) =
= m.(B) and this is the set of elements x of S such that the archimedean class con-
taining the element x lies between 4 and B. Thus C, < m.(4) for every natural
number | < r < n. Also by [3] Theorem 9, there exists an o-homomorphism v
of m.(A) into the additive ordered group of real numbers such that

if xe A, then v(x) < 0;

if xem.(A)\(A U B), then v(x) = 0;

if x € B, then v(x) > 0.

Now we take arbitrarily ¢, € C, for each natural number 1 < r < n. Since C; = A4
and C; = B, we have v(c;) < 0 and v'c;) > 0. Now let vlc,) + ... + sv(e;) + ...

.+ v'e,) and v(c,) + ... + to(e;) + ... + v(e,) be sums arising from v{c,) + ...
... + v¢,) by replacing v(c;) by svic;) and v{e;) by tv(c;), respectively, leaving
other terms unchanged. Then since v¢;) < 0 and v(c;) > 0, we can consider, by
taking s and ¢ sufficiently large,

viey...cf..e) =viey) + ...+ svle) + ...+ ve,) <0,

veg ... chie) =0v(e) + ...+ tv(e;) + ... +v{c,) > 0.

Hence ¢;...¢}...c,e A and ¢, ... c;. ... ¢, € B. But since both ¢,...¢}...c, and
and ¢, ... c¢j...¢c, are elements of Cy ... C,, C; ... C, is not contained in a single
archimedean class.

Since C, = m.(A) for every natural number 1 < r < n, it follows from Lemma 1.1
that C, ... C, € m.(A) = m.(B). Also by Lemma 1.4, we have (C, »...xC,)§ =
=C6A...AC0=Adband so Cy *... * C, e AS. But since AJ consists of exactly
two elements A and B, we have C; *...*C, = Aor C; #... * C, = B and in both

cases, we have m.(Cy # ... * C,) = m (A) = m4(B).

Corollary 2.4. Let C,,...,C, €% such that C;6 A ... A C,0 is a torsion free
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6-class. Then C, ... C, is contained in a single archimedean class if and only if
the set
{Ci; iis a natural number, 1 £ i <nand Cd = C;§ A ... A C,,é}

is a one-element subset of 6.

Lemma 2.5. Let Cy, ..., C,e € such that C{d6 A ... A C,0 is a periodic 5-class.
Then mo(Cy #...xC,) € C, ... C,.

Proof. For each natural number 1 = i < n, we put

m(C;) = mo(C)) if C; is a periodic archimedean class;

m(C;) = C; if C; is a torsion free archimedean class.

Then always we have m(C;) < C,. Here we only consider the case when the periodic
d-class C;6 A ... A C,0 is of L-type. Let k be the least natural number 1 < k < n
such that C;o A ... A Cid = C0 A ... A C,0.

Case: k > 1. By the minimality of k, we have (C; # ... * C;_,)  * C,d = C;8 A ...

ACE=COA... NACOH<CPOA...NC16=(Cyx...%C,y)d. Also by
Corollary 1.15, there exists a modified archimedean class m(C, « ... * C,—,) of
Cy*...% C,_y such that m(C;)...m(C,_y) < m(Cy * ... * Cy_,). First suppose
that (Cy * ... * C4—) * C; + C,. Then by Lemma 1.5, we have m(Cy) ... m(Cy_,) .
.m(C) € m(Cy * ... % Cu_y) m(Cy) = mo(Cy *...% Co_y % C;) and so m(Cy)...
... m(C) = my(Cy ... % G). Next suppose that (Cy * ... * C,_y) * C, = C. Then
Cd=(Cy*...%C)0=CA...ACS=C5A...AC, and so C, is a pe-
riodic archimedean class. Hence by definition, we have m(C,) = mo(C,) and by
Lemma 1.6, we have m(Cy)... m(C,_;) m(C,) € m(Cy % ... x Co—y) mo(Cy) =
= my(Cy *...% Co_y * C;) and so m(C;) ... m(C,) = my(Cy * ... x Cp).

Case: k = 1. Then C;6 = C;6 A ... A C,0 and so C; is a periodic archimedean
class and so m(Cy) = mo(Cy).

Thus always we have m(C,) ... m(C,) = mo(Cy * ... * C;). Now let p be a natural
number such that k < p < n and m(C,)... m(C,) = mo(Cy * ... = C,). Then by
Lemma 1.7, we have m(Cy)...m(C,)m(C,sq) = mo(Cy #* ... % C,) m(Cpyq) =
= mo(Cy # ... % Cp* Cpyyq). Hence by induction, we obtain m(C,)...m(C,) =
= my(Cy * ... * C,). Since m(C;) < C; for every natural number 1 < i < n, we have
my(Cy # ... % C,) = m(Cy) ... m(C,) € Cy ... C,.

Theorem 2.6. Let Cy,...,C,e % such that C,...C, is contained in a single
archimedean class. Then C;...C, S Cy *...* C,.

Proof. First suppose that C;6 A ... A C,0 is torsion free. Then by Corollary 2.4,
there exists an archimedean class A such that for every natural number 1 £ i < n
such that C;0 = C{0 A ... A C,0 we have C; = A. Hence by Theorem 2.2, we have
C,...C,cCy*...xC,

Next suppose that C;0 A ... A C,0 is periodic. Then by Lemma 2.5, C, ... C,
contains the idempotent of the archimedean class C; # ... * C, and since C, ... C,
is contained in a single archimedean class, we have C; ... C, = C; * ... * C,.
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Lemma 2.7. Let a be an element of finite order n of S. If there exists an idem-
potent g of S such that a" 9 g and a lies between a" and g, then n < 2.

Proof. Suppose 1 < n. We only consider the case when a is positive, that is,
a < a®. Then we have g < a < a®> < a". By [2] Lemmas 1.6 and 1.7, we have
a* & gora" R g. For the sake of definiteness, we assume a" # ¢g. Then a"g = g and
ga" = a". Then g = g> < ag < a"g =g and so g = ag. Hence gaga = ga,
ga*ga® = ga® and so ga and ga? are idempotents of S. We have a < ga?,since ga’< a
would imply a" = ga" £ ... < ga* £ a, which is a contradiction. If a < ga, then
a® < (ga)® = ga < a® < a® and if ga < a, then a® < (ga®)® = ga® = (ga)a <

< a? £ a®. Hence always we have a® = a°.

Lemma 2.8. Let C be a periodic archimedean class in S.

(1) If there exists D € C such that C < D and C & D, then C* < C,.

(2) If there exists D € C such that D < C and C § D, then C* < C_.

Proof. (1) Since C is periodic and C § D, it follows from [2] Theorem 3.2 that D
is also a periodic archimedean class. We denote by e and f the idempotents in C
and D, respectively. Then by [2] Theorem 3.3, we have e 2 f. Also since C < D,
we have e < f. Now let x, ye C_. Then we have e £ x> < x < fand e £ y*> <
< y < f and so by Lemma 2.7, we have x? = y? = e. But we have either x < y
ory<x.Ifx<y thene=x><xy<y*=candify < x,thene = y>2 < xy <
< x? = e. Hence always we have xy = e and so C2 = m(C). Hence by Lemma 1.8,
we have

C*=(C,ucC)=CiuC,C_uC.C,uC*¢c

S C, Um(C)u my(C)umy(C) = C, .

(2) can be proved similarly.

Lemma 2.9. Let Cy,...,C,€% such that C16 = C,6 A ... AC,d is a 5-cldss
of L-type.

(1) Suppose that Cy ... C, is not contained in a single archimedean class and
Cy ... C, < my(Cy). Thus, denoting by e the idempotent of the periodic ar-
chimedean class Cy, there exists an idempotent f of S such that e < f, e Dy f,
e and f are consecutive in e2y and m,(C,) = [e, f]. Let k be the least natural
number such that C, ... C, is not contained in a single archimedean class. Then

(i) k> 1.

(ii) For every natural number 1 < i < k — 1, we have C, ... C; = C;.

(ili) For every natural number 1 < i < k — 1, we have C; < C;.,. In particular
Cy < C.

