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MINIMIZATION OF BOOLEAN FUNCTIONS

MARIE RUDIGEROVA

(Received on December 18, 1963.)

In this article there is described a method for finding all the minimal forms
of Boolean function in a sum-of-product expressions. The basis of the method
is a procedure, worked out by W. V. QuUINE and modified by E. J. McCLus-
KEY for algorithmic determination of at least one minimal form of a given
function.

1. INTRODUCTION

For the minimization of combinational Boolean functions in a sum-of-product
form, many methods have been developed. A well-known one is Quine’s method for
finding the minimal form®), partly algorithmic, partly intuitive [1], [2]. McCluskey
defined the algorithm for finding primne implicants with more precision so that not
each mintermz), or let us say term of the considered function, is to be compared with
each minterm or let us say term but only a comparison of the terms of certain groups
is necessary [3]. At the last stage of minimization according to W. V. Quine all
selections of the remaining terms had to be compared to be able to state if the respec-
tive selection comes under the minimal form of function or not. The restriction of the
number of selections at this stage was done only intuitively. McCluskey refined
Quine’s algorithm so that its last stage, the comparison of all selections, is in many
cases reduced to comparing a smaller number of selections, obtaining at least one
minimal form of function.

2. MINIMIZATION ACCORDING TO McCLUSKEY

Minimization according to McCluskey [3] can be summed up into four stages.

0) Preparatory stage. — Find prime implicants of the given function. Compile
a table from minterms (at the head of columns) and prime implicants (at the head of

1) By “minimal” we call that form of function, which has the smallest complete number of
operations sum and product.

2) Minterm of a function of n variables is a conjunction of all » variables which may occur
simplyor negated in the minterm. '
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rows) of the function under investigation so that the prime implicants of equal orders
constitute groups. (The order of a term is log, of the number of minterms included in
the term.)

1) Point out the essential terms of minimal form of the given function. The essen-
tial terms are included in every minimal form of the function (McCluskey marks them
with one asterisk).

2) Absorb superfluous columns and rows of the same groups, and determine
supplementary essential terms (McCluskey marks them with two asterisks). If we
follow point 2 the first time, we obtain terms which occur at least in one minimal form
of the given function.

3) Choose one of the remaining terms (McCluskey marks it with three asterisks).
The term may be included in some minimal form, but it need not. If all the minterms
of the given function are not covered after this step, continue in point 2. If all possible
choices have been made, one of the resultant forms of investigated function is surely
minimal.

3. MODIFICATION OF McCLUSKEY’S METHOD

After point 2 row j can absorb row i only if row i is in the same group as row j and
if covering of minterms included in row j implicates covering of still uncovered min-
terms of row i. The following text will make clear that the McCluskey process can be
shortened without distortion of the result, if we allow in point 2 also absorption of
rows from groups with terms of lower orders into groups with terms of higher orders.

During the absorption of terms of the same group it may happen that the absorbed
term could occur in some minimal form of the function under investigation, in a form
which could not be obtained in the McCluskey method. This case will not happen if
the term of lower order is absorbed by a term of higher one. This means that if we
want to know all the minimal forms of the function under investigation we can allow
absorption of lower order-terms by higher orders terms, but not absorption of terms
of the same group.

Let us prove on performing the algorithm just described, indeed all the minimal
forms of the giveﬁ function are obtained.

— As it results from the definition of essential term, each minterm not covered by an
essential term can be covered by at least two prime implicants. Let us presume that
a minterm m can be covered just by two terms A, B.

— Let M be the set of still uncovered minterms included int the term A, and let
M be the set of still uncovered minterms included in the term B.

— Assume that minterms of the sets M, — Mzand My — M, will be covered in the
course of the process by other terms of the minimal form of function; denote this
assumption by P. At this stage of minimization we are not able to decide on the
validity of P.

— The order of the term A we denote by o, that of B by o,.
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Then these cases can occur:

a)

b)

d)

My—My+0, My—M,+0.

Since we cannot decide at this moment about validity of P, we also cannot decide
which of the terms A4, B can become parts of some minimal form of function, or
possibly, whether both terms can become part of some minimal form of function.

M,—-Mz+0, My—M,=0.
If mentioned equations are valid, three cases can occur:
1) 04 < 0p.
If P is fulfilled, we shall evidently include the term B into the minimal form. If not,
then the term A4 will become the term of minimal form. Therefore we cannot

decide at this moment, which of the terms A, B can become term of some minimal
form. Therefore we cannot allow the absorption of the term B by the term A.

2) 04 =0g.

If P is fulfilled, it is equivalent to cover minterm m by the term A or by the term B;
both A and B might become terms of various minimal forms. If P is not fulfilled,
the term A can become a term of minimal form, but not the term B. The term A is
equivalent here to a supplementary essential term in McCluskey’s method (mar-
ked with two asterisks), the term B is equivalent to the absorbed term in point 2 of
McCluskey’s method. If we do not allow the absorption of B, it is preserved as
a candidate for a part in minimal form, if P is fulfilled.

3) 04 > 0p.

