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SVAZEK 13 (1968) APLIKACE MATEMATIKY &isLo 2

ROUNDING ERRORS IN ALTERNATING DIRECTION METHODS
FOR PARABOLIC PROBLEMS

H. H. RACHFORD, JR.

Recently, the rouding error growth in solving a Crank-Nicolson difference analogue
of a general second order parabolic problem with smooth coefficients in one space
variable was analyzed [1]. It was shown that to maintain a fixed bound on rounding-
induced errors the word length of the floating mantissa must be increased in propor-
tion to the logarithm of the number of time-distance mesh points as the time and
distance steps, k and h, are taken to zero at constant k/h. The present work shows
that the analysis can be extended to the p-dimensional case when the computation is
done using a stable, consistent, two-level alternating direction procedure. In this
case, the required increase in word length is proportional to log (p>NM?) where N is
the maximum number of grid points in any line in R,, the mesh covering the spatial
domain, and M is the number of time steps.

‘dLet L(u) = él[(a/ﬁxi) (a(x, 1) (oufox;)) + &(x, 1) (dufox;)] + y(x, ) u, and con-

" L) = 5+ 1)

in a bounded region R x (0, T], where R < R?, &, £, and y are scalar valued con-
tinuous function of x € R? and time, 1,0 < oy £ & < «,,, y < 0, and u is specified
such that fourth distance derivatives of u are bounded. We consider the operators

Q) L, w(P.1) = V&PV, 1)V, w(P, 1)) + <271{> &P, 1) [w(P? 1) — w(P, 1)]

+ y(P, ) w(P, 1)[p

where the grid of points R, over R is generated by the increment vector h = (hy, ...
.. hy), Pe R, is defined by P = (xy, ..., X;, ... X,), PP = (X, ..o, x; £ hyy ooy X)),
P2 (xq, oo xi + hype ooy X,), Viw(P) = [W(P) — w(P)] hy' and V,w(P) =
V. w(P;). The Crank-Nicolson difference analogue of (1) becomes

p
(3) w(P, ty1) + 3k Y L, [W(P, ty4y) + w(P, t,)] = w(P, t,) — kF(P, t, + k),
i1
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which relates the values of the approximation w at points of (R,,u C,) % {t.}.
where t, = nk,n=0,1,.., K — 1, K = T/k, and where the points C, are points
on éR x {t,}. We let N, be the number of points of R, and [v]| = (h,, ..., h, Yv})"/?
for all v € R™. The relation (2) is evidently of the form R

(4) (I+A)wn+l+Bwn:gn’ n:O,l,.,.,K—],

p
where A and B depend also on n. Letting Y. 4; = A and noting that (I + A)w = =
i=1

is readily solved, the alternating direction form of (4) is

p
(5a) (I+A)BYy + Y Ap, + By, = g,
j=2

(5b) (I+A)BL =B + Ay i=2....p,

and the approximation for u,, ;, B+, is taken to be 7.

The computations using (5) produce not {B,} but a sequence {B,}, which differs
from {B,} due to rounding. We follow the type of analysis of WiLKINSON [2] and write
Bl = Qid;, ﬁﬂl = Qiaiv where

di =g~ (B+A—-A)pB,, d =" +Ap,, i=2..p,
and

(21 =g"—(B+A—A1)/}"+e1, Ji :Bl(ii+71])+Aiﬁn+ei’ i=2,...,p,

where e; is the error introduced in computing d; from the stated arguments,
Q; = (I + 4;)7*, and Q; is a matrix approximating Q; whose existence and exact
form depend upon the procedure used to solve (5).

We assume several quantities relevant to the problem to be solved:

(6a) (1 +4) ' <15, 6>0,

(6b) max (g, + 2% [ 48] + [BB.]. [B]) = 8.

(6¢) IR = M(),

where R; = Q;Q; " — I, and 7 is the number of floating base N digits in the mantissa.

The existence of f and & follow from consistency and stability of (5).