(iv) We denote by h the idempotent of the periodic archimedean class Cy % C;.
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Then e < f < h and h Dge.

(V) Cy...C, = my(Cy).

(vi) If x; €Cy, ..., X4—1 € Coy, Yy € Cy such that Xy ... X1 Vi & Cy, then x, ...
oo Xg—1h = f. Also there exists x, € C; such that xy ... X;_1X, = f.
(vii) There exist x, € Cy, ..., x, € C, such that x, ... x, = f.

(2) Suppose that C, ... C, is not contained in a single archimedean class and
Cy...C, = m_(C,). Thus, denoting by e the idempotent of the periodic ar-
chimedean class C,, there exists an idempotent g of S such that g < e, g Dye,
g and e are consecutive in eDy and m_(C,) = [g, e]. Let k be the least natural
number such that C; ... C, is not contained in a single archimedean class. Then

(i) k> 1.

(ii) For every natural number 1 < i < k — 1, we have Cy ... C; S C,.

(ili) For every natural number 1 < i < k — 1, we have C;4y < Cy. In particular
C, < Cy.

(iv) We denote by h the idempotent of the periodic archimedean class Cy * C,.
Then h < g < e and h Dge.

(v) Cy...C, = m_(Cy).

(vi) If x;€Cyy ..oy Xg—1 € Cy—y, W € Cy such that X ... %—1Vx ¢ Cy, then
Xq ... X4_1h = g. Also there exists x, € C; such that x; ... Xp_ 1%, = g.
(vii) There exist x, € Cy, ..., X, € C, such that x; ... x, = g.

Proof. (1) (i). Since C; ... Cy is not contained in a single archimedean class, it is
clear that k > 1.

(i) Let 1 £ i < k — 1. Then by the minimality of k, C; ... C; is contained in
a single archimedean class. Hence by Theorem 2.6, we have C; ... C; & Cy * ... * C,.
If i = 1, then trivially we have C, ... C; < C;. Suppose i = 2. Then we have C,6 =
=CO0A...ACO<KCWA... \NC=(Cyx...xC;)d and Ci0 A
A(Cy*...%C)8=C6 is of Ltype. Hence C;...C; S Cy#*...%C;=Cy*
#(Cp*...%C) = Cy.

(iii) By way of contradiction we assume C;+; < C; for some natural number
1<i<k-1 Let x,€Cy,...,x,€C, Then by (ii), we have x;...x;€C, ...
..C; € C,. First suppose C;.; < C;. Then we have x;,; <e and so x;...
cee XiXis1 S %q ... % = e. Next suppose C;,; = C;. We denote by F the archi-
medean class containing the element f. Then C; < F. Also since e P f, it follows
from [2] Theorem 3.3 that C; 6 F. Hence by Lemma 2.8, we have x; ... x;x;.1 €
€Ci =(Cy)+ and s0 X;...XX;4; < e. Thus always we have x;...x;.q < e
If i + 1 =n, then we have x;...x, < e. Suppose i + 1 < n. Then for every
natural number 1 < j < n, we have C;6 = C;6 A :.. A C,6 < C;6 and by [2]
Lemma 4.7, we have C;y C;. Also since C,d is a d-class of L-type, the Dp-class eZg
is of L-type. Hence by [2] Lemma 2.7, we have ex; = e and s0 X; ... X, < €X;43 ...
... X, = e. Thus always we have x, ... x, < e. On the other hand x, ... x,€ Cy ...
...C, = my(Cy) = [e,f], we have e £ x;...x, Hence x,...x,=e and so
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Cy...C, = {e} = my(C,) = C,, wt ch contradicts that C, ... C, is not contained
in a single archimedean class.

(iv) Since C46 <\ C;6 for every 1 < j < n, it follows from [2] Theorem 2.7
that ey, ... y, = ¢ lorevery y,€C,,...,yy€C,andsoeeC, ... Cy. Since C, ... C;,
is not contained in a single archimedean class, there exist x; € Cy, ..., X; € C; such
that x; ...x, ¢ C;. Bui by {ii) x;...x = (%1 ... X-1) X, € C;C, and so C,C;
contains an eJ:ment which does not belong to C,. On the other hand, since C;d <
< C,0, we have e = ey, € Cy n C{C,. Hence C,C, is not contained in a single archi-
medean class. Also by (iii) we have C,; < C, and, since C,8 < C,J, we have C,6 =
= C;8 A C;5. Hence by [2] Lemma 6.7, we have e < f < h. Moreover since
C16 = C18 A CS = (G, * Cy) 6, it follows from [2] Theorem 3.3 that h Dy e.

(v) For every natural number 1 < j < n, we have C;6 < C;0 and, since C,0 is
of L-type, we have Cy * C; = C;. Hence C; ... * C;, = C;. Now by Corollary
1.15, there exists a modified archimedean class m(C; * ... * C;) = m(C,) such that
Cy ... C, = m(C,). But since C; ... C; is not contained in a single archimedean
class, we have either m(C,) = m,(C,) or m(C,) = m_(C,). By way of contradiction,
we assume m(C,) = m_(Cy). Let z, € Cy,...,z,€ C;. Then z,...z,€C; ... C, S
< m(C,) = m_(C,;)and s0 z; ... z; < e.On the other hand, by (iii) we have C; < C,
and so e < z,. Also by [2] Theorem 2.7 we have ez = ... = ez, = eand 50 z,2, ...
.z zie...z =e...z =e Hence z; ...z = eand so Cy ... G, = {e} = Cy,
which is a contradiction. Hence C; ... C, € m(C;) = m,(C,).

(vi) Suppose that x; € Cy, ..., X1 € Cy_y, yx € C, such that x; ... x,_,y; ¢ C;.
Let F and X be archimedean classes which contain f and x; ... x,_ ), respectively.
Then since x;...X%_)3€Cy...C, S [e,f] and x;...x,_ 1y, ¢ C;, we have
C; <X £ F.Wehave C,0 X C,6. First suppose C;6 = C;d. Then C, * C,; = C, and
so C, is a periodic archimedean class with idempotent » and in particular y,h = h.
Next suppose C;6 < Cid. Then C,d A (Cu*Cy)6 = Cid A Cd A Cid = Cy6 <
< Cd and Gy #\C, * C;) = C; * C; and so by Lemma 1.6, y,h € Cumy(C, * C) =
= mo(Cy * C,) = {h}. Hence always we have y,h = h. We have e Dy f and by (iv),
e g h and since C;6 is of L-type, we have e & f & h. Since X; ... X413, < f < h,
we have (Xg...%,_13)> < (X3 ... %1 Vi) b= x; ... x4_1h < fh = f. Also since
(%1 .-+ X 174)*€X, we have e < (xy ... X4—1)i)® £ Xy ... X 1h. Now (Cp % C;) 6 =
= C;0 and by [2] Theorem 2.7, we have (X;...x,—1h)* = xq...x_q(hxy ...
e X—q) h =Xy ...x,_;h and so X, ... x,_(h is an idempotent of S. Further we
have (x; ...xc-yh) e = (X1 ... X—q) (he) = x; ... x,—;h and e(x; ... x_1h) =
= (ex; ... X4_1) h == eh = e and s0 X, ... X, 1h Dy e. Since e and f are consecutive
in ePg, we have x, ... x._ h = f.

IfC;6 = C,0, thensince C, * C; = C;, wecan put x, = hand then x; ... X, X, =
= X; ... X4 h = f. Next suppose C;6 < C;8. By (iii), we have C; < C; and so
C, £C,*C, = C,. But since (C,*Cy)6 = Cid A C;6 = C;6<Cd, we have
C.*C, + C, and so C, * C; < C,. We take x, € C; arbitrarily. Then h < x; and
SO f = X;...%—1h £ X, ... %X, On the other hand, by (v) we have x, ...
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v X1, €Cy ... G, € my(Cy) = [e,f] and so x;...%—1% < f. Hence x, ...
e X1 X = [

(vii) We have e C, and for every natural number 1 < j < n, we have C,6 =
=C{0 A ... A C. Hence for every z,e€C,,...,z,€ C, we have e = ez, ... z; €
€C, ... C,. But since C; ... C; is not contained in a single archimedean class, there
exist x; € Cy, ..., X4—1 € C—1, i € C; such that x, ... x,—1Yx ¢ C;. Hence by (vi)
there exists x; € C, such that x; ... x,_;x, = f. Since e Dy f, it follows from [2]
Theorem 3.3 that F§6 = C;6 = C;0 A ... A C,0 <X C;0 for every natural number
1<j<n We take X441 €Cpyy, ..., X, € C, arbitrarily. Then by [2] Theorem
2.7, we have X; ... x, = (Xq ... X) Xp1 o X = fXppq oo X = .

