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1. INTRODUCTION

Let H = spang{l, i, j, k} be the quaternions. We shall fix the basis {1, i, j, k}
throughout this paper. Then, we may regard H as a 4-dimensional Euclidean space R*
in the natural way. An oriented hypersurface M> in H admits a global orthonormal
frame field as follows. Let (M>, f) be an oriented hypersurface of H and ¢ a unit
normal vector field on M>. Then {&i, &j, &k} is a global orthonormal frame field
of f(M?). We shall call this orthonormal frame field an associated one on f(M?®). So,
it is natural to study oriented hypersurfaces in H by using the associated one. The
purpose of this paper is to prove the following Theorems A and B.

Theorem A. Let (M>, ) be an oriented hypersurface in the quaternions and &
the unit normal vector field of M* in H. If one of the vector fields of the associated
frame field off(M3) is an infinitesimal affine transformation, then

(1) M? is locally isometric to a 3-dimensional round sphere in H and the im-
mersion f is totally umbilic,
or

(2) M? is locally isometric to M' x R* (M" is a 1-dimensional Riemannian
manifold) and the immersion f is a locally product one.

Theorem B. Let (Ms,f) be an oriented hypersurface in the quaternions H and &
the unit normal vector field of M® in H. If the associated frame field of f(M3)
is a Ricci adapted frame (i.e., o(&i, &) = o(&j, ¢k) = o(Ek, &) = 0 on M? where @
is the Ricci tensor of M?), then

(1) M? is locally isometric to a 3-dimensional round sphere in H and the im-
mersion f is totally umbilic,
or

(2) M? is locally isometric to M' x R* (M" is a 1-dimensional Riemannian
manifold) and the immersion f is a locally product one.

In particular, (M3,f) is an Einstein hypersurface in H.

Remark. In the case (2) of Theorem A, the vector field &i is an infinitesimal affine
transformation which is not a killing vector field.
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In this paper, all the manifolds are assumed to be connected and class C* unless
otherwise stated. The author would like to express his heartly thanks to Professor

K. Sekigawa and Professor K. Tsukada for their constant encouragement and many
valuable suggestions.

2. PRELIMINARIES

First, we shall recall some elementary properties of the quaternions H =
= spang {1,1,j,k} with i* =j2=k>= —1, ij= —ji=k, jk= —kj=1i and
ki = —ik = j. Let {, ) be the canonical inner product of H. For any x € H, we
denote by X the conjugate of x. We write down some elementary properties of H.

(2.1) Cow, yy = <X, y%), <wx, p) = <x, Wy,
xy = jx, _
= (xJ +y3)[2, (&7 =0

for any x, y, w e H (see [3]).

We recall also some elementary formulae of hypersurfaces in the Euclidean space.
We denote by R**! an (n + 1)-dimensional Euclidean space. Let M" be an n-di-
mensional hypersurface in R**'. We denote by V, D and V* the Riemannian con-
nection of M", R**! and the normal connection of M" in R"*! respectively, and o

the second fundamental form of M” in R**!. Then, the Gauss formula and the
Weingarten formula are given respectively by

(2.2) (X, Y) = DyY — V,Y,
(2.3) D& = —A(X)
for any X, Ye ¥(M") (¥(M") denotes the Lie algebra of all differentiable vector

fields on M"), where ¢ is the unit normal vector field of M" in R"*' and — A4(X)
denotes the tangential part of D &.

The tangential part A,(X) is related to the second fundamental form ¢ as follows:

(2.4) (o(X, Y), & = {A{X), Y)> forany X, Ye¥(M").

Then, the Gauss, Codazzi equations are given respectively by
(2:5) R(X,Y)Z, W) = {o(X, W), o(Y, Z)) — {c(X, Z), o(Y, W),
(2.6) (Vo)(X,Y,Z) = (Vo)(Y.X,2Z)

for any X, Y,Z, We %(M"), where R is the Riemannian curvature tensor of M"
defined by R(X,Y) = [Vx, Vy] — Vix.y; and (Vo)(X, Y.Z) = Vx(o(Y, Z)) —
— o(VyY,Z) — o(Y, VxZ). '
We shall give some elementary formulae of an oriented hypersurface in H for the
sake of later uses. Let (M>, f) be an oriented hypersurface in the quaternions H.
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We denote by & the unit normal vector field of M* in H. Then, we see that {&i, &, £k}
is a global orthonormal frame field on M3,

