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SVAZEK 21 (1976) APLIKACE MATEMATIKY ČÍSLO 2 

PROPAGATION O F RAYLEIGH-TYPE WAVES 
IN AEOLOTROPIC MATERIAL WITH CUBIC SYMMETRY 

SUBHAS DUTTA and PRIYATOSH ROY 

(Received November 15, 1974) 

INTRODUCTION 

Miller and Musgrave studied the propagation of elastic waves in cubic materials. 
In this paper we have studied the possibility of propagation of Rayleigh-type waves in 
aelotropic material with cubic symmetry.Three different models have been considered: 
( l )a semi-infinite medium of the material, (ii) a layer of the material, of finite thickness, 
resting on a rigid base, and (iii) a semi-infinite isotropic medium overlaid by a layer 
of finite thickness of the material. For numerical calculation, the values of the elastic 
constants are taken to be those for pyrites [Love — p. 163]. 

SOLUTION OF THE PROBLEM 

(A) With the origin at the free surface and the axes of symmetry as the axes of 
reference, Z-axis being directed into the medium, the equations of motion for cubic 
material in two dimensions are 

ÕÍ 

/ifx d2u d2u , x d2to 

v1) Cll~dx~2 + C 4 4 a ? + *̂12 + C4^dxlh = Q 

and 

/.v d2co d2o) , N d2u d2co 
(2) C**TT + c'nr7 + ( c i 2 + r") 7~7 = Q 772 ' 

dxz dzz dx dz dtz 

where u and w are the components of displacement in the x and z directions, respec
tively. 

Substituting 

(3) u = d^ + ^L, 
dx dx dz 

co - — + — r + at// 
dz dz2 
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in equations (l) and (2), a being a constant to be chosen suitably, we get 

SA\ 8 T d2<p , _ v d2cp d2cp 
(4) - \ci i 7 ^ + (C12 + 2c44) - f - Q-% + 

Sx |_ ox oz o r 

C l l T l + (C12 +2C44)~T +(C12 + C44)# - C T T H = 0 

( <5x oz ct J J 

r 52<, / „ x^2<p ^ > i 

r <32i// a2i> a2^"i ft +T"5? + f"s?- ,*+°-

õ 
ђг 

f ð2«ż 

and 

(5) 
čz 

Now let us assume 

(6) <p = Acoskxe~qzeipt 

i/> = Bcoskxe~qzeipt . 

Then equations (4) and (5) are satisfied if 

(7) A[(c12 + 2c 4 4) <j2 + (ep2 - c n k 2 ) ] - Bg[(c12 + 2c 4 4) q2 + 

+ {(ci2 + c 4 4 ) a + £P 2 ™ Cufe2}] = 0 

and 

(8) <4g[cng2 + {QP

2 - k2(c12 + 2c44)}] -

- B[q2{cliq

2 + QP2 - k2(c12 + 2c4 4)} + a { c n ^ 2 + Op2 - c 4 4 k 2 }] = 0, 

Eliminating A and B from (7) and (8) we see that in order that (6) may satisfy 
equations (4) and (5), q must satisfy 

(9) c n c 4 4 g 4 + [(c 4 4 + Cu)OP2 + (c]2 - c 2 ! + 2 c 1 2 c 4 4 ) k 2 ] q2 + 

+ (Op2 - c n k 2 ) ( O p 2 - c 4 4 k 2 ) = 0 . 

If ±qA and + g 2 are the roots of equation (9) we may write 

(10) <p = (A !^ l Z + A2e~q'z + A3c«2Z + A4c"</2r)cos kxeipt , 

i> = (B !^ 1 Z + i V " 2 + B3e
q2Z + B4c~«2Z)coskxc'>r, 
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where 

CO 

c and r] being given by 

(12) 

qABx = Ui , 

qxB2 = - ť ; A 2 , 

q2^3 = n^z > 

q2B4 = - t / A 4 , 

(c 1 2 + 2c44)<?2 + Op2 - c n k 2 (c 1 2 + 2c 4 4) ^ + Qp2 - c n k 2 + ( c 1 2 + c 4 4 ) a 

(c 1 2 + 2 c 4 4 ) g 2 + Op2 - c n k 2  

(c1 2 + 2c 4 4) ^ + ep2 - c n k 2 + ( c 1 2 + c 4 4 ) a 

From (3), (10) and (11) we get 

(13) u = -k sin kxe""[(l + £) A,eqiz + (l + £) A2e~'"r + 

+ (1 + //) A3e«22 + (!+>/) A4e"»2Z] , 

(14) ш = cos kxeipt 

+ <q2 + 

qi + 

q2 + « 

q2 

i±^)ДA l Є^ 

,}^-f2 + (^),}^]. 
(B) If, however, instead of (3), we substitute 

(15) 
дф ő ф 

u = — + 3x dx dz 

O> d V 
0J = — + —f 

dz dz2 

in equations (1) and (2) and assume the same form of solutions for cp and i/f as in (6), 

we find that the values of ±qt and ±q2 are given by 

( c n - Qc2)k2 

(iб) «? = 
c1 2 + 2c4 

2 _ ( c 1 2 + 2c 4 4 - QC2) k2 

q2 — — . 