(2) can be proved similarly.

Lemma 2.10. Let C,, ..., C, € ¥ such that Ci6 A ... A C,0 is a periodic d-class
of L-type. We denote by e the idempotent of the periodic archimedean class
C, #...% C,. Also let h be the least natural number such that C.6 A ... A C,0 =
=C0 A ... NC,.

(1) For the following three conditions (i), (ii) and (iii), (i) implies (ii) and (ii)
implies (iii).

(i) Cy ... C, is not contained in a single archimedean class and C;...C, <
s my(Cy*...%C).

(i) Cy#...#C,=C,=Cy*...%C,, C,...C, is not contained in a single
archimedean class, C,...C, < m.(C,) = my(C,*...%C,) and if h > 1, then
C,<Cy%...xCy_y.

(ili) There exists an idempotent f of S such that e < f, e D f and e and f are
consecutive in eZy and also there exist x, € Cy, ..., x, € C, such that x, ... x, = f.

(2) For the following three conditions (iv), (v) and (vi), (iv) implies (v) and (v)
implies (vi).

(iv) Cy... C, is not contained in a single archimedean class and C,...C, <
S m_(Cy*...%C,).

(v) Ci*...#C,=C,=Cy*...%C,, C,...C, is not contained in a single
archimedean class, C,...C, < m_(C,) = m_(C,*...*C,) and if h > 1, then
Cy#...%Cyey < Cy.

(vi) There exists an idempotent g of S such that g < e, g Dy e and g and e are
consecutive in e%; and also there exist x, € Cy, ..., x, € C, such tha. x; ... x, = ¢.

Proof. By Lemma 1.4, (C; *...%xC,)§ = C;6 A...A C,0 and so Cy*...*C,
is really a periodic archimedean class.

(1) First suppose (i) holds. If h = 1, then for every natural number 1 < j < n,
we have Ci6 = C;0 A ... A C,0 X C;0 and so C; *C; = C;. Hence C, =
= Cy * ... * C,. The remaining conditions of (ii) are evident. Suppose h > 1. Then
by the definition of h, we have (C; *...%Cy_y)d A Cod = C18 A ... A C_y8 A
ACo=Ci0A...ACS<C©A...ANCyy6=(Cy#...%Cy_y)d. Also by
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Corollary 1.15, there exists a modified archimedean class m(Cy * ... * Cp-1) of
Cy*...%Cy_, such that C, ... C,_y = m(Cy * ... * C,_,). Now by way of contra-
diction, we assume C; # ... * C,_; * C, += C,. Then by Lemma 1.5, we have C; ...
i Cp=1Cy E m(Cy % ... % Cyq) Cp = mo(Cy * ... % C,_y % C,). Also for every
natural number 1 <j<n, we have (C;*...%C))3 =C0 A ... A G =
=CidA... ANCOH<C;6andso(Cy*...xC,)0 A C;6 = (Cy*...%C,) 5. Hence
by Lemma 1.7, we have mo(Cy *...* C,) C; = mo(Cy *...% C,) and so Cy ...
i CChig . Cy = my(Cy# .. % Cy) Chyg .. Cy = mo(Cy % ... xCp) € Cy = ...

.. * Cy, which contradicts that C; ... C, is not contained in a single archimedean
class. Hence we have C, * ... * C, = C,. Also for every natural number 1 < j < n,
we have C;0 = (Cy %...%xC)6 =C10 A ... ACd=C;d A ... ACS<C;8and
so C,*# C; = C,. Hence C,*...%C, = C,. We have C, = C *...%C, = (Cy*...
.. ® Cyey) %(Cyx ... % C,) = Cy * ... C, and s0 e is the idempotent of C,. By way
of contradiction, we assume C; *...* C,_; < C,. Let x;€Cy,...,x,€C,. Then
by Lemma 1.6, we have X;...x,-1X,€m(Cy*...%xCy_q)C, S (C,) and so
Xy ... X4—1%, < e. Hence by [2] Theorem 2.7, we have x; ... X, = X; ... X ... X, <
< e...x, = e. On the other hand, since Cy ... C, S m,(Cy *... x C,), there exists
an idempotent f of S such that e < f, e 9 f and e and f are consecutive in eZ and
also Cy...C, < [e,f]- Hence x...x,€Cy...C, S [e,f] and s0 e < x; ... X,
Hence x; ... x, = e and so Cy ... C, = {e} = C,. which contradicts that C, ... C,
is not contained in a single archimedean class. Hence we have C, < C; * ... * C,_1.
By way of contradiction we assume C, ... C, is contained in a single archimedean
class. Then by Lemma 2.6, we have Cy, ... C, = C, * ... * C, = C,. Hence by Lemma
1.6, C;...Cy = (Cy ... C4—y)(Cy... C,) € m(Cy % ...%x C,_y) C, S (Cp)- = C,
which contradicts that C, ... C, is not contained in a single archimedean class. Hence
C, ... C, is not contained in a single archimedean class. Finally, by way of contra-
diction, we assume that C,, ... C, is not contained in m,(C, * ... * C,). Then, since
C, ... C, is not contained in a single archimedean class, we must have C, ... C, =
c m_(Cy,*...%C,) = m_(C,). Hence by Lemma 1.6 again, we have C;...C, <
€ m(Cy * ... * Cy—y) m_(C,) = mo(C,) = C,, which contradicts that Cy...C, is
not contained in a single archimedean class. Hence C,, ... C, € m.(Cy * ... ¥ C,) =
= m.,(C).

Next suppose (ii) holds. Since C,*...%xC,=C,=C *...*C, = Cyx...
. *Cy*...*¥C,, e is the idempotent of C,. Since C,...C, € m(C,) =
=m,(Cp*...% C,), there exists an idempotent f of S such thate < f, e I f, e and f
are consecutive in ePy and C,...C, < [e,f]. If h =1, then C;6 = C{§ A ...

- A Cd, C, ... C,is not contained in a single archimedean class and C, .
€ m4(C,). Hence by Lemma 2.9, there exist y, € Cy, ..., , € C, such that V1.
= f. Next suppose h > 1. Then G0 = (C,*...xC,)6 = C,6 A ... A C,0 and so
by L?{nma 2.9, there exist y, € Cy, ..., y, € C, such that Ypooo Yo = f. Now by the
definition of h., we have C,d = C10 A ... AC,d =C0 A ... A Co<Cid A ...

. A Cy_40. Since C, < Cy * ... % C,_4, We have

. C, s
< Yn =
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C,=(Cy*..%Cy_y) % C, =
=max{Ze%; C,SZ=<Cy*...xCypy and Ze(Cy*...%C4_q)d A Gy}
=max{Ze¥%; C,<Z=<Cy*...xC,_; and ZeC}

and so there exists no Ze ¥ such that C, < Z < Cy*...*xC,_, and Ze C,6. We
denote by F the archimedean class containing f. Then since e < f, we have C, < F
and, since e P; f, it follows from [2] Theorem 3.3 that C,J F. Hence we have
C,*...%*C,_y < F. Further since e and f are consecutive in e, there exists
no Z e % such that C, < Z < F and Ze C,6. Also we have (C; *...* C,_;) 6 A
AF§5=(Cyx...%C,_y)0 A C,6 = C,8. Hence .