By (2.1) and (2.3), we get

(2.7) V(&) = o(&i, &) k — a(&i, k) j,
Vei(&) = a(&. ¢k)i — o(&), &) k,
Va(Ck) = o(Ek, 8i)j — o(lk, &) i,
Vel&) = o(ei, ek)i — (i, &)k,
Vei(Ek) = o(&), &i)j — a(&), &) i,
Val(&i) = o(Ek, &) k — o(Ek, Ek)j,
Vei(8i) = o(&, &) k — o(&), Ek)J
Ve(&) = o(Ek, Ek) i — o(ek, &)k,
Veil(Ek) = o(&i, &i)j — o(&i, &) i

From (2.7), it follows that div(&i) = div(&j) = div(ék) = 0, that is, (M3, f) has the

divergence property ([1]).

3. PROOF OF THEOREM A

First, we shall prepare some lemmas. Without loss of essentiality, we may assume
that the vector field &i is an infinitesimal affine transformation of M3 (that is, &i
satisfies Vx(Vy(&i)) — Vy,v(¢i) = R(X, &i) Yfor any X, Ye X¥(M?) (see [8])).

Lemma 3.1. The vector field i is an infinitesimal affine transformation if and
only if
(a) <a(X, Y),a(&i, &i)y = <o(X, &i), o(Y, &i)) + <a(X, &), o(Y, &)

+ <o(X, k), o(Y, Ek)>.
(b) (Vo) (X, Y, &), & = —<o(X, Y), a(&i, Ek)),
and
(¢) (Vo)(X, Y, ¢k), &) = <o(X, Y), a(&i, &j)) for any X, Ye X(M®).
Proof. By (2.7), we get
(1) VaTH(E) — Vol
= Vx{o(Y. &) k — o(Y. Ek) j} — {a(VxY, &) k — o(VyY, Ek) j}
= (X{a(Y, &), &) &k + (a(Y, &), &) Vy(Ek)
— {(X<a(Y, &k), &) & + (a(Y, k), & V;{(ﬁj)}
— {a(VxY. &j) k — a(VxY, k) j}
= (Vo) (X, Y, &) + a(VxY. &) + a(Y, Vx(&))), & &k
+ <a(Y. &), & {o(X, &i)j — a(X, &) i}
— (Vo) (X, Y, &k) + a(VyY, k) + oY, Vi(Ek)), &) &
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— <a(Y, Ek), &) {o(X, Ek) i — o(X, &i) k}
— {0(VxY.&j) k — a(VyY, EK) j}
= — {Ka(X, &), o(Y, &)> + (o(X, &k), o(Y, EK)} &i
— {(Vo) (X, Y, &k), & — (o(X. &), o(Y, &} &
+ {{(Vo) (X, Y, &), & + <o(X, &k), o(Y, &i)>} &k .
On the other hand, by (2.5), we get
(3.2) R(X, &) Y
= {(G(X, fi), O'(Y, fl)) - <0'(X, Y), 0'(51', fl)>} &i
+ {<a(X, &), oY, &)y — <a(X, Y), o(&i, &)} &
+ {<o(X, &K), o(Y, &)y — <o(X, Y), o(éi, EK))) ¢k .
From (3.1) and (3.2), we have the desired equalities. []
Lemma 3.2.
o(&i, &) = o(éi, &k) = (Vo) (X, Y, &) = (Vo) (X, Y, k) = 0
for any X,Ye X(M?®).
Proof. By (b) and (c) of Lemma 3.1, we get
(3:3) (Vo) (X, &k, &), & = —<o(X, &k), o(Ci, Ek)) ,
(Vo) (X, &, &k), & = La(X, &), a(¢i, &j)>
for any X € X(M?). Therefore, by (2.6) and (3.3), we get
(3.4) (o(X, &), o(éi, &)y + <a(X, k). o(&i, Ek)y = 0
for any X € X¥(M?). Putting X = &i in (3.4), we get
63 lote &I + lofei, ) = 0.
Hence, we have
(3.6) o(&i, &) = a(&i, Ek) = 0.
By (3.6) and (b), (c) of Lemma 3.1, we have the desired equalities. []