The relations between the constants A1? Bt etc. are now given by 

(17) q,B, = A 1 ? qAB2 = - A 2 , 

q2#3 = - 4 3 , g2#4 = ~ ^ 4 
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and the displacements by 

(18) u = - 2 k sin kxeipt[Ate
qiZ + A2e~*12 + A3e

q2Z + A4e~qiz] , 

(19) Oj = 2 cos kxeipt[qAAie

qiZ - qxA2e~qiZ + q2A3e
qiZ - q2A4e~q2Z] . 

Case (i). For a semi-infinite medium of cubic material, the suitable solutions for 
u and cD as obtained from (13) and (14) in case (A) are 

(20) u = - k sin kxeipt[(l + f) A2e~9lZ + (1 + i;) A4e~qiZ] , 

(21) co = — cos kxe1 gт + « 
g i 

5 V 

+ jg2 + 

The stress-strain relations give 

(22) 

q2 + « 

q2 

O"u 

ГҪM-^" 

dcD 
zz = O12 h On — 

3x dz 
^ [du dco 
zx = c 4 4 — + — 

\OZ Ox 

The boundary conditions require that the stress-components zz and zx vanish at 
z = 0. These conditions together with (20), (21) and (22) yield 

(23) ^ 2 [ c „ { g 2 + (g2 + «) £} - c12/c2(l + £)] + 

+ 4 « n { « l + (fl2 + « ) ? } - ci2!<2(l + g)] = o , 

(24) A2[g,(l + 0 + l/g,{g2 + (g2 + a) £}] + 

+ ^ [ g 2 ( i + g) + i/g2{g2 + (g2 + «)g}] = o . 

Eliminating A2 and A4 from (23) and (24) we get the frequency equations as 

(25) [ c u {g 2 + (g2 + «) c - c12/c2(l + «J)] [g2(l + g) + l/g2{g2 + (g2 + a)-.}] -

- [cn{g2 + (g2 + «)g} - c12fc
2(l + g)] [g t ( l + i) + l/g t{g2 + (g2 + a) «J}] = 0 . 

Again, if we take the values of g t and g2 as obtained from (16) in case (B) the fre
quency equation becomes 

I-) ^ V - ( a i ± i a + 2)(sL) + (2 
QÇ 

c44 

2 + 
C44 

c2
2 

l l c 4 4 . 

= 0 . 

Case (ii). For a layer of the cubic material of finite thickness h resting on a rigid 
base, the boundary conditions are 

(27) zz = 0 , zx = 0 at z = 0 , 

u = 0 , co = 0 at z = h . 
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These boundary conditions together with (18), (19) and (22) give 

(28) l1A1 + l1A2 + / 2 A 3 + / 2 A 4 = 0 , 

q1Al - qxA2 + q2A3 - q2AA = 0 , 

AAélh + A2e~qíh + A- 0Чгh + AлЄ -q2h 

Atfìë Яìh Ягh 

where 

(29) 

A2qlЄ~^n + A3q2e
q2П - A4q2e 

h = k2cì2 - qiO! 

y-qгh 

o , 

o , 

h = k2ci: ЯÌcц 

and qx and q2 are given by (16). 
Eliminating Au A2, A3, A4 from equations (28), we get the frequency equation 

(30) Һ h h 
1 -Ч\ q2 

eч,h e~ч'h 
eЧ2h 

qlЄ-'h -qie""h 
q2e

Ч2h 

•q2 
= o . 

-qгh 

-q2e 
-qгh 

Case (ii i). Let us now consider an isotropic homogeneous semi-infinite medium 
overlaid by a layer of the cubic material of finite thickness h. 

The equations of motion for the lower isotropic medium in two dimensions are 

(31) 

(32) 

дЛ (д2ux д2ux (ÅX + W l ) — + Џl ( — l - + 
Ôx ~ V õx2 ^ z 2 / дt2 

= Qi 

д2ux 

/. \SA ( 
(Áx + Hi)— + Pii 

õhoţ_ 

õx2 Õz1 дt2 

where ux and a)1 are the displacement components in the lower medium, gx and fii 

are respectively the density and the rigidity, and 

Oui 
л - r = i + *2L 

дx дz 
Substituting 

(33) д(pi # i 

õx ôz 

д<Pi # i 

dz dx 

in (31) and (32), we find that these equations are satisfied if 

(34) 
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дx2 

1 д2<p, 

õz2 <Ą õt2 



and 

r*<\ gy, ay, i d2^L 
y } dx2 dz2 p\ et2 ' 
where 

(36) "'{—)"'• P'-(^)'"-
The solutions of equations (34) and (35) suitable for the problem are 

(37) <pt = Lte-niz cos kxeipt, 

i//x = Mxe~n2Z sin kxeipt, 
where 

(38) n. = / c v / ( l - c 2 / a f ) , 

The stress-components are given by 

(39) ( « ) t - A 1 - ^ + ( A 1 + . V . 1 ) - ^ - , 
OV OZ 

_ dz dx 

The boundary conditions in this case are 

(40) zz = 0 , zx = 0 at z = 0 

u = ux , a> = col 

Pz = (fz)x , zx = (zx)x at z = h . 

