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TOLERANCES IN CONGRUENCE PERMUTABLE ALGEBRAS 

IVAN CHAJDA, PřerOV 

(Received January 9, 1986) 

Let A be an algebra and Con A its congruence lattice. Congruences Ѳ, Ф є Con A 
are permutable if 

Ѳ.Ф = Ф.Ѳ. 

An algebra A is congruence permutable if this equality is satisfied for each two 
congruences Ѳ, Ф є Con A. A variety Ý" is congruence permutable if each A є "V 
has this property. An algebra A is congruence distributive if Con A is a distributive 
lattice. A is arithmetic if it is congruence permutable and congruence distributive. 
A variety i^ is arithmetic if each A є f" has this property. 

By a tolerance on an algebra A is meant a reflexive and symmetric binary relation 
on A which has the substitution property with respect to all operations of Д, i.e. it 
is a subalgebra of the direct product A x A. The set of all tolerances on A forms 
the algebraic lattice Tol A (with respect to set inclusion). Denote by T(a, b) the 
least tolerance in Tol A containing the pair <a, b} ofelements a, b of A. An algebra A 
is tolerance trivial if each TeTol A is a congruence on A. A is principal tolerance 
trivial (see [2]) if T(a, b) = Ѳ(а, b) for each a, b є A. A variety тГ is (principal) 
tolerance trivial if each A є У~ has this property. An algebra A is tolerance per­
mutable if 

T . S = S.T 
for each T, S e Tol A. 

For the proof ofthe following proposition, see e.g. [2] or [10]: 

Proposition 1. A variety Ý" is tolerance trivial if and only if i^ is congruence 
permutable. 

Hence, investigations on tolerances are reasonable only in congruence non-
permutable varieties. On the other hand, the following question is natural: 

Question 1. Is the Proposition 1 true alsofor single algebrasl 

Let us explain the situation. A ternary function p(x, y, z) is called a MaVcev-
function if 

X x > У' У) = x > K*> *' У) = У -
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A ternary function m(x, y, z) is called a Pixley-function if 

m(x, y, j ) = m(y, y, x) = m(x, y, x) = x . 

Thus every Pixley-function is a MaPcev-function. 
The following statement was proven by A. I. МаГсеѵ (A. F. Pixley): 
A variety У is congruence permutable (arithmetic) if and only if there exists 
a ternary polynomial which is a МаГсеѵ (Pixley)-function. 

H.-P. Gumm asks in [9] if these theorems holds also for single algebras. 
If there exists a ternary polynomial p(x, y, z) in an algebra A which is a MaPcev-

function in A and if Te Tol A, then <a, fr> є Tand <b, c> є Timply 

<a,c> = (p(a,b,b),p(b,b,c)>eT, 

thus T is transitive and hence Te Con A, i.e. A is tolerance trivial. The Question 1 
can be modified: 

Does there exist a ternary polynomial which is a МаГсеѵ-funcťion in every 
congruence permutable algebral 
The answer was given by H.-P. Gumm [9]: 

For an algebra A (with the support As) we denote 

In(A) = {h: An
s -+ As; h is idempotent and compatible with 

all congruences on A and h is not a projection} . 

Proposition 2 (Theorem 2.2 in [9]). Let A be an algebra with In(A) Ф 0for some 
n ^ 2. Then either I2(A) Ф 0 or I3(A) contains a МаГсеѵ-function. 

Hence, if we should avoid to algebras with a МаГсеѵ-function among its ternary 
polynomials, we have to find it among algebras with idempotent binary functions 
compatible with congruences. The representatives of such algebras are e.g. lattices. 
The following example answers Question 1: 

Example 1. The modular lattice M 3 _ 2 in Fig. 1 is congruence permutable but 
not tolerance trivial. 
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Since M3__2 is a simple lattice (i.e. Con M 3 _ 2 = {co, i), where co is the identity 
and і the full relation), M 3 _ 2 is congruence permutable. Moreover, TolM3„2 — 
= {co, i, T}, where Tis determined by its two blocks: 

Bi = {0, a, b, c, x} , B2 = {c, x, j , z, 1} . 

The previous example is too special since it is a simple algebra. Better examples 
are algebras whose Tol A (and, hence, also Con A) are chains. If Con A is a chain, 
then A is evidently congruence permutable. It was proven in [6] that for any integer 
n ^ 1 there exists a lattice L such that Tol L is an n element chain 

соя Tl s T2 s ... Є T„_2 £ i , 

where T2, T 4 , . . . are congruences. The example of a such lattice for n = 3 is M 3 _ 2 

and for n = 5 it is the following 

Example 2. Tfte lattice L in Fig. 2 is congruence permutable, non-simple and 
tolerance non-trivial. 