(Cy#...%Cyq)* F
=min{Ze%; C;*...*C,_y SZ<Fand Ze(Cy*...%Cy_,) 5 A F5}
=min{Ze%; C;*...xC,_;, < Z<F and ZeC} =F.

We take y, € Cy, ..., -1 € C,_ arbitrarily. Then, by Corollary 1.15, there exists
a modified archimedean class m(Cy *...* C,_y) of Cy*...% C,_; such that
Cy...Chmy S m(Cy %...% C,_,). Hence by Lemma 1.6, y, ...y, = ¥, ... -1 f €
€Cy...Choy mo(F) € m(Cy % ... % Cy_q) mo(F) = mo(F) = {f) and s0 y; ...y, =

(2) can be proved similarly.

Theorem 2.11. Let C4, ..., C, € ¥ such that C;6 A ... A C,0 is a periodic d-class
of L-type. We denote by e, the idempotent of the periodic archimedean class
Cy#*...% C,. Also let h be the least natural number such that C;0 A ... A C;6 =
=Ci0 A ... ACQ.

(1) Cy ... C, is not contained in a single archimedean class and C;...C, <
cm,(Cy#...xC,) if and only if there exists an idempotent f, of S such that e; <f,
ey D f1 and ey and f, are consecutive in e; Dy and satisfies either

() h>1 Cy*...4C,=C,=Cy%...%xC,, C, <Cy*...%Cy_y, C,...C, s
not contained in a single archimedean class and Cy ... C, = m.(C,) = m(Cy* ...
...#C,), or

(i) h=1,C16 = C8 A ... A C8, Cy < C, and satisfies either

(a) C,C, is not contained in a single archimedean class and C,C, <
S my(Cy % Cy) = my(Cy) = my(Cy %...% C,), or

(b) C,C, is contained in a single archimedean class and C,6 A ... A C,6 =
= Cy0 A ... A C,0. Also, denoting by e, the idempotent of the periodic archimedean
class C,  Cy, there exists an idempotent f, of S such that e, < f,, e, D5 f», e,
and f, are consecutive in e,Py and xf, = fy for some x € (C,)- and satisfies either

(b)) Cy%...%C, + C, % C, and f, is the idempotent of the periodic archi-
medean class C, * ... * C,, or

(b2) Co%...xC,=C,%Cy, C,...C, is not contained in a single archimedean.
class and C, ... C, S m,(Cy % ... % C,) = m,(C, * Cy).
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(2) €y ... C, is not contained in a single archimedean class and Cy...C, =
c m_(Cy*...%C,) if and only if there exists an idempotent g, of S such that g, <e,,
g1 9D e, and g, and e, are consecutive in e, 9D and satisfies either

() h>1, Cy*...4C,=C,=Cy*...%C,, Cy%...xCy_; < Cy, C,...C, is
not contained in a single archimedean class and C, ... C, < m_(C,) = m_(C, * ...
... % C,), or

(i) h=1,C8=Cd A ... A C$, C, < Cy and satisfies either

(a) C,C, is not contained in a single archimedean class and C,C, <
csm_(Cy*Cy)=m_(Cy) =m_(Cyx...xC,), or

(b) C,C, is contained in a single archimedean class and C,6 A ... A C,0 =
= Ci0 A ... A C,0. Also, denoting by e, the idempotent of the periodic archi-
medean class C, % C,, there exists an idempotent g, of S such that g, < e,,
g2 Dy €3, g, and e, are consecutive in e,Py and xg, = g, for some x € (C,), and
satisfies either

(b)) Cy%...%C, % C,* Cy and g, is the idempotent of the periodic archi-
medean class C, * ... * C,, or

(by) Ca%...%xC, = Cy%xCy, C,...C, is not contained in a single archimedean
class and C,...C, = m_(C,*...%C,) = m_(C, = Cy).

Proof. By Lemma 1.4, (C; %...%C,)d = C;0 A ... A C,0 and s0 Cy % ... % C,
is really a periodic archimedean class.

(1) First suppose that C; ... C, is not contained in a single archimedean class and
Cy...C, =m,(Cy*...%C,). Then there exists an idempotent f; of S such that
e, < f1, es Dpfy, e, and f; are consecutive in e;2; and m,(Cy* ... *C,,) =
= [elrf 1]-

(i) Suppose h > 1. Then by Lemma 2.10, C;*...*C, = C, = Cy*...% C,,

C,<Cy*...%Cy_y, Cy... C, is not contained in a single archimedean class and
Cp...Cy S my(Cy) = my(Cy*...%C,).
‘w('ii) Suppose h = 1. Then we have C{6 = C;d A ... A C,0. Also for every natural
number 1 < j < n, we have C16 = C 6 A ... AC,0 X C;0 and so C; % C; = C;.
Hence Cy *...* C, = C; and e, is the idempotent of C,. Hence by Lemma 2.9,
we have C; < C,.

(a) Suppose C,C, is not contained in a single archimedean class. Then denoting
by k the least natural number such that C, ... C, is not contained in a single archi-
medean class, we have k = 2. Hence by Lemma 2.9, we have C,C, € m,(C,) =
=m.(Cy * C;) = m.(Cy * ... % C,).

(b) Suppose C,C, is contained in a single archimedean class. Since (C, * C;) 6 =
= C0 A C16 = C10, C, % Cy is really a periodic archimedean class. Now by way
of contradiction, we assume C;6 A ... A C,0 = C,0 A ... A C,0. Then Cd =
=Ci0A...NCO<Cy0A...NCo. Let x;€eCqy, x,€Cy,...,x,€C,. We
denote by X the archimedean class which contains x, ... x,. By Corollary 1.15,
there exists a modified archimedean class m(C, * ... * C,) of C, % ... * C, such that
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Cy...C, s m(Cy*...+C,) and 50 x;...x,em(Cy *... ¥ C,). Hence by Lemma
1.2, C0 A ...ACS=(Cy%...C,) 0 < X5 and 50 C;6 < C6 A ... A C,0 =
=C0 A (Cyd A ... A C,8) X C,8 A X5. Hence by [2] Lemma 5.6, there exists
no Z € % such that Z € C,6 and Z lies between C, and X. In particular, C; does not
lie between C, and X and, since C; < C,, we have C; < X. Also since C;6 < C,J
and C6 < XJ, we have

X*Cy=max{Ze¥; C;, £ Z=<X and ZeC,6 A X6}

max{Ze%; C, £ Z <X and ZeC,é}

max {Ze%; C; £Z < C, and Ze C,5}

=max{Ze¥; C;ySZ=<Cyand ZeC;6 A Cy8} = C,*C, .

Il

Il

Since e, is the idempotent of C, * Cy, e, is the idempotent of X * C,. Since C,C,
is contained in a single archimedean class, it follows from Lemma 1.10 that xe, = ¢,
for every xe(C;)- and so by Lemma 1.10 again, C,X = (C,)- < C,. Hence
XyXz...x,€ C X = Cy and so C,C, ... C, € C,, which contradicts that C, ... C,
is not contained in a single archimedean class. Hence we have C,6 A ... A C,6 =
=Cid6A...ANCH=Cd.

