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SVAZEK 21 (1976) A P L I K A C E M A T E M A T I K Y ČÍSLO 4 

GEOMETRIC TRANSFORMATIONS BETWEEN GENERAL 
CONCURRENT CHARTS AND TANGENTIAL CONTACT CHARTS 

AKIRA MATSUDA and KATUHIKO MORITA 

(Received February 5, 1975) 

1. INTRODUCTION 

The general geometric transformations between the general concurrent charts 
and the tangential contact charts both with three variables are researched in this 
paper. 

Hitherto, the theories of the general concurrent charts and the general tangetial 
contact charts [1] — [4] were treated independently of each other, except the works 
of J. Zahora [6], [7]; and, moreover, it was rather difficult to construct practically 
the tangential contact charts by an envelope method, developed by one of the authors 
and O. Sato [4]. 

In this paper the authors discuss the general transformations [5]: 

(*) u(x, y) x + v(x, y)y + w(x, y) = 0 , 

by which a general concurrent chart of three variables in (x, y)-plane and a general 
tangential contact chart of three variables in (x, y)-plane are transformed to each 
other, by an envelope method or a contact transformation method. 

These transformation expressions (*) include J. Zahora's interesting noncorrelative 
transformation [6], [7], the pedal transformation [8], and the well-known dual 
transformation [9] in the projective geometry, as their special cases. 

2. THE TRANSFORMATIONS THAT TRANSFORM THE GENERAL CONCURRENT 
CHARTS INTO THE GENERAL TANGENTIAL CONTACT CHARTS BY ENVELOPE 

METHOD 

We now consider a relation (*), where u(x, y), v(x, y) and w(x, y) are real-valued 
functions of real variables x and y and of class C1 with respect to x, y; and we call 
them the characteristic functions of our transformation (*). If a point (x, y) in xy-
plane is given, then by the relation (*), a straight line in xy-plane is determined. 
Let E and E denote the xy-plane and the xy-plane, respectively; assume that a set 
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of points Pf (i = 1, 2, 3, ..., n) on a given continuous curve c in F is transformed 
into a family of straight lines pi (i = 1, 2, 3,. . . , rc) in F by (*), and let the envelope 
of these straight lines be c. 

If an equation of the curve c is 

(2.1) j(x,y) = 0 , 

then the equation of the corresponding curve c can be found as follows. Assuming 
that dfjdy =j= 0 in (2.1), we have an explicit form of (2.1) as y = y(x), and then the 
curve c is transformed into a family of straight lines in F expressed by the equation 

(2.2) u(x, y(x)) x + v(x, y(x))y + \v(x, y(x)) = 0 

from (*). Regarding x as a parameter, we shall find an envelope of (2.2); that is, 
differentiating (2.2) partially with respect to x, we have 

u(x,y(x))\ x + í ~ v(x, y(x))\ y+~ w(x, y{x)) = 0, 
J [ox J čx 

and eliminating x from (2.2) and the above expression, we shall get 

(2.3) j(x, y) = 0 , 

which is the required equation of the curve c. 
Let a functional relation of three variables 

(2.4) F(t1,t2,t3) = 0, a ^ t ^ b , (i= 1,2,3), 

be given where F is a real function of real variables tu t2 and t3, and of class C 1 . 
We now assume that the equations representing the general concurrent chart for 
(2.4) are given by 

(2.5) f(x,y,t,-) = 0 (i = 1,2,3), 

and let (t,-) (i = 1, 2, 3) denote the three families of curves expressed by (2.5), respecti
vely. Then we choose, from (t() (i = 1, 2, 3), a triplet t( (i = 1, 2, 3), of curves tt 

which intersect each other at a point P. Furthermore, we assume that the curves 
tt (i = \,2, 3) and their intersection point P in E are transformed into new curves 
tt (i = V 2, 3) and a straight line p in F, respectively, by the relation (*). Then, it 
is easily seen that three new curves tt (i = 1, 2, 3) in E are tangent to the same 
straight line p (Fig. 1). 

We now suppose that the equations 

(2.6) flx,y,ti) = 0 (i= 1,2,3), 

follow from (2.5) in the same way as we have obtained (2.3) from (2.1). Furthermore, 
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we assume that the relation (*) transforms every pair of different curves ti9 t\ (i = 
= 1, 2, 3) of (2.5) into a pair of new different curves f?, t\ (i = 1, 2, 3) of (2.6). Then 
(2.6) are the equations representing the tangential contact chart for (2.4). 