If P is fulfilled, choose the term A as more advantageous for covering of minterm
m. If P is not fulfilled, A will become a term of the minimal form again. Therefore
B will not become a term of the minimal form, independently of the validity P.
Thus in point 2 of this minimization method we allow the absorption of the term B
by the term A.

My—My=0, My—M,+0.
This case can evidently be transformed into case b).
My—My=0, My—M,=0.
1) 04 < o0g.
The term B will become a term of the minimal form.
2) 04 = 0g.
Both terms will become terms of various minimal forms of the given function.
3) 04 > 0p.

The term A4 will become a term of the minimal form.
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By extending this to cases when the investigated minterm is included in more than
two prime implicants, the complete proof is obtained, modifying McCluskey’s
method as described at the beginning of the chapter 3, and we obtain a method of
minimization for finding all the minimal forms of a given function.

4. EXAMPLES

Example 1. Let us find all the minimal forms of the following function of five
variables:

f=myg VvV msVv mgV mgVv m;V mgV My, V MsV MgV MgV
V Myg V Myy V Mys V Myq V Myg V Mag V May .

0) Preparatory stage. — Find the prime implicants of the function under investiga-
tion, see tab. 1. Construct the table for the minterms of investigated function and the
found prime implicants: see tab. 2.

abcde abcde abcede
000000 0 400-00 0 41620-0-00 E
400100 0 80-000K 4 62022-01-0D
801000 016-0000 3 711150-~-11C¢C
1610000 4 6001-0 1152731~ 1-118
300011 420-0100 252729311 1--14
600110 16171 000- 5
1710001 16201 0-00
2010100 3 700-11
700111 3110-011
1101011 6 70011—-1 A = abe
2210110 622-0110 B = bde
2511001 17251 -001H = ade
1501111 202101-0 = hee
271101 1 7150-111 T = bde
2011101 111501 ~11 F:abccf
3011110 1127-1011 = acde
e _ G H = acd
3111111 22 30 1 110 Zide
2527110~ 1 I = abed
252911-01 J:@
1530 - 1111 K = acde
273111 =11
2931 111-1
30311111~ F
Tab. 1
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0 3 4 6 7 8 1 15 16 17 20 22 25 27 29 30 31
A . X | X[ X X

B ) X | X X X

ab. 2.

0 3 4 6 7 8 11 15 16 17 20 22 25 27 29 30 3

Tab. 3.

1) Pointing out the essential terms of the minimal form of the function. — Cross out
the column of that minterm which is included in one prime implicant only; cross out
the relevant prime implicant, and mark it with an asterisk. It is an essential term. Cross

_out the columns of minterms covered by the essential terms. See tab. 3.
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0 3 4 6 7 8 11 15 16 17 20 22 25 27 29 30 3

A *

B

C a3
D * K
E X X

_n
X

G X

H X

]

] X | X

K >
Tab. 4.

2) Absorption of columns and rows. — Minterms 4 and 20 are included in the same
terms (the both are in the terms D and E); therefore one of columns 4 and 20 need not
be considered. We cross out column 4.

Covering of minterms of the term D implies covering of the minterm 6 of the term I.
But I is a term of lower order than the term D. Therefore the term I can be crossed
out.

Minterm 6 is now included in the term D only. The term D has therefore become
a supplementary essential term. Cross out the row and mark it with two asterisks.
Also cross out the columns of minterms covered by the term D. See tab. 4.

3) Choice of following term. — Minterm 16 can be covered in two ways: by the
term E or by the term J. First choose E. We mark it with three asterisks and cross
out the relevant row and column. See tab. 5.

Choosing the term E, we obtain the following partial expressions of the given
function (see tab. 5):

Af =P, vP,vP, =EVHVF,
2Af=P, vP,vP,=EVHVG,
3Af=P,vP,vP,=EvJvVvF,
“Nf=P,vPi,vPi,,=EvJ VvG.

Next take the second possibility of covering the minterm 16, by the term J. Mark
it with three asterisks, and cross out the relevant row and columns. See tab. 6.
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0 3 4 6 7 8 11 15 16 17 20 22 25 27 29 30 31

A ¢ x
B
c x
D ¢ x %
X X
E 1
> X X
F X 11y 121
* K X
G x 1M2v122
K K XK
H X b
!
> X >
) x 12
K 3
Tab. 5.

0 3 4 6 7 8 11 15 16 17 20 22 25 27 29 30 31

A %
B
c *
D * 2
E

7€ X
F X > 21

2 X
G X 2
H
|

* X xK
J 2
K x

Tab. 6.

Choosing the term J, we obtain the following partial expressions (see tab. 6).

SAf=P,v Pyy=JVF,
*Af =P, v Py=JvVvG.
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The partial expressions *Af and ®Af of f haveless terms than the previous four terms,
they are more simple. The terms J, G and F are in the same group, so that the partial
expressions “Af and ®Af are equivalent as regards complexity. Using tab. 4, 6 and 1
we now have that the minimal forms of the function f are these expressions:

lff=AvCvDvJVvEKVF=
= abe v ade v bcé v abéd v acde v abed
2f=AvCvDVvVIVKVG=
= abe v ade v bcé v abed v acde v acdé .
Minimization of f according to the original form of McCluskey’s procedure yields
only 2f.