(bl) Suppose C, # ... * C, + C, * C,. By way of contradiction, we assume C,5 =
= C,6. Then for every 1 < j < n, we have C,0 = C;6 = C,6 A ... A C;0 X C;0
and so C, *x C; = C, = C, *... % C, which is a contradiction. Hence C,5 < C,3.
Since C; < C,, we have C; < C, * C; £ C, but, since (C, * C;) 5 = C,6 A C18 =
= C10 < C,8, we have C, *x C; < C,. Also

C,+#Cy=max{Ze®%; C; £Z =< C; and Ze C,6 A C,0}
=max{Ze®; C; £ Z < C, and Ze C,0}
and so there exists no Z € ¥ such that C, * C; < Z £ C, and Z € C,6. By way of
contradiction we assume C, *...* C, < C,. Then, since (C,#...%C,)d =
=C0 A ... ANC=C6<Cy0, we have Cy ... % C, < C,. Also
Cy#...%C,=C%(Cy%...%C,)
=max{Ze¥; C,*...xC,<Z=<C,and Ze(Cpx...%C,) 6 A C,6}
=max{Ze¥; C,*...«C, < Z < C, and Ze C,8}
and so there exists no Z € € such that C, #...*x C, < Z £ C, and Z € C,4. Hence
C,+C,=max{Ze¥;, Z<C, and ZeCy6} = C,*...%C,,
which is a contradiction. Hence C, * C; < C, < C, * ... * C,. Also since
(C2 " Cn) 6 =0C,0, Cy*...%C, is a periodic archimedean class. We denote
by f, the idempotent of C, # ... * C,. Then since C, * C; < C, * ... * C,, we have
e, < f,. Also since (C,*C;)6=Cy6=(Cyx...%C,)3, it follows from [2]
Theorem 3.3 that e, Dy f-
Cr#...%Cy=Cy*(Cy#...%C,)
=min{Ze®%; C;, £Z=Co%...xC, and Z€C33 A (Crx...x C,) 3}
=min{Ze® C, £Z=<Cyx...%C, and Z e C,6}
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and so there exists no Ze & such that C, < Z < C, *...*C, and Z € C,J. Since
there exists no Ze C such that C,*C; < Z < C, and Z e C,0, there exists no
ZeCsuchthat C,*C; <Z < Cy*...%#C,and Ze C;6 = (C, * C;) 6 and so by
[2] Theorem 3.3, e, and f, are consecutive in e,%2. Moreover by Lemma 2.9, there
exist x, €Cy, x,€C,,...,x,€C, such that x;x,...x, = f;. But since C, <
< Cy#...xC,, we have x, < f,. Also since (Cy *...*C,)6 =C;6=Cid A ...

. A C,8 < Cjofor every 1 < j < n, it follows from [2] Theorem 2.7 that f,x; ...
... X, = f. Hence f; = xyx5...x, < x1f5... X, = X1f,. On the other hand by
Lemma 2.5, {f2} = mo(Cy*...%C,) < C,...C, and so there exist y,e C,,...
.., ¥,€C, such that f, =y,...y,. Hence x,f, =x;y,...,€CC,...C, &
S my(Cy*xCy*...%C,) = [ey, f1] and so we have x,f, < f;. Hence we have
xyf, = f;. Further by [2] Theorem 2.7, e;f, = €yy, ... Yo = €, < f1 = xf, and
so we have e; < x;. Hence x, € (Cy)_.

(17N

(b,) Suppose C,#...% C, = C, * C,. Since e, is the idempotent of C,* C,
C, < C, and C,C, is contained in a single archimedean class, it follows from
Lemma 1.10 that xe, = e, for every xe(C;)-. Also we have C; £ C,*C; =
= C, *...* C,. By way of contradiction, we assume C; = C, * ... * C,. Then by
Corollary 1.15, there exists a modified archimedean class m(C, * ... * C,) of C, * ...
...* C, such that C, ... C, < m(C, = ... * C,). Hence by Lemma 1.8, we see that
C,C;...C, S Cym{Cy % ... x C,) = C;m(C,) < C,, which contradicts that C ... C,
is not contained in a single archimedean class. Hence we have C; < C, % ... % C, =
= C,*Cy. We have (Cy%...%C,)0=C0 A ...ANCS=Ci6A...ANCH=<
< Cy6 and so (Cy *...%x C,) % C; = C, * ... * C,. Since e, is also the idempotent
of C, #...* C, it follows from Lemma 1.10 that C,(C, * ... = C,) is contained in
a single archimedean class. By way of contradiction we assume that C, ... C, is
contained in a single archimedean class. Then by Theorem 2.6, we have C, ... C, <
S Cy*...%C,and so C;C,...C, S C{(C, *... = C,). But since C{(C, * ... * C,)
is contained in a single archimedean class, this is a contradiction. Hence C, ... C,
is not contained in a single archimedean class. But by Corollary 1.15, there exists
a modified archimedean class m(C, * ... * C,) of C; % ... * C, such that C, ... C, <
S m(C, *...x C,). Since C, ... C, is not contained in a single archimedean class,
we must have either m(C,*...*C,) = m,(Cy*...xC,) or m(C,*...%C,) =
= m_(Cy *...* C,). Now by Lemma 2.9, there exist x, € Cy, X, € C,, ..., X, € C,
such that x,x, ... x, = f;. But by [2] Theorem 2.7, we have e;x, ... x, = e; < f; =
= X;X, ... X, and so e; < x;, whence x, € (C;)_. Hence we have e; = x,e, < f; =
= XX ... X, and so e; < X, ...x, Hence C,...C, contains x,...x, such that
e; < Xy...x, and so m(Cy*...%xC,) = m_(C, *... = C,). Hence we have
Cy...C,emy(Cyx...%C,) = m(C, * Cy). In particular, there exists an idem-
potent f, of S such that e, < f,, e, 9 f, and e, and f, are consecutive in e,2, and
m(Cy * ... % C,) = [e,,f2]. Again we consider x;, € Cy, x,€C,,..., x, € C, such
that x,X, ... x, = f;. We have shown that x, € (C,)-. Wehavex, ... x,€ C, ... C, S

‘n =

S my(Cyx...%C,) = [e5,f,] and so x,...x, < f,. Hence f; = x;%,...x, <
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< x,f,. On the other hand, it follows from Lemma 2.5 that {f,} = mq(C, * ...
...*C,) € C;... C, and so there exist y, € Cy, ..., y, € C, such that f, = y, ... y,.
Hence xyf, = X1¥2+-- Vs €Cy1 ... C, S my(Cy #... % C,) = [ey, f1] and so x,f, <
< fy1. Hence xf; = fy.

Conversely suppose that there exists an idempotent f; of S such that e, < f,,
e; 91 f, and e; and f, are consecutive in e; P and satisfies either the condition (i)
or the condition (ii).

Case: the condition (i) is satisfied. By Lemma 2.5, we have {e,} = my(C, * ...
...¥xC,) S C,...C, and so e; € C; ... C,. Also by Lemma 2.10, there exist y; €
€Cy,...,y,€C,suchthatf; =y, ... y,eC; ... C,. Hence C; ... C, is not contained
in a single archimedean class. Also by Corollary 1.15, there exists a modified archi-
medean class m(Cy * ... * C,) of Cy * ... % C,such that C; ... C, € m(Cy * ... * C,).
Since e;,f;€Cy...C, < m(Cy x...+C,), e, is the idempotent of C, *...*C,
and e, < f;, we must have m(C; *...* C,) = m,(C; *...*C,)andso C, ... C, S
c m\L(C1 * L% C,,).

Case: the conditions (ii) and (a) are satisfied. Since C;6 = C;6 A ... A C,0 <
< C;6 for every natural number 1 < j < n, we have C; *...* C, = C; and so ¢,
is the idempotent of C,. Also C;C, is not contained in a single archimedean class
and C,C, = m,(C;) = [ey,f;]. Hence by Lemma 2.9, there exist y, € C; and
y, € C, such that y,y, = f;. We denote by F the archimedean class containing f;.
Then by [2] Theorem 3.3, we have F 6 C; and so F6 = C;6 = C;6 A ... A C,0 X
< C;é for every natural number 1 < j < n. We take x; € Cs, ..., x, € C, arbitrarily.
Then by [2] Theorem 2.7, we have e; = e;y,x3 ... x,€ Cy ... C, and f{ = fyx; ...
cee Xy = Y1V2X3...%,€C;...C,. Hence Cy...C, is not contained in a single
archimedean class and C; ... C, € m,(C;) = m,(Cy *... % C,).

Case: the conditions (ii), (b) and (b,) are satisfied. We have C; = Cy % ... * C,
and e, is the idempotent of Cy. Also there exists x; € C; such that x, f, = f;. Further
since f, is the idempotent of C, * ... * C,, it follows from Theorem 2.5 that {f,} =
= my(Cy*...%C,) € C,...C, and so there exist x, € C,,...,x,€C, such that
f2 =X, ...x, Hence f; = x,f, = xyX; ... x,€ Cy ... C,. On the other hand, since
Cd=Ci0 A ...ACPH=<C;0 for every natural number 1 <j < n, it follows
from [2] Theorem 2.7 that e; = e;X, ... x,€ C; ... C,. Hence C, ... C, is not con-
tained in a single archimedean class and C; ... C, € m.(Cy) = m_(Cy x ... * C,).