From Lemma 3.2, it follows that the shape operator A, takes the form

a00
(3.7) A:=|0 B v
Ovy

with respect to the orthonormal frame field {&i, &, ¢k}, where o = (o(éi, &i), &,
B = <a(&, &), £, 7 = <o(Ek, &k), & and v = <a(&), £k), €). Then, by (2.7) and
(3.7), we get

(38) Vfi(éi) = 0’ Vgl(é]) = Vfi s
Vallk) = —di, V(&) = —alk,
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Vei(Ek) = —Bii, Va(li) =  vek —9&,
Veii) = BEk — &, V(&) = véi,
V{i(ék) = chj .
Lemma 3.3. The functions o, f, y and v satisfy the following conditions:
(1) B and y are constant functions,
(2) v =0,
(3) v(B +7) =0,
4) v+ Be—7y)=0, —v* + (B — a) =0,
(5) ¢i(v) + oy — B) =0,
(6) &i(®) = & k() = &j(v) = Ek(v) = 0.
Proof. Taking account of the definition of Vo, Lemma 3.2 and (3.8), we get
(3.9) 0 = (Vo) (&, &i, &), &
= &jCa(&i, &)), & — (a(V(&i), &), & — <o(&i, Ve (&), &
"(U(ﬂék - Vé_], f])s é> - <6(éla V&l), §>

Il

=—pfv+vf—ov=—av.
Hence we have (2). From (a) of Lemma 3.1 (X = &, Y = £k), we get
av = v + 7).

By (2), we have (3).
Similarly, from Lemma 3.2, (2.6), (3.8), (2) and the definition of Vo, we get
(3.10) 0 = (Vo) (&, &), &)), & = Ei(B) + 2av = Ei(B),
0 = (Vo) (&i, &k, Ek), &y = Ei(y) — 2av = & i(y),
0 = (Vo) (¢k, &, &j), & = EK(B),
0 = (Vo) (&), &k, ¢k), & = Ej(v),
0 = (Vo) (&, &, &), & = Ei(B),
0= <(V0') (fk, ¢k, fk), & = §k(y) .
From (3.10), we have (1).
(3.11) 0 = (Vo) (&i, &j, &k), & = &i(v) + «(y — B),
0 = {(Vo) (&, &i, &k), & = v + Blx — ),
0 = (Vo) (¢k, &i, &), &) = —v* + y(B — o).
From (3.11), we have (4) and (5).
(3.12) 0 = (Vo) (&, &i, &i), & = &j(a),
0 = (Vo) (&K, &i, &i), &) = E k(x),
0 = (Vo) (&. &j» €k), & = ¢j(v),
0 = (Vo) (Ek, &k, &), & = E k().
From (3.12), we have (6). [
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Now, we are in a crucial position to prove Theorem A. The proof is divided into
the following three cases from Lemma 3.3:

Case (1) =7y =0,

Case (2) =1y %0,

Case (3) B + 7.

Case (1). Then, by (4) of Lemma 3.3, we get the function v vanishes identically.
In the sequel, we identify M> with f(M?) locally. We denote by D, and D, 1-di-
mensional and 2-dimensional distributions defined by D,(p) = spanx{é i(p)},
Do(p) := spang{& j(p), £ k(p)} for each p € M3, respectively. By (3.8);, each integral
curve of D, is a geodesic in M>. By (3.8),, (3.8)s, (3.8)s, (3.8)s, and taking account
of f=9y=v=0, we get '

(3.23) VDo = Dy,
V:;Doy = Dy .
VaDo < Dy .

By (3.23), each leaf of D, is parallelin M and furthermore, by (3.8)s, (3.8) and (2.2),
each integral manifold of D, is locally flat, and hence M3 is a locally product of
a 1-dimensional Riemannian manifold and a 2-dimensional Euclidean space.

Next, we shall determine the immersion f. By (2.2), (3.6), (3.7), we get
(3.24) Dy(&j) = Dyf(¢k) = Dy(&j) = DgfEk) =0,
(325)  Dg(& A k)= =2tk A Ek + & A (n&) = 0.

Let M,(p) be the integral curve of D, through a point p € M>, then by (3.25), we
see that images of the leaves of Dy (by f) through the points on f(M,(p)) are parallel
to each other in H = R* (and hence f(M,(p)) is a planar curve). Thus, the im-
mersion f is the locally product (cf. [5]).