ţУ (E) 

^ 4< 
ґ 

îз . 

Уp\ Ч 

*y (E) 

0 x o x 

Fig. 1. 

E x a m p l e 1. Construct a tangential contact chart from the given concurrent 

chart expressed by the equations: 

(u)-y = h - x, 

'• У = x — t2 , 

(2.7) 

(2.8) 

(2.9) (t3) : y = t3x , 

which satisfy the functional relation 

(2.10) t3=^~^. 
h + h 

We shall consider, as an example, the relation 

(2.11) xx - y - x2 + y = 0 

as a special case of (*), where the characteristic functions are u(x, y) = x, v(x, y) = 

= — 1, w(x, y) = —x2 + y, and try to transform (2.7), (2.8) and (2.9) by this relation. 

In the first place, substituting (2.7) into (2.11), we get 

xx — y — x2 + tl — x = 0 . 

Differentiating this expression partially with respect to x, we have 

x - 2x - 1 = 0 , 
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and then eliminating x from the above two expressions, we get 

(2.12) i \ - (* - O2 

( t i ) : y = i — ~ J - + ti • 

y ł (îl) \ 

Fig. 2. Chart of t3 = (tl — t2)/(ti + t 2 ) . The figure shows that t, = 3, t2 - 2 => t3 =- 0-2. 

Next, from (2.8) and (2.9), in a similar way, we get 

(2.13) (h):y = ^~^-t2, 

(2-14) 
4 

respectively. 

The equations (2.12), (2.13) and (2.14) are the equations representing the trans
formed tangential contact chart for the original concurrent chart of the given 
functional relation (2.10) (Fig. 2). 
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3. THE TRANSFORMATIONS THAT TRANSFORM GENERAL TANGENTIAL 
CONTACT CHARTS INTO GENERAL CONCURRENT CHARTS BY ENVELOPE 

METHOD 

We shall again consider the relation (*) from a different point of view. It is easily 
seen that this relation (*) transforms a point (3c, y) in E into a curve in E. 

If we assume that a set of points Ct (i = 1, 2, 3, ..., n) on a given continuous 
curve g in E is transformed into a family of curves c{ (i = 1, 2, 3, .... n) in E by (*), 
then we have, generally, an envelope g of a family of these curves (Fig. 3). 

(Е) (Е) 

0 x Õ 

Fig. 3. 

If an equation of the given curve g is 

(3.1) g(x,y) = 0, 

then the equation of the corresponding curve g can be found as follows. Let an explicit 
form of (3.1) be y = y(x\ assuming that dgjdy =\= 0 and y(x) is a function of C1 

class; then a point (x, y) on the curve g is transformed into a curve in E expressed 
by the equation 

(3.2) u(x, y) x + v(x, y)y(x) + w(x, y) = 0 , 

by (*). Regarding x as a parameter, we shall find the envelope of the family of curves 
expressed by (3.2); that is, differentiating (3.2) partially with respect to x, we have 

/ \ / \ dy u{x, y) -f v(x, y) —- = 0 , 
dx 

and eliminating x from (3.2) and the above expression, we get 

(3.3) g(x, y) = 0 , 
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which is the required equation of the transformed curve g. 
We shall next consider a figure in E which results by transforming the straight 

liney = ax + b in E by (*). Substituting y(x) = ax + b into (3.2), we have 

(3.4) 

Putting 

{u(x, y) + av(x, y)} x + bv(x, y) + w(x, y) = 0 . 

u(x, y) + a v(x, y) = 0 , b v(x, y) + w(x, y) = 0 

and assuming the above two curves to have s ( ^ l ) real intersection points, say 
Pt (i = 1, 2, ..., s). Regarding x as a parameter, (3.4) represents a family of curves 
passing through these intersection points. 

(E) • Ӯ (E) 

x o 
Fig. 4. 

*y (E) »y 
(E) 

0 X 0 * 

Fig. 5. 