Case: the conditions (ii), (b) and (b,) are satisfied. We have C; = C; % ... x C,
and e, is the idempotent of C;y. Since C, * ... % C, = C, * Cy, e, is the idempotent
of C, *...* C,. Since C, ... C, is not contained in a single archimedean class and
Cy...C, = my(Cyx...%C,) = [e,,f,], it follows from Lemma 2.10 that there
exist x, € C,, ..., x, € C, such that x, ... x, = f,. Also by assumption, there exists
x, € C; such that x,f, = fi. Hence f; = x1f, = XX, ...x,€Cy... C,. Also we
have e; = e;x,...x,€Cy... C,. Hence C,...C, is not contained in a single
archimedean class and Cy ... C, € m,(C,) = m(Cy *... % C,).

(2) can be proved similarly.
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Here we give some examples which show that the cases given in (1) of Theorem
2.11 really exist.

Example 1. Let S; be the ordered semigroup with the multiplication given by
the following table and with the order b < x <a <u <e.

o8& Q8 X o
ARIEE SIS SRS S o IS
o8& ¥ oo R
o8& Q o o8
o | | oo R
o & | | o O

In S,, we put Cy; = {a}, C, = {b, x} and C3 = {c}. Then we can show that the con-
dition (i) is satisfied.

Example 2. Let S, be the ordered semigroup with the multiplication given by the
following table and with the order a < x < u < b.

S 8® X 9

SR Q Q|8
TR Q QX
> 8 Q &8
"R & Q|

In S,, we put C; = {a, x} and C, = {b}. Then we can show that the conditions (ii)
and (a) are satisfied.

Example 3. Let S; be the ordered semigroup with the multiplication given by the
following table and with the ordera < x <u < b < c.

a x u b ¢
a a a a a a
x a a a x u
u U u u u u
b u u u b c
c c ¢c ¢ ¢ ¢

In S3, we put C; = {a,x}, C, = {b} and C; = {c}. Then we can show that the
conditions (ii), (b) and (b,) are satisfied.

Example 4. Let S, be the ordered semigroup with the multiplication given by the
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following table and with the ordera < x <y <b <z <u <ec.

a x y b z u c
a a a a a a a a
x a a a a a a b
y a a a a x b b
b b bbb b b b
z b b b b b b u
u U u u U u u u
¢ ¢c ¢c c ¢ ¢c ¢ ¢

In S,, we put Cy = {a, x, y}, C, = {b, z} and C; = {c}. Then we can show that
the conditions (ii), (b) and (b,) are satisfied.

Lemma 2.12. (1) Let B, C € € such that Cé is a periodic é-class of L-type, C§ < Bé
and C < B. Let e be the idempotent of the periodic archimedean class B * C and
let f be an idempotent of S such that e < f, e D5 f and e and f are consecutive
in ePg. Then we have xe = e and xf = f for every x € B.

(2) Let B, Ce % such that C§ is a periodic 5-class of L-type, Cé < B and
B < C. Let e be the idempotent of the periodic archimedean class B * C and let g
be an idempotent of S such that g < e, g D5 e and g and e are consecutive in ey
Then we have xg = g and xe = e for every x € B.

Proof. (1) Since (B* C)8 = B6 A C6 = C8, B*C is really a periodic archi-
medean class. Since C < B, we have C < B* C < B, but since (B* C) 6 = C6 <
< Bd, we have B * C < B. Now

BxC=max{Ze%; C<Z < B and ZeBs A Cd}
=max{Ze%; C<Z < B and Ze Cs}

and so there exists no Z € % such that B* C <Z < B and Z € C5. We denote by F
the archimedean class containing f. Then, since e 9 f, it follows from [2] Theorem
3.3that F6 = Cé = (B * C) 4. Also, since e < f, we have B * C < F. Hence we have
B<F. Nowlet xeB. Thene<x <fandsoe=e*<xe<x>*<xf<f>=f
But since Cd is of L-type, eZy = fPy is also of L-type and so by [2] Theorem 2.7,
we have ex = e and fx = f. Hence (xe)’ = xexe = xe and (xf)* = xfxf = xf
and so xe and xf are idempotents of S. Also (xe) e = xe, e(xe) = (ex) e = e, (xf) f =
= xf and f(xf) = (fx) f = f. Hence xe Dpe Dy f P xf. But, since e < xe <
< x> < xf£f, x*eB and e and f are consecutive in eZ, we have xe = e and
xf = f. ‘

(2) can be proved similarly.

Theorem 2.13. (1) Let Cy, ..., C,€% such that Ci6 A ... A C,0 is a periodic
o-class of L-type. Then C; ... C, is not contained in a single archimedean class
and Cy...C, = m.(Cy*...xC,) if and only if there exist a natural number
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m =2, m — 1 natural numbers hy, ..., h,_; such that hy < ... <h,_<n
and 2m — 1 elements e, ..., e, and fy, ..., fru—1 of S which satisfy
(I) for every natural number 1 <j <m — 1, Cy06 = Cd A ... A C,5;
(1) for every natural number 1 < j < m — 1, Cy, < Cy ;415
(D) if hy = 2, then
CoA...ANCOH<CPOA...ACy_16;
(IV) for every natural number 1 £ j < m — 2 such that h; + 1 < hjyq
CoA...nCO<Cyyi0A...NCy, 10
(V) if hy 2 2, then C,, < Cy * ... % Cp _y;

(VI) ey is the idempotent of Cy*...% C, and for every natural number 1 <

Sj=m—1, ey is the idempotent of Cy 1 * Cy ;3

(VIL) for each natural number 1 £j < m — 1, f; is an idempotent of S such
that e; < f;, e; Dy f; and e; and f; are consecutive in e;PDy;

(VIII) for each natural number 2 < j < m — 1, there exists y;_1 € Cy,_, such
that yj—lfj = fj—1§

(IX) Cy #... % Cy, = Cy3

(X) either f,,_y€Cy,_,Cy,_,+1 Or there exist an idempotent f,, of S and
Vm—1 € Cy,,_, such that e, < f,., e, Dy fm en and f, are consecutive in e,%Dg,
Vm—1Sm = fm-1 and f,€Cy _ o1 *...%C,.

(2) Let Cy, ...,C, €% such that C;0 A ... A C,0 is a periodic é-class of L-type.
Then C, ... C, is not contained in a single archimedean class and C;...C, =
= m_(Cy*...xC,) if and only if there exist a natural number m = 2, m — 1
natural numbers hy, ..., h,_, such that hy < ... < h,_; < n and 2m — 1 elements
ey ..y and gy, ..., g—1 of S which satisfy

(I) for every natural number 1 £j <m ~1Cy0=C6 A ... A C,0;
(I1) for every natural number 1 £ j < m — 1, Cy 41 < Gy
(IM) if hy = 2, then
COA...ACOH<CPOA...NCy_40;
(IV) for every natural number 1 < j < m — 2 such that h; + 1 < hj4
Con. ... ACO<Cyy0A...NCy, —10;
(V) if hy 2 2, then Cy % ... % C,,_; < Cp;

(VI) ey is the idempotent of Cy * ... * C, and for every natural number 1 < j <

S m — 1, ;4 is the idempotent of Cy,1 * Cy 3

(VII) for each natural number 1 <j < m — 1, g; is an idempotent of S such
that g; < e;, g; Dz e; and g; and e; are consecutive in e;Dg;

(VIIL) for each natural number 2 < j < m — 1, there exists Vj-1€Cy,_, such
that y;—19; = gj-1;

(IX) Cy%...% Cy, = Cp;

(X) either g,_;€C,,_,Cy._,+1 or these exist an idempotent g, of S- and
VYm-1€ Cy,,_, such that g, < en, 9y Dg em 9m and e, are consecutive in e, Dy,
Ym=19m = Gm-1 and g, € Gy, _ 11 % ... % C,
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Proof. First we prove the direct part of the theorem by induction on n. If n = 1,
then the assertion holds tirivially. Now suppose n = 2 and suppose that C, ... C,
is not contained in a single archimedean class and C; ... C, € m,(C; * ... * C,).
Then by Theorem 2.11, there exist the idempotent e; of S in C; #...* C, and an
idempotent f; of S such that e; < fi, e; P f; and e, and f; are consecutive in ;9.
Also either one of the conditions (i) and (ii) in Theorem 2.11 is satisfied.