Clearly Tol L is a chain co Ç Tt £ 6) £ T3 Я i, where ^ is equal to T from 
Example 1 on the small M 3 _ 2 (which substitutes the element b of the big M 3 _ 2 ) 
and equal to the identity for other elements; Ѳ is a congruence collapsing the small 
M 3 _ 2 only; T3 is determined by the two blocks: 

B1 = {0, p, q, u, small M 3_ 2} , B2 = {̂ [, u, v, w, 1} . 

With respect to the previous examples, we have the following question: 

Question 2. Does there exist a congruence permutable algebra which is not 
tolerance trivial and Con A is not a chainl 
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Let <€ be a class of algebras of the same type and closed under finite products. 
^ has directly decomposable congruences (tolerances) iffor each A, ß є ^ and every 
Ѳ e Con A x ß (Te Tol A x ß) there exist Ѳх e Con A, Ѳ2 є Соп ß (Тг є Tol A, 
T2 e Tol ß) such that Ѳ = Ѳх x Ѳ2 (Т = Tt x T2). Such classes were investigated 
in [7] and [4]. 

Theorem 1. Let % be a class ofalgebras with directly decomposable congruences. 
Ifthere exists a simple algebra A e <% which is not tolerance trivial, then ß = A x A 
satisfies: 

(i) ß is congruence permutable] 
(ii) ß is not tolerance trivial; 

(iii) Con ß is not a chain. 

Proof. Suppose A є ^ is simple, i.e. Con A = {co1, it} and there exists Te Tol A 
whichis not a congruence. Put ß = A x A. Since ^ has directly decomposable 
congruences, Con B = {a>, i, Ѳ, Ф], where œ = co1 x co2, i = ^ x e2, 6> = 
= ix x co2, Ф = cox x i2. Thus (iii) is satisfied. Since all projections of all con­
gruences are coh ii also (i) is evident. Moreover, the tolerances Tx = T x œ2,. 
T2 = T x c2, T3 = co1 x T, T4 = Lx x T and T5 = T x Г are not congruences,, 
i.e. (ii) holds. 

Theorem 2. Leř ^7 be a class of algebras with directly decomposable tolerances. 
If there exists a simple algebra A є <€ such that Tol A contains exactly one tolerance 
which is not a congruence, then ß = A x A satisfies (i), (ii), (iii) of Theorem 1 and 

(iv) ß is tolerance permutable. 

Proof. Let A є %> be simple and Tol A = {co, i, T} (where Tis not a congruence). 
Put ß = A x A. Since %> has directly decomposable tolerances, it has also directly 
decomposable congruences. By Theorem 1, ß satisfies (i), (ii), (iii). Moreover, direct 
decomposability of tolerances implies that 

TolB = {со,і,ТиТ2,Т3,Т4,Т5}, 

where Ti are constructed in the same way as in the previous proof. Since every but 
one of each Te Tol B has every projection equal to co or i, B has permutable 
tolerances. 

The following corollary gives the affirmative answer to Question 2: 

Corollary 1. There exists a congruence permutable modular lattice which is 
tolerance permutable and not tolerance trivial and whose congruence lattice is 
not a chain. 

Proof. By [4], the class of all lattices has directly decomposable tolerances. 
Moreover, the lattice M 3 _ 2 in Fig. 1 satisfies the hypotheses of Theorem 2. 

Another example of a lattice satisfying the hypotheses of Theorem 2 is the lattice 
M 3 _ 4 in Fig. 3. 
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Denote by / the two element lattice. The examples of lattices satisfying Corollary 1 
are e.g. also lattices M 3 _ 2 x / , M 3 _ 2 x M 3 _ 2 , M 3 _ 4 x J, M 3 _ 4 x M 3 . . 4 , 
M 2 _ 3 x M 3 „ 4 . 

Question 3. Does there exist a lattice Lsatisfying (i), (ii), (iii) of Theorem 1 but 
not (iv) of Theorem 2? 

The answer is affirmative: 

Ëxample 3. The modular lattice A in Fig. 4 is simple and hence congruence 
permutable. A is not tolerance trivial; there exist e.g. tolerance Tu T2 (see Fig. 5) 
which are not congruences. Prove that T l5 T2 are not permutable. Clearly <a, c> є 
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є Ти <c, b) e T2, thus <a, b> e Ti . Г2. On the contrary, <a, b> £ Г2 . Г^ Now, 
put L = A x / . Clearly Lsatisfies (i), (ii), (iii) bwř not (iv) 0/ Theorem 2. 