In this sense, we may say that a straight line p in E is transformed into the points 
Pt (i = 1, 2, ..., s) in E by (*). We shall now pay attention to one of these points, 
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say Pk, and discuss locally only there; therefore, we may admit that a straight line p 
in F is transformed into one point Pk in E by our transformation (Fig. 4). Further
more, we assume that the transformation by (*) from the straight line p in E into 
the point Pk in E is univalent. 

In Fig. 5 let the straight line passing through the two consecutive points C0 and C 
on a curve g in F be p. Further we assume that the curve g, two points C0, C and the 
straight line p in E are transformed, by the relation (*), into a curve g, two conse
cutive curves c0, c and a point P in E, respectively. Then we see that two curves c0 

and c pass through the point P and are tangent to the curve g. Let the point of contact 
of the curves c0 and g be P0. In E, if the point C approaches the point C0, then the 
straight line p also approaches p0, which is tangent to the curve g at the point C0, 
and then in E the curve c approaches the curve c0, hence the point P approaches 
the point P0. Consequently, a tangent p0 at the point C0 on the curve g is transformed 
into a point P0, which is a point of contact of curves c0 and g. 

We shall again consider the functional relation (2.4) and we assume that the 
equations representing the tangential contact chart for (2.4) are given by 

(3.5) gfay,tt) = 0 ( i = 1 ,2 ,3) ; 

let (tf) (i = 1, 2, 3) denote the three families of curves expressed by (3.5), respectively. 
Then we choose a triplet tt, of curves tv (i = 1, 2, 3) which are tangent to a straight 
line p. We also assume that the curves t{ (i = 1, 2, 3) and the tangent p in E are 
transformed into new curves tt (i = 1, 2, 3) and a point P in E, respectively, by (*). 
Since p is a tangent of the curve tl9 the point P is on the new curve tx in E; similarly 
the point P is on both new curves t2 and t3. Therefore the three new curves tt (i = 
= 1, 2, 3) in E intersect at the same point P. (See Fig. 1, but the arrow line is inverse 
in this case.) 

We now suppose that (3.5) yields the equations 

(3.6) gi:(x, y, tt) = 0 (i = 1, 2, 3) 

in the same way as we have obtained (3.3) from (3.1). Furthermore, we assume that 
the relation (*) transforms every pair of different curves t°, t\ (i = 1, 2, 3) of (3.5) 
into a pair of new different curves t°r, t] (i = 1, 2, 3) of (3.6). Then (3.6) are the equa
tions representing the general concurrent chart for (2.4). 

E x a m p l e 2. Construct a general concurrent chart from a given tangential contact 
chart expressed by the equations: 

(3.7) (tt):x
2= -8tJ, 

(3.8) (t2)--y
2= - 8 t 2 x , 

(3.9) (t3) :xy = t3, 
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which satisfy the functional relation 

(3.10) txt2 = t3 . 

Assuming that the characteristic functions are u(x, y) = y, v(x, y) = x, w(x, y) = 
= — 2xy, we have the relation 

(3.11) yx + xy — 2xy = 0 , 

as a special case of (*), and try to transform (3.7), (3.8) and (3.9) by (3.11). 
In the first place, we havey = — x2jSt1 from (3.7), and then substituting this expres

sion into (3.11) we get 

(3.12) yx 2xy = 0 
8ti 

(t,) 
I 2 4 5 

Fig. 6. Chart of t1t2 = t3. The figure shows that t1 = 2, t2 = 4 => t3 
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Differentiating (3.12) partially with respect to x, we have 

v = 0 , 
* 4ft 

and then eliminating x from (3.12) and the above expression, we get 

(3.13) (.,) : x2 = tuv . 

Next, from (3.8) and (3.9), similarly as above, we get 

(3.14) (t2):y
2 = t2x, 

(3.15) (t3):xy = t3, 

respectively. 

The equations (3.13), (3A4) and (3.15) are those of the required general concurrent 
chart representing (3.10) (Fig. 6). 

4. THE CONTACT TRANSFORMATIONS BETWEEN GENERAL CONCURRENT 
CHARTS AND TANGENTIAL CONTACT CHARTS 

We shall now consider a contact transformation by the relation (*). The contact 
transformation is a transformation that carries two curves which are tangent to 
each other into two new curves which are also tangent to each other. On the other 
hand the transformation by the relation (*), which is a special case of the general 
contact transformations, carries a point P into a straight line p and inversely p into P, 
as we have discussed in §§ 2 and 3. Therefore, we see that the contact transformation 
by the relation (*) is a transformation which carries a general concurrent chart into 
a tangential contact chart and vice versa. 