Case: the condition (i) is satisfied. We put the least natural number h such that
Cid A ... NC=Ci6 A ... ACo by hy. Then by (i), we have C), *...*C, =
=(Cy*...%Cy)%...xC,=Cy%...%xC, and 50 C, 6 A ... A C,d =Cy8 A ...

. A C,0 is a periodic d-class of L-type. Also C,, ... C, is not contained in a single
archimedean class and Cy, ... C, € m(Cy, * ... % C,) and so by induction hypothesis,
there exist natural numbers hi, h,, ..., h,_; and elements ey, ..., € f1, -+ e fm—1
of S which satisfy the conditions (I)—(X) on C,,, ..., C,. By way of contradiction
we assume hy # hj. Then we have h; < hj and by (III) on C,,, ..., C, we have
Chd A .. NC6<Cyd A ... ACy.—16. But this is a contradiction, since
Crd A oo A Chyrey6 < Cpd = (Cpy# ... % C) 6 = C 8 A ... A C,0 by (i). Hence
we have hy = hj. By (i), C;,0 = C,, 6 A ... A C,6 = C;8 A ... A C,6 and by (I)
on Cy,...,C,, for every 2=<j=m—1, we have C, 0 = C,06 A ... A C,0 =
= Cy0 A ... A C,8. Hence (I) on Cy, ..., C, is satisfied. It is clear that (II) on
Cy, ..., C, is satisfied. By the definition of h; we have (III) on Cy, ..., C,. Suppose
1£jsm—2and h; + 1 < hjy. Then Cio0 A ... ACd=C,0A...ACH<
< Cy,+10 A ... A G, -6 and so we have (IV) on C; ..., C,. By (i), we have (V)
on Cy,...,C, Since C, *..xC,=Cy#*...%C, by (i), the idempotent of
Cy, * ... * C, is the idempotent e, of C; ... * C,. Thus (VI) on Cy, ..., C, follows
from (VI) on C,,, ..., C,. (VII) and (VIII) on Cy, ..., C, are clear. (IX) on C, ..., C,
holds by (i). Finally (X) on Cy, ..., C, is clear.

Case: the conditions (ii) and (a) are satisfied. We put m = 2 and h; = 1. Then we
obtain (I)—(V) clearly. By assumption e, is the idempotent of C; ... * C, and f;
is an idempotent of S such that e; < fy, e; 9 f; and e, and f; are consecutive in
e, 9. Now let e, be the idempotent of the periodic archimedean class C, * C,.
Then we have (VI)—(IX). Let k be the least natural number such that C, ... C;
is not contained in a single archimedean class. By (a), C,C, is not contained in
a single archimedean class and so k = 2. Hence by Lemma 2.9, there exist x; € C;
and x, € C, such that x,x, = f; and so f; € C,C,. Hence we have (X).

Case: the conditions (ii), (b) and (b,) are satisfied. We put m = 2 and h, = 1.
Then we have (I)—(V) clearly. By assumption, e, is the idempotent of C; * ... * C,,
e, is the idempotent of the periodic archimedean class C, * C; and f; is an idem-
potent of S such that e; < fy, e; 2 f, and e; and f, are consecutive in e; 2. Hence
we have (VI)—(IX). Since C; < C,, we have C, < C, * C, £ C, but since
Cy*Cy#Cy*...%xC,, we have C20 £ C10 A ... A C,d = C10 = C10 A Cpd =
= (CyxC,)dand so C, * C; #+ C,. Hence C, * C, < C,. Since (Cy*...xC,)6 =
=Cy0A...ANCo=Ci0Nn...xCH, Cyx...xC,isa periodic archimedean class,
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whose idempotent we denote by f. We have
C,+Cy =max{Ze%; C, < Z<C, and Ze C;6 A C,6}
=max {Ze®¥; C; £ Z £ C, and Ze C,é}
=max {Ze€%; Z < C, and Ze C,6} .
Butif C, * ... x C, < C, were true, then we have
Crx..%xC,=Cyx(Cyx...xC,)
=max{Ze¥; C,*...xC,<Z < C, and
Ze(Cyx...xC,) 86 A C,8}
=max{Ze%; C,*...xC, < Z<C, and Ze C,3}
=max{Ze¥; Z< C, and Ze C,;6} = C, % C,
which is a contradiction. Hence C, % C; < C, < Cp*...*C, and so e, < f.
Also since (C,*C)0=C0=CidA...ACH=(Cy%...xC,)6, it follows
from [2] Theorem 3.3 that e, 2 f. Moreover
Cr#...xC,=Cyx(Cy%...%C,)
=min{Ze¥; C, £ Z<C,*...%xC, and
Ze(Cy*...xC,) 6 A C,8}
=min{Ze%; C, S Z=<Cy*...%C, and Ze C,5}.

Hence there isno Ze @ such that C, * C;, < Z < Cy *...* C, and Z € C,6. Hence
by [2] Theorem 3.3, e, and f are consecutive in e;Z2;. Further by (b), we have
y1f = fy for some y; € (C,)- = C,. Hence we put f = f, and we obtain (X).