From (5), (6), and an examination ofi]j[j 0, - ﬁjQ,. , we conclude that
O o] S L0+ My = 10577 [o,+ X 48] + (B + A1 +
bole = e = 1)t + [16] + [ £([10: - [T0) 4, -
= (110, 11.0) (8 + A1 1
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,and G = z H QA;
— H 0,(B + A). 1t will be seen to be important below that G is the matrlx such that
I + Cok for all n.

where v, = f, — B, 0 = (L + M)[d, n, is a bound on |e;

[,,H = Gf, + Hg, from (5); hence, by stability of (5).
Using the methods of (2), we find that

(8) e = [(k; + S)B + (ks v/(1 =),

where
ki = max {1 + (1 + v)No[||B|]| + a(p — 1)]. [T+ (1 +v)aN,]},
ky = max {[|||B|| + a(p = D] [1 + (1 + v)No]. a[(1 + v)No + 1]},

and a is a bound on |||4,]|, v = sN' "™, s = } or I as rounding or chopping occurs
in storage, 1, = t — logy 1.053, N, is the maximum number of sums taken for any
element of any matrix-by-vector multiplication in d;, u= ¢? — 677, S = u + 7%,

o=uY, Y= AZ l4;] + ||B + Al|, and ¢ = g(e? — 1) (e— 1)~", It follows from
(8) that

(9) ”U,.H < @aef — Dy = D)7

where ¢, = [|G| + « + vi{(k, + o + B67")(1 — {v)"']and ¢, = [u + {v(k, +
+ S)(1 = {v)™"] p. We assume now that h is fixed and that the computations are car-
ried out sothat M decreases at least linearly with v. Expansion of o shows that
a = c{M + O(M?)for M small. Thus, if M = ¢;v/c} and we choose v = &k, then
a £ ¢,k; hence, ¢, = 1 + c;k + O(k?). Since u = c,k + O(k?), ¢, < Pesk for k
small, and

(l()) [ll),,“ < csTeC“T‘

This is satisfactory as it is exactly the same result that would obtain were L(u) =
= (u[0t an ordinary differential equation in ¢.

The question of real interest arises when hfk = ¢ while k — 0. A suitable ordering
of Pe R, yields A; as a diagonal set of m tridiagonal blocks, each irreducible for h;
sufficiently small, where m is the number of physical rows of points of R, in R
associated with the ith direction. Thus, the solution of (I + A4;) w = z is the solution
of i independent tridiagonal systems of the form

by, ¢, 0, ...,0, 0 wy

(1]) ay, by, ¢y3,...,0, 0 N=rw=rd=d; s=1,...,m,

where d is an m-segment of z and r; is a normalizing factor so that for h,
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sufficiently small

(12) )0+ |aj| +]ej] <b(1 —dv =32 =V)j=1,...,J,
iy —1<a,¢;<0;j=1,...,J —1;i=2,...,J, the left hand equality
holding for some row of some I';; s = 1, ..., m,
i) a; = ¢; =0,
iv) § > 0.

It is easy to see that |I',|,, < 87, hence, § = 1 suffices for (6a). Analysis of the
floating point operations involved in (11) shows [1] indeed that O, does exist with M
of (6¢) given by

M = (15 + 2|[||,) 6~ + O(5~1)*.

Taking v = ¢,h;k? h; < h;, assuming h;/k = ¢ fixed as k — 0 leads to v~ ' =
= 0,,¢,k*[2¢ + O(k?), where «,, = max &P '/?). For k small, ¢, and ¢, of (9) now
PeRp

satisfy: @, <1 + ¢4k, and @, < ctk? for any ¢’ > ¢ + 69aZp*c,c™3, and

s > ce o, pp(12p — 1.
The following theorem follows from the analysis outlined above.

Theorem. Let (1) be solved in a hypercube using (5) which is assumed to be stable
and consistent with c, independent of p. Computation is performed with t-digit
floating-N arithmetic. If N™" = ¢,h;p™%k?, h; < h;, i = 1,2,...p, h; = ck, and
if Bn and B, are the computed and exact solutions for (5), respectively, then as k — 0

Ian - ﬁn” = kCVSITeCHJT 5

where c¢§ > co + 73s Nagt,c™3, ¢4 > 1'053sN &,¢” '@y p[12 — 11(2p) "] and s
is 4 or 1 as rounding or truncation occurs, respectively.

Although the analysis has ignored the variations of 4 and B with n, we need only
note that the bounds may be interpreted over all n, and that stability implies [| G,,H =
< 1 + Cyk independent of n to complete the proof. Further, the analysis does not
assume symmetry of A4;, but only the inequalities (12). Thus, for any shape region
approximated with difference relations of positive type we shall expect the theorem
to hold.
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