We next try to find the formula by which the figures in E are transformed into new 
figures in E by the contact transformation expression (*). From the theory of contact 
transformations [10] we have 

F = u(x, y) x + v(x, y) y + w(x, y) = 0 , 

(4.1) Fx + pFy ={ux(x, y) + p uy(x, y)} x + {vx(x, y) + p vy(x, y)} y + 

+ wx(x, y) + p wy(x, y) = 0 , 

Fx + PFy = "(x, y) + p v(x, y) = 0 , 

where p = dyjdx, p = dy/dx. 
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Solving (4.1) for x, y and p, we get 

W V 

wx + pwy vx + pvy 

u V 

ux + puy vx + pvy 

(4.2) 

P = -

y = 

Ч*> y) 
v(x, y) 

u 
ux + puу 

w 

w* + P у | 

u 
i 

v 

"л + P"у vx + pvу 

Expressions thus obtained are the required formulas of the transformation, which 
transform the line element (x, y, p) into a new line element (x, y, p). 

Given an equation of a curve c in E expressed by 

(2.1) f(x,y) = 0, 

then we first find p = dyjdx from this expression, and putting 

(4.3) p = p(x, y) , 

then eliminating x, y and p from the first expressions of (4.2), (2.1) and (4.3), we 
obtain 

(2.3) f(x, Ӯ) = 0, 

which is an equation of the transformed curve c in E. 

We shall next consider a method for obtaining the formulas of transforming the 
figures in E into those on E. 

Again solving (4.1) for x, y, p, we have a set of solutions of the form 

(4.4) x = x(x, y,p), y = y(x, y, p), p = p(x, y, p) , 

which are the formulas of transformation of the line element (x, y, p) into that 

of (x, y, p). 

Therefore, we can also find the equation of the curve c in E, by contact transforma

tion method, when the equation of the curve c in F is known in advance. 

E x a m p l e 3. Construct a tangential contact chart from the given concurrent 

chart expressed by the equations 

(4.5) 

(4.6) 

0 0 : У2 = - - x + -2 , 
ti ń 

(t2) : У2 = - x + - , 
h h 
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(4.7) (tз) : У = 

which satisfy the functional relation 

(4.8) t 3 = V ( M 2 ) ( t 1 > 0 , t 2 > 0 ) . 

We shall consider, as an example, the relation 

(4.9) xx + yy - 1 = 0 , 

as a special case of (*), and try to transform (4.5), (4.6) and (4.7) by this relation. 

We use the formulas (4.2), and noting that u = x, v = y, w = — V we get the follow

ing equations of transformation: 

(4.10) X = — 

xp 
У = 

y - xp 

0 ' X 

Fig. 7. Chart of t 3 = ^(tlt2). The figure shows that t{ == 4, t 2 == 9 => t3 

From (4.5) we have p = — l/(liy), and then (4.10) becomes 

2*1 2ííy 
2 „ 2 1 + řf> 2 . , 2 1 + říу 
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Eliminating y from the above expressions, we get 

(4.11) (tl): (x-hf + y- = t\. 

From (4.6), similarly, we get 

(4.12) (t2): (x + t2)
2 + y- = t2

2 . 

Lastly, from (4.7) we have p = 0; and again using (4A0), we get 

(4.13) ( t 3 ) : x = 0 , y = t3. 

The equations (4.11), (4.12) and (4.13) are those required for the tangential contact 
chart of the given functional relation (4.8) (Fig. 7). 

5. SPECIAL CASES OF OUR TRANSFORMATIONS 

In this section we shall discuss some special cases of the relation (*). 

5.1. J. Zahora's transformation. We assume that at least one of three families 
of the curves expressed by the equations (2.5), representing the general concurrent 
chart, is not a family of straight lines, and let its equation be 

(5.1) f3(x, y, t3) = 0 . 