Case: the conditions (ii), (b) and (b,) are satisfied. By (b), C20 A ... A C,6 =
= Cy0 A ... A C,d is a d-class of L-type. Also by (b,), C, ... C, is not contained
in a single archimedean class and C, ... C, & m,(C, * ... * C,) and so by induction
hypothesis, there exist a natural number m’ such that m’ = 2, m’ — 1 natural
numbers h),..., h,._, such that h} <...<h,._y <n and 2m’ — 1 elements
€1y eus iy f1seeer foi_y satisfying the conditions (I)—(X) on C,, ..., C,. We put
m=m'+1, hy =1, h, = h}, ..., h, = h,.. By assumption e, is the idempotent
of Cy % ... * C, and f, is an idempotent of S such that e, < f, e, & f; and e, and f;
are consecutive in e;%;. Also we put e, = e, ...,e, =e., fo=F1s- > fm-1 =
= fr._1. Now we have C, 6 = Cd=C0 A ... A C,0 and for every 2=j =
<m—1,wehave C,0=Cp, 3=C0 A...ACH=Cdn...nCJby(b)
Hence we obtain (I) on Cj, ..., C,. We have C,, = C; < C, = Cj, 4 by (ii). Let
22jsm—1 Then C,, = Cp,_, < Cp,_,+1 = Ch,4; and so we obtain (II)
on Cy,...,C, (Il) and (V) on Cy, ..., C, hold trivially. Let 1 <j = m — 2 such
thath;, + 1 < h;,,.Ifj = 1,then2 = hy; + 1 < h, = hy and by (Ilf)on C5, ..., C,,
we have C6 A ... ACd =C0 A ... ANCS<Cy8 A ... ANCyroy0 =
= Cp 416 A ... A Cp._18. Also if j =2, then by (IV) on C,, ..., C,, we have
COAN...ACO=C0n...ACO<Cp, 4110A...ANCy, 0=
= Cj,410 A ... A Cy,,,-18,and so we obtain (IV) on Cy, ..., C,. By assumption,
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e, is the idempotent of C, *...xC, By (b,) we have C,*...+C, = C,*C,
and so e, = ¢ is the idempotent of C, *...xC, = C,*C;. H 2 < j<m — 1,
then e;,; = e is the idempotent of Chyoy+1%Cpryoy = Chyey ¥ C, . Hence we
obtain (VI) on Cy, ..., C,. By assumption, f; is an idempotent of S such thate, < f,,
e; 9¢ f1 and e; and f; are consecutive in e;Pg. Let 2 < j < m — 1. Then f; = f}_,
is an idempotent of S such that e; = e;_, <fj_ =f, ¢; =€, Dpfj_, =f;
and e; = ¢;_, and f; = f;_, are consecutive in ;7 = ¢;_,;P;. Hence (VII) on
Cy, ..., C, is satisfied. By (b), we have y,f, = f; for some y;€C; = C,,. Let
3sj=sm—1 Then 25j—1=m-2=m —1 and there exists y;, e
€Cy,_, = Cy,_, such that y;  f; = y;_1fj-y = fj-» = f;-1- Hence we have
(vII) on Cy, ..., C,. Since hy =1, (IX) on Cy, ..., C, holds clearly. By (X) on
Cy,...,Cpeither f,, s =fr._1€Cy . Cyp . s1=0Cy, _,Ch. _ +1 O there exist an
idempotent f,, = f,. of S and y,_;€C,,,_, = C,, _, such that e, = e, < fI, =
= for €m = €y D fr = fr» €m = €, and f,, = f,. are consecutive in e, Dy =
= enZes Ym-1fm = Vm-1foy = oot =fu-1 and f =f, €Cp o 11 *...xC,
= Cy,_,+1 % ... * C,. Thus we obtain (X) on Cy, ..., C,
Conversely suppose that the conditions (I)—(X) are satisfied. Preliminarily we
show that
(¥) If s < hy, then x,e; = e, and x,f; = f; for every x, € C;
(#%) f2 < j<m — land h;_; <s < h;, then x,e; = ¢; and x,f; = f, for every
x5 € Cq.
Suppose s < h;. Then 2 < h, and by (I) and (III), we have C,, 0 = C;d A ...
ACHO<LCWOA...NCp_16=CoOA(Cy%...%C, )0, and by [2] Lemma
5.6, there exists no Z € % such that Z lies between C; and C; *...* C,,_; and
ZeCi0 A ... A C,d. In particular, C,, does not lie between C;and Cy * ... x C,,_,
and since Cy, < Cy * ... * Cy,_; by (V), we have C;, < C;. Also by (IX),
Chl = (C1 * L..00% Chl—l) * Ch;
= max {Ze%; Cy, SZ=SCix...x% Ch -1 and
Ze(Cy*...%Cpy-y)d A Cp,0}
=max{Ze€%; C,, £ Z =< Cy*...xC, - and
ZeCid A ... A Cb}
=max{Z€%; C,, £Z=<C,and ZeCd A C, 8} = C;% C,, .

il

Also since Cj,0 = C6 A ... A C,0, we have Cy#...+C, = (Cy*...%xC,) *...
... % Cy = Cy % ... % C, = G, and so by (VI) ¢, is the idempotent of C,, = C, * C,,,.
Moreover C;,0 = C16 A ... A C,d < Cy8 A ... A C,,_10 <X Cib. Further by (VII)
f1 is an idempotent of S such that e; < fy, e; D5 f; and e, and f, are consecutive
in e;2;. Hence by Lemma 2.12, we have x.e, = e; and x,f; = f, for every x, € C..
This proves ().

Now let 2<j<m—1and hj_y <s<h;. Then 1=j—-1<m—2 and
by (I) and (IV), we have Cy,_,6 = C10 A ... A Cd < Cpy_y418 A o A Gy g <
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< C,,_,+19 A Cd and so by [2] Lemma 5.6, there exists no Z e C such that Z lies
between Cj,_,+1 and C; and Ze Ci6 A ... A C,6. In particular C,,_, does not lie
between Cy,_,+1 and C, and since C,,_, < C,,_,4+; by (II), we have C,_, < Ci.
Also since Cy,_,0 = C;§ A ... A C,0 by (I), we have

Ci#Cy,., =max{Ze®; C,,_, < Z = Csand ZeC,,_ 6 A Co}
max {Ze®%; C,,., < Z< C;and ZeC;§ A ... A C,0}
max{Ze®%; C,,., S Z=C,,_,+; and ZeC,,_ .6 A C,_ 4,0}

= Ch,-—1+1 * Gy,

Il

Hence by (VI) e; is the idempotent of Cs* C,,_,. Moreover C,,_ 8 = C1d A ...

oA Cd < Cyy_i48 A ... A Cy,—10 < C6. Further by (VII), f; is an idempotent
of S such that e; < f}, e; 25 f; and e; and f; are consecutive in e;P5. Hence by
Lemma 2.12, we have x.e; = e¢; and x,f; = f; for every x; e C,. This proves ().

Now by (VIII) for each natural number 2 < j < m — 1, there exists y;—1 € Cy,_,
such that y;_f; = f;—;. Foreach 1 £ i < h,_, such that i  h; forall 1 £j =<
< m— 1, we take x; € C; arbitrarily. Then by (), if 2 < hy, then x; ... x;,—1f1 = f1-
In the case when hy = 1, we assume x; ... X;, _; is the void symbol and then we have
always this relation. Also for each natural number 2 £ j £ m — 1, it follows from
(##) thatif h;_; + 1 < h; — 1, then x;,_, 41 ... X4,—1f; = f;and SO y;_1Xp,_ 41 -
oo Xp;—1f; = yj-1f; = fj-1- In the case when h;_; + 1 = hj, we assume X, 1...
.+« Xp;—y is the void symbol and then we have always this relation. Thus f; =
= Xp eer Xpyog oen YjmtXhy oy 41 e Xhym1 oor Y 2Xn gt oor X~ 1fm—1- BY (X)
the following two cases are possible:

Case 1: f,,—1€Cy,, . Chp_i+15

Case 2: there exist an idempotent f,, of S and y,_; € C, _, such that e, < f,,
en D fs e and f,, are consecutive in e, Py, V- (fw = frm-r and [, € Cy, _ 41 % ...
...xC,.

Case 1: We have f,_y = z,_,2,,_,+1 for some z,  e€C,  and z,  , €
€Cy,,_,+1- We take x,._,+2€Cp, _ 4,5 .., X, € C, arbitrarily. We denote by E,,_,
and F,,_, the archimedean classes containing e,_; and f,,_;, respectively. Then
since e,,_; D fy,-1, it follows from [2] Theorem 3.3 that E,,_, § F,,_;. On the other
hand, if m = 2, then by (VI), E,,_;6 = (Cy%...xC,)d = C;0 A ... A C,8 and if
m > 2, then by (I), E,,— 10 = (Cy,_,41*Cs,_ )6 = C,_,416 A C,,_ 6 = C10 A ...

. A C,8. Thus always we have F,,_;6 = E,_,6 = C;6 A ... A C,8. Hence by [2]
Theorem 2.7, we have z,, _ . Zn, 4 Xpp_y42 e Xy = fro1Xn,_ 42 -+ Xy = fm—y and

SO f1 = Xg eoe Xpymq e Vme2Xhps 41 o+ Xtpe =12y = 1 Zhye 41 -+ Xn € C1 oo Cy.
Case 2. By Lemma 2.5, we have {f,,} = mo(Cy, _,+1%...%C,) S Cp._,41--. Cy
and so there exist z,,_,+1€Cy,_,+15--->2,€C, such that f, =2z, _ ...z,

Hence f,1 = V1S = Ym—1Znn 1 -+ Zn a0d SO f1 = Xq oo Xy, ...
e VYm=2Xp a1 o Koy =1 Vm=1Zh 41 o Za € Cy ... Cy
Thus in both cases we have f; € Cy ... C,. On the other hand, by Lemma 2.5,
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we have {e;} = my(Cy*...#C,) < Cy...C,. Hence e, f;eCy...C, Hence
Cy ... C, is not contained in a single archimedean class. Also by Corollary 1.16,
there exists a modified archimedean class m(C; ... * C,) such that C,...C, S
< m(Cy * ... * C,). Since e, is the idempotent of C; * ... * C, and e; < f;, we must
have Cy...C, € m,(Cy *...% C,).

(2) can be proved similarly.
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