Example 2. Only the formulation and results are given. Find all the minimal forms
of the following function of five variables:

g=MyV My V MgV MgV My V May V Myg V Mzg V Mgy .

A = abce F = abce
= abed G = bede
C = acde H = gbde
D = bcde I = abce
E = abde
Tab. 7

For the prime implicant found see tab. 7. The minimal forms of g are:

'g=AVv CVEvVGV H=abcev acdée v abde v btde v abde ,
29g=AvCvVEvVFvH=abcev acde v abde v abce v abde
39 =Av Cv DvVvFv H=abcev acdé v bede v abte v abde,
“g=Av CvEvVGvVI =abcev acdée v abde v becde v abcé,

v abde ,

¢ =Av Bv DvFv H=abcev abed v bedé v abce
abde v bcde v abce .

% =AvBvEVGvVI =abcev abed v

_ The original version of McCluskey’s method yields only *g and 2g as a result of mini-
mization of the function g.

5. A NOTE TO SVOBODA’S METHOD

A. Svoboda’s method also finds at least one minimal expression of a given function.
Even by applying the method several times (in applying theorem 2, we can choose
various minterms as initial) we do not always obtain all the minimal forms of the
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considered function. E. g., in minimizing the function g mentioned above, in this
method one cannot obtain the minimal forms °g and ®g. The modification of the
minimization method described in this article is usable also in Svoboda’s method [4],
where after modification we have the condition k < K in the theorem 2, point 4. The
proof of this statement can be made analogously to that used in the modification of
McCluskey’s method.

6. CONCLUSION

The modification described in this article modifies the minimization method of
McCluskey so as to yield all the minimal forms of the investigated function. Often the
procedure is not substantially longer than the original one according to McCluskey.

The modification described in this paper for McCluskey’s method is also usable
for Svoboda’s method.
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Vytah

MINIMIZACE BOOLSKYCH FUNKCI

MARIE RUDIGEROVA

Autorka pfedkladd minimizaéni postup, pomoci kterého lze ziskat vSechny mini-
mdlni tvary Boolské funkce ve tvaru souctu soucind. Za minimélni se povaZuje tvar
s minimdlnim poctem operaci logického souctu a souinu. Autorka pfi tom vychdzi
z minimizaéniho postupu E. J. McCluskeyho [3] pro nalezeni alespoi jednoho mini-
madlniho tvaru funkce. Pfi zachovdni symboliky zavedené McCluskeym pozméiiuje
algoritmus vybéru dodate¢nych zakladnich ¢lent pro minimdlni tvar a dokazuje, Ze
podle tohoto algoritmu dostaneme v§echny minimdlni tvary funkce. Autorka pozna-
mendvd, Ze podobnou ipravou minimizadni metody A. Svobody [4] lze docilit ana-
logického vysledku.
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Pesiome

MUHUMM3ALIVA BYJIEBBIX ®VHKLIUA

MAPUE PHOJUTEPOBA (Marie Riidigerovd)

ABTOD npe/taraeT MeTo; MUHUMHU3ANUH, TPU HOMOUIH KOTOPOT'O MOXKHO HOJIYYUTh
BCE MUHMMaJIbHBIC (hOPMBI OyJIeBoll GyHKIMM B HOPMaJIbHOM OU3BIOHKTHOH dopMe.
MunumanpHoit chuTaeTcst GopMa ¢ MUHMMAJIBLHEIM YHCIIOM ONEPAaUMil JTOTMYecKoro
coYyeTaHus 1 yMHOXeHHs. [Ipy 3TOM aBTOp HCXOAUT M3 METOJa MUHIUMU3AIMU TIpeji-
noxenHoro D, V. Maxknacku [3] anis mosyvenus mo MeHbIIEH Mepe OJHON MUHU-
ManbHOM opMbl GpyHKuMM. [Ipu COXpaHEeHHU CHUMBOJIMKY, BBEIEHHOW Makkiacku,
U3MEHSIET aBTOp AJTOPUTM BBIOODPA HEOOS3aTEIbHBIX YWIEHOB MUHUMAIBHOMN (hOPMBI
U 0Ka3bIBAET, YTO B PE3yJIbTaTe NPUMEHEHHS NPEIJIONKEHHOIO AJITOPUTMA MOJTyya-
IOTCSl BCE MUHMMAJIbHBIE (POPMBI PYHKUIMNA. ABTOP OTMEUYAELT, YTO COOTBETCTBYIOIIHE
HU3MEHEHMs] MeTOJla MHHUMM3aUMd, npepioxeHHoro A. CsoGomoi [4], naroT
aHAJIOrMYHBIA pe3yJIbTaT.

Adresa autorky: Inz. Marie Riidigerovd, Statni vyzkumny tstav silnoproudé elektrotechniky,
Loretanské nam. 3, Praha 1 — Hradc¢any.
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