The equation of the tangent at the point (x, y) to the curve (5.1) is given by 

dJl(X-X)+8Jl(y_y) = 0, 
cx cy 

or 

df3(*, y- t3) df3(x, y, t3) 
x i y 

dx cy 

(5.2) 

_ x df3(x, y, t3) _ df3(x, y, t3) _ Q 

dx dy 
Assuming in (5.1) df3jdt3 4= 0, we may have t3 = t3(x, y), and then substituting 

this expression into (5.2), we have the equation of the tangent in the following form: 

(5.2') <P(x, y) x + V(x, y)y - x <P(x, y) - y ¥(x, y) = 0 . 

We shall consider the transformation by the expression (5.2') which is a special 
case of (*); and its characteristic functions are 

(5.3) u = (P(x, y) , v = ^(x, y) , w = -{x &(x, y) + y W(x, y)} . 
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Assuming again in (5.1) df3jdy + 0, we have y = y(x, t3), and substituting this 
expression into (5.2'), we get 

<*>(x, y(x, t3)) x + *P(x, y(x, t3)) y -

- x <P(x, y(x, t3)) - y(x, t3) f (x , y(x, t3)) = 0 , 

which is the equation of tangent to the curve (5.1) with the parameter x. Hence the 
envelope of the above equation must be also the same as the curve (5.1). Therefore, 
by the transformation expression (5.2'), the Eq. (5.1) is transformed into the equation 

(5.4) j3(x, y, f3) = 0 , 

which is the same as the original curve (5.1). 
Inversely, the curve (5.4), which is one of the three families of curves, representing 

a tangential contact chart, is again transformed into the same curve (5.1) by (5.2'). 

Therefore, by keeping the third family of curves (t3) invariant, we obtain the trans
formation between concurrent charts and tangential contact charts. 

Example 2 in § 3 is one of these cases, and therein (3.11) is the equation of the 
tangent to the curve (3.15). 

This transformation was precisely researched by J. Zahora [6], [7], although 
his method is different from ours. 

5.2. Pedal transformation. Consider a curve c, and let its tangent at P(x, y) 
on it be PP, where P(x, y) is the intersection point of the tangent and a perpendicular 
from the origin O. Then the locus of the point P(x, y), that is, the pedal curve of the 
original curve c with respect to the origin O is easily shown by the relation 

(5.5) xx + yy - (x2 + y2) = 0 . 

Hence the pedal transformation [8] expressed by (5.5) is a special case of (*), and 
its characteristic functions are 

(5.6) u = x , v = y , w = - ( x 2 + y2). 

5.3. General dual transformation. We may consider the general dual transforma
tion in the projective geometry with the following characteristic functions: 

(5.7) u = alxx + al2y + a13 , v = a2ix + a22y + a23 , 

w = - ( a 3 1 x + a32y + a 3 3 ) , 

where \aik\ + 0 (i, k = 1,2,3). 
This dual transformation in nomography was fully discussed by H. Schwerdt [9]. 
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5.4. Transformation by pole and polar with respect to the conic [9], [11]. As 

a special case of the characteristic functions (5.7), let us consider the functions 

(5.8) u = ax + hy + g , v = hx + by + / , w = gx + fy -}- c , 

where 

[ a h g 

h b f 

9 f c 

Ф 0 . 

Then the relation (*) is expressed by 

(5.9) (ax + hy + g) x + (hx + by + f) y + gx + fy + c = 0 , 

which is an equation of a polar of point (x, y) with respect to the conic, whose 

equation is expressed by 

ax2 + Ihxy + by2 + 2gx + 2fy + c = 0 . 

The expression, which is rearranged as a linear equation of x and y in (5.9), has the 

same form as (5.9). Therefore, the transformation by (5.9) is a dual and reciprocal 

transformation. 
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S o u h r n 

GEOMETRICKÉ TRANSFORMACE OBECNÝCH PRŮSEČÍKOVÝCH 
NOMOGRAMŮ A DOTYKOVÝCH NOMOGRAMŮ 

A K I R A MATSUDA, KATUHIKO M O R I T A 

V článku se zkoumají obecné geometrické transformace obecných průsečíkových 
nomogramů tří proměnných a obecných dotykových nomogramů tří proměnných. 
Studované transformace mají tvar 

u(x, y) x + v(x, y) y + w(x, y) = 0 

a převádějí navzájem obecné průsečíkové nomogramy v rovině (x, y) a obecné 
dotykové nomogramy v (x, y) buď použitím metody obálek nebo metody kontaktních 
transformací. 
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