In [9],H.-P. Gumm tries to find congruence identities for which there exists a local 

version of the МаГсеѵ theory. His result is that the only one is the arithmeticity. 
However, this local theorem does not contain the same assertion as the corresponding 
one for varieties. He gives only the following theorèm of Pixley: 

Proposition 3 (Theorem 1.3 in [9]). Let Abe an algebra with Con Afinite. Then A 
is arithmetic if and only if there is a Pixley-function on A whichis compatible 
with all congruences on A. t 

The assumption of finiteness of Con A can be weakened but the great difference 
with the corresponding theorem" for varieties is that the mentioned Pixley-function 
m(x, y, z) need not be a polynomial on A butonly a function compatible withaJl 
congruences on A. As it was shown,if this Pixley-function m(x, y, z) is a polynomial, 
A is tolerance trivial. If m(x, yf z) is not a polynomial, then A need not be tolerance 
trivial. Sincèlattices are congruence distributive (see e.g. [8]), all foregoing examples 
are arithmetical algebras in which any Pixley-function compatible with all con-
gruencesis not a polynomial. Moreover, these Pixley-funçtions are notcompatible 
with tolerances on A (since this case implies the tolerance triviality). 

It is easy to prove that the product Tt, T2 of Tu T2 є Tol A is a tolerance on A 
if and only if Tt . T2 = T2 . T1 (see e.g. Theorem 3 in [ l]) . Hence, Tol A is a semi­
group with respect to the relation product if and only if A is tolerancepermutable. 
Thisfact can serve as a motivation of our further investigations. As the corollary 
we obtain the following implication: 

Te Tol A .=> Tp e Tol A for every integer p> 1 . 
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If an algebra A has permutable tolerances, it has clearly also permutable con­
gruences. In the general case, the converse implication is not true. We can prove only: 

Theorem 3. Let an algebra A has permutable congruences. Thenfor each Tl9 T2 e 
e Tol A there exists an integer p ^ 1 such that 

тх. т2 я n . ті. 
Proof. Suppose Tu T2 e Tol A and <x, y} e Tx . T2. Denote by t(T) the transitive 

hull ofT, i.e. t{T) is the least congruence on A containing T(see e.g. [5]). Then 

<x, у) e t(T, . T2). 

By Theorem 3 in [5], t(Tt . T2) = t(Tj . t(T2). The congruence permutability 
Í m p l Í e S <x,y>et(T>).t(T,), 

i.e. there exists an element z є A such that 

<x, z> є t(T2) , <z, у) є i (T,) . 
00 

Since t(T) = U Tn for every Te Tol A, there exist integers r ^ 1 and 5 ^ 1 with 

<x , z>eT 2
r , < z , j > e T r . 

Put p = max (r, s). Then <x, z> є T|, <z, y> є Tf proving 

<x, ^> є Г | . Tf . 

Theorem 4. Leř A be a principal tolerance trivial algebra. A has permutable 
tolerances if and only if it has permutable congruences. 

Proof. Let A be principal tolerance trivial and congruence permutable algebra. 
Suppose Tl5 T2 e Tol A and <a, b} e Tx . T2. Then there exists an element c є A 
Wllu , . __, . , . __, . 

< а , с > є Т 1 ? < с , Ь > є Т 2 , i.e. 

T(a, c) s Ti , Г(с, Ь) s T2 . 

Hence 6>(a, с) s Т1? 0(c, Ь) s Г2 and 

<a, Ь> є ©(а, с ) . 0(c, b) = Ѳ(с, b) . ©(я, с) s Т2 . Тх . 
We have 7\ . Т2 я Т2 . Тх ; the converse inclusion can be proved analogously. 

The converse implication is trivial. 
Corollary 2. For a distributive lattice L, thefollowing conditions are equivalent: 
(1) Lis tolerance permutable; 
(2) Lis congruence permutable (i.e. arithmetic); 
(3) L is tolerance trivial; 
(4) Lis relatively complementary. 
Proof. By [2]. the variety of all distributive lattices is principal tolerance triviaL 

Hence (l)<=>(2) follows by Theorem 4. By Corollary 2 in [3], we have (3)<*>(4). 
The equivalence (2) <=> (4) is well-known, see e.g. Exercises 35 and 36 of § 1 in [8] . 
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