These conditions lead to 

lxAx + lxA2 + l2A3 + l2A4 = o , 

qxAt - qtA2 + <?2A3 - q2A4 = 0 , 

2eqihAx + 2e~qihA2 + 2eq2hA3 + 2 c ~ ^ A 4 - Lxe~n* - - I n,e~n2h = 0 

k 

2 ^ ' % - 2qxe-'*A2 + 2a2<^*A3 - 2q2e~q2hA4 + L^e^* + 

+ Mxke~n2h = 0 , 
- 2 / ^ A , - 2lxe-<*A2 - 2l2e

q2hA3 - 2 l 2 c " ^ A 4 - mxe^hLx -

- 2filaln2e-n2hMl = 0 , 

-2kc^qxe
q'hAx + 2kc^qie-

qihA2 - 2 k c 4 4 ^ 2 c ^ A 3 + 

+ 2 k c 4 4 ^ 2 c " ^ A 4 - 2/L1k/i1c~"l/lL1 - nx(n
2
2 + k2)e-n2hMx = 0 , 
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where 

(41) m. = X(n\ - k2) + 2nin\ 

and qi» g2 are given by (16). 

Eliminating A1? A2, A3, A4, Lx and Mx from these relations we get 

(42) h h h l2 

^ 1 - q l <?2 - O 2 

2e«in 2c_ q i" 2eq2h 2e'qih 

2q^h -2qie-q*h 2q2e
q2h -2q2e~q2n 

-2lie
q*h -2lie~

qih -2l2e
q2h -2\2e-q2h 

-2kc^qie
qih 2kc^qie-qih -2kc44q2e^h 2kc^q2e~q2h 

0 0 
o 0 

-e nih -n2\ke~n2h 

nie~
n'h ke~

n2h 

-mie~
n^h -2/L1a1n2c~^2 ' , 

-2/ i 1k 1n 1e - ' 1^ -^(nl + k^c""2" 

NUMERICAL RESULTS 

For numerical calculation of the roots of the frequency equations, we take the 
values of the eleastic constants to be those for pyrites, i.e. 

c x l = 3680 x 106 grammes wt. per sq. cm. 

c44 = 1075 x 106 grammes wt. per sq. cm. 
c i2 = — 483 x 106 grammes wt. per sq. cm. 

R o o t s of e q u a t i o n (25). (Approximate Solution.) Let us choose a to be so small 
that q\ + a ~ q\, q

2
2 + a ~ g2, 

(c12 + 2c44)q? + Qp2 - ctlk
2 + (c12 + c4 4)a a> (c12 + 2c44) q\ + QP

2 - cltk
2 

and 

(c12 + 2c44)g2 + Qp2 - clxk
2 + (c12 + c4 4)a ot (c12 + 2c44) q

2
2 + Op2 - clxk

2 , 

so that £ = 1 and .7 = 1. 
Equation (25) with the values of q1 and q2 given by equation (9) in (A) then 

reduces to 

£Y_ («u + A(4) + fai - . A . ) . o 
/i2/ W / V*»V V** cnc44/ 
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where 

Hence 

QC 

C 44 

l_- Uк + 1 ± 1 + 4 -12 
1/2N-I1/2 

)] U 4 4 l _ \ C 4 4 / C\\C4rAr. 

With the values of the elastic constants given above, we get 

c\p = 0.987, 1.85 . 

The former of these two values of c/j8 clearly corresponds to Rayleigh waves. 

We, therefore, conclude that Rayleigh waves exist in a semi-infinite medium of 

aeolotropic material with cubic symmetry. 

R o o t s of e q u a t i o n (26) 
Here 

£ = ril/c^±-c- + 2 ±r/ /£LL 
P L2 V c44 -\\ 

+ c. + 2 

- 4 2 + c\г 

c44 C 11 C 44. 

l/2\-ll/2 

Hence cjfi = 1.23, 1.86. 

R o o t s of e q u a t i o n (30) 
Four of the roots of the equation are readily obtained as 

^ = Í2 + Cl2 

ß 

1/2 
2-/2 ^ - 1 2 2c 1 2O4 

C 4 4 / \ C11C44 

Hence four of the roots are 

c/p = 1.24, 1.41, 1.90 and 2.03 . 

R o o t s of e q u a t i o n (42) 
Two of the roots are easily found to be 

1/2 Cíl 
C44 

1/2 

c /^ cí2 

- = 2 + 

1/2 1/2 

Hence cjfi = 1.24, 2.03. 
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S o u h r n 

ŠÍŘENÍ VLN RAYLEIGHOVA TYPU V AELOTROPICKÉM 
MATERIÁLU S KUBICKOU SYMETRIÍ 

SUBHAS D U T T A a PRIYATOSH R O Y 

V článku se zkoumá možnost šíření vln Rayleighova typu v aelotropickém ma
teriálu kubického systému pro různé modely. 
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