Case (2). Then, taking account of (3) of Lemma 3.3, we get v = 0 on M°>. By (4)
of Lemma 3.3, we have « = f = y # 0. Hence, in this case (M?, f) is a round sphere.

Case (3). We assume that U := {p € M*| v(p) * 0} is non-empty in M>. By (2)
and (3) of Lemma 3.3, f + y = 0 and « = 0 on U. Therefore, by (3) of Lemma 3.3,
we get v2 + B2 = 0 on U. This is a contradiction. Hence we have v = 0 identically.
Since B # 7, by (4), (5) of Lemma 3.3, we get fy = 0 and @ = 0 on M>. Hence, the
following two cases are possible, (3-1) « = f=0and y + 0, (3-2) « = y = 0 and
B = 0. Then, in both cases, applying the same arguments as in the case (1), we see
also that (M?>, f) is locally isometric to a generalized cylinder S'(r) x R* —» R*> x R?
for some r where S'(r) is a 1-dimensional sphere of radius r, and r = 1y or 1/[3
The case (3) is the special case of (2) in Theorem A.

This completes the proof of Theorem A.
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4. PROOF OF THEOREM B

First, we assume that the Gauss-Kronecker curvature det4, does not vanish iden-
tically. Let U be a connected component of the set {p € M | detA,(p) + 0}. We put

a = {o(&i, &i), &, B = <a(&), &), &, v = Ca(&k, &k), &), 1 = <a(&i, &), &, n =
= {o(¢&i, k), £y and v = {o(¢&], k), €). Then the shape operator A is written by

aAu
(4.1) Ac=|1Bv].
Wy
By (2.5) and (4.1), the Ricci curvature g is given by

o(&i, &i) e(&i, &) o(¢i, Ek)

(4.2) (&, &i) o, &) ol&, Ek)
o(&k, &i) o(&k, &j) o(&k, Ek)
o +y) — A — 4 YA — py Bu — va
=|pi — v By + @) = v — A av — Ap .
Bu — v av — Ap Yo + B) — p2 —v?
By (4.2), the frame {¢&i, &j, &k} is a Ricci adapted frame if and only if
(4.3) PA—mw=Pu—vi=ov—Jip=0 on M.

Lemma 4.1. Auv = 0 on U.
Proof. We assume there exists a point g € U with (Auv) (q) # 0. By (4.3), we get
(4.4) a=2ulv, B=vilu, y=pi atgq.
By (4.1) and (4.4), we get
detd.(q) = afy + 2Apy — {wv* + Bu® + »?*} = 0.
This is a contradiction. [

By (4.3) and Lemma 4.1, we get

(4.5) av? = fu? = yA%2 = Juv = 0.
On the other hand, we get
(4.6) det A, = afy £ 0.

By (4.5) and (4.6), we have 1 = u = v = 0 on U. Hence, the shape operator A,
is given by

a00
(4.7) A4;={0B0| on U.

007y

By (2.7) and (4.7), the connection V of M? is given by
(4-8) Véi(éi) = ch(fj) = Vik(ék) =0,
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Vel&) = <qzk, v, (&) = Bk,
Vel = —pei vu(e) = v,
Voll) = ~ygj, vo(tk) = .
Lemma 42.a = f <, (+0) on U.
Proof. By (2.6) anq (4.8), we get
0= (Veidy) (&) — (V254e) (&)
= V-f"(Aé(ﬁi)) — ALVel &) — Vei(AdED)) + Ay(Ve(ED))
= ValBEj) — a,(—atk) — Vey(ati) + ABEK)
= &i(B) &j + pv,(&)) + antk — &) &i — aVy (&) + ek
= CilB) & — apek + oy — &j(o) & — afek + yik
= Ci(B) & — &j(w) &i — {208 — (o + B)} Ck.
Hence, we get
(4.9) ¢i(p) = §(e) =0 and 2af = y(x + B).
Similarly, by (2.6) and (4.8), we get
(4.10) Ci(y) = Ek(B) = 0 and 2By = «(B + ),
(4.11) k() = &i(y) = 0 and 2yx = By + a).
By (4.9), (4.10) and (4.11), we get the desired equality. []

From Lemma 4.2, we may see that each point of U is an umbilical point. Hence U
is a non-empty, open and closed subset in M®. Consequently, M® is an open piece
of a round sphere.

Next, we assume that the Gauss-Kronecker curvature det 4, and the scalar curva-
ture t vanishes identically on M. In this case, we see that M® is an Ricci flat hyper-
surface and hence locally flat one. Hence, we see that M° is locally isometric to
M' x R* (see [5]).

Lastly, we assume that the Gauss-Kronecker curvature det 4, vanishes identically
on M?, the scalar curvature 7 is not identically 0 on M°. Let U be a connected com-

ponent of the set (pe M 3 I (p) * 0}. By the assumption;, the characteristic poly-
nomial of 4, is given by

det (xI — Ag) = x* — (tr A) x* + (¢2) x .
Hence, the eigenvalues L1, I2, #3 of A, are given by
(4.12) =0, p={trd + J((tr 4, - 20)})2,
py = {tr 4 — V((tr 4 — 20)}[2.
Then we have ‘
(4.13) pous = 7f2 ¥ 0.
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Therefore, the following two cases possible
Case (1) p, =+ p, at some point g € U,
Case (2) pu, = p, identically on U.

Case (1) Let U, be the connected component of the set {q € U | u,(q) * us(q)}-
Then puy, p,, 5 are differentiable functions on U, and there exists the local ortho-
normal frame field {e,, e,, es} on some neighborhood U, of U, such that

(4.14) Ade)) =0, Ade,) = poe, and Agles) = pses .
On one hand, we easily see that spang{é&i, &j, £k} = spang{e;, e,, 3} at each

point of U,. Hence we can put

3 3
(4~15) &i =z°‘iei, 5j=2ﬁieia fk=z%'ei»
i=1 i=1

where
oy 0y o3

(4.16) By By Bale€ 0(3).
Y1 V2 V3

Then, for any i = 1, 2, 3, a;, ; and y; are differentiable functions on Uj.
By the assumption, {&i, &j, &k} is a Ricci adapted frame, (4.12) and (4.13), we get

(417) 0= o(&i, &) = trd{A(LD), &) — <AL&), AL&))
th&{#z“zﬁz + ﬂso‘sﬂs} - {(Nz)z a By + (Ns)z “3ﬁ3}
#zﬂs(“zﬂz + “3ﬁ3) = T(“zﬁz + “353)/2‘

Similarly, (o(&j, &k) = o(¢k, &i) = 0), by (4.12) and (4.13), we get
(4.18) 0 = ©(Byys + Bays)[2 = (120 + 7303)[2.

By the assumption (7 # 0), (4.16), (4.17) and (4.18), we get

(4~19) By = Biyy =100 = 0.

If &, is not identically 0 on Uy, by (4.16) and (4.19), there exists a neighborhood U,
of U, such that

(4.20) op=+1, By=y,=0, on U,.

Il

Hence, without loss of generality, we may put
(4.21) ti=e;, & =ae, + bey, Ek = —be, +ae;, on U,,
where a® + b® = 1. By (4.1), (4.14) and (4.19), we get
(4.22) a=(ale, e), & =0, B=a’u,+bu,,
y = b2u, + a*uy, A = (o(ey, ae; + bey), &) =0,
i = {o(e, —be, + ae;), &) =0,
v = (a(ae, + bey, —be, + aes), &) = ab(us — p,), on U,.
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On one hand, by (2.2), we get
(4.23) (Vo) (&, &), Ek), &y = Ei(v) + oy — B) + A2 — p?
= &i(p) + Bla —y) +v* = A =Ek(A) +y(B — @) + 4> = v* on U,.
By (4.22) and (4.23), we get
Ei(v)= —By + v* =By —v*, on U,.
Hence, we have
(4‘24) By —v*=0, on U,.
On the other hand, by (4.22) the scalar curvature t is given by
(4.25) T=20B + By +yau — A* — p> —v}) =2y — V).

By (4.24) and (4.25), we get © = 0. This contradicts the assumption. Hence, a; =
= B, = 71 = 0 on U,, this contradicts (4.16).- Consequently, the case (1) does not
occeur.

By the same argument, the case (2) does not occur.
This completes the proof of Theorem B.
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