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BOUNDARY OF THE UNION OF RECTANGLES
IN THE PLANE

VACLAV MEDEK

(Received January 12, 1981)

Let n rectangles O; (i = 1,2, ..., n) in the plane are given, whose sides lie on lines
belonging to two directions perpendicular to each other. We choose an orthogonal
coordinate system such that its axes also ‘belong to the two given perpendicular
directions and that all vertices of the given rectangles O; have positive coordinates,

Each rectangle O, is determined by its left lower vertex D;[a;, b;] and by its right
upper vertex H[c;, d;].

We investigate the mutual position of each couple of rectangles O, O;
(i,j = 1,2,...,n). To this purpose we compute the following 8 numbers: 1J, =
=c¢—a;, IJy=a,—c¢;, IJ;=d;,—b;, IJ,=b;,—d;, IJs =a,—a;, IJ5 =
=b; — b;,1J; = c; — ¢;,IJg = d; — d;. These numbers are not mutually indepen-
dent as regards their signs. The signs at least two of them depend on the others;
in nearly half cases the signs of 4 numbers from IJ, — IJg depend on the others.

If at least one of the numbers IJ,, IJ, is positive or at least one of the numbers
IJ,,1J; is negative, then the corresponding rectangles 0;, O; have empty intersec-
tion and we shall not investigate such a couple any more. If both numbers I1J, IJ;
are nonnegative and both numbers I1J,, IJ, are nonpositive, we compute the other
numbers IJs — IJg. Since for the classification of the mutual position of rectangles
0;, O; only the signs of the numbers IJ, — IJg are interesting, we associate the
numbers 1, 0, —1 with the numbers IJ; — IJg according to whether these numbers
are positive, zero or negative.

We choose an orientation of the plane of rectangles. In this article the clockwise
orientation wil be used. ‘ .

We associate the 4 halflines on the coordinate axes with their origin at the origin
of the coordinate system with the numbers 1, 2, 3, 4 as in Fig. 1 (the 4 corresponding
directions are associated with the numbers in the same way).

We associate each vertex of each rectangle O; with an ordered triple of numbers;
the first number is its x-coordinate, the second its y-coordinate, while the third
number is one of the numbers 1, 2, 3, 4 according to the direction of motion of the

161



vertex of the rectangle along its boundary in the sense of the orientation of the plane
(Fig. 2).

2

y y
[aj,di1] [cidind]
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[aib;2] [eiibis3]

' 0 X
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Fig. 1. Labeling of directions. Fig. 2. Numbers associated with the vertices

of a rectangle.

We investigate the mutual position of all couples of rectangles O;, O; with non-
empty intersection and associate each vertex of the boundary of the union O; U O;
with an ordered triple of numbers similarly as was the case with the vertices of a rec-
tangle. In Figs. 3 and 4 two examples of labeling the vertices of the union of two rec-
tangles are shown.

y
y
a;,d;p 1] [cidiné] . g;,dj 1] [cjidji4]
- aj,d;11] [ajd;a “c- di2
) > [c;0j14] ) . G Y
[aj,b;,2]
2 y : 4 [ciibj4] [cjibji3]
[q;,b;.3]14 l
o e (aisbi2] [cibi3)
(0] X 0 X
Fig. 3. Numbers associated with the Fig. 4. Numbers associated with the
vertices of the union of two rectangles. vertices of the union of two rectangles.

In total there are 121 different cases of mutual positions of two rectangles of the
type considered with nonempty intersection. One of the possibe cases is that of two
identical rectangles while the other 120 cases can be arranged into 60 pairs. The cases
belonging to the same pair involve the same rectangles, only reversing their order.
All these cases are shown in Tab. 1, where the corresponding ordered triples of num-
bers associated with the vertices of the boundary of the union of both rectangles are
also shown.

The algorithm for the construction of the boundary of the union 0; (i = 1,2, ..., n)
of all given rectangles proceeds as follows:

1. We compile the list of all vertices of the boundaries of the unions of all couples
of the given rectangles by Tab. 1. In the list some vertices can occur several times;
we retain each vertex in the list only once.
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Tab. 1. Numbers associated with the union of two rectangles, the type of their mutual position
and numbers associated with the vertices

11

12

<
~ O~
1 —1
1 —1
1—1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 -1
1 —1
1 -1
1 -1
11
1 —1
11
-1

L7,
17,

w O
~ ~
~ O~ ~
0 0 —1—1
0 0 I 1
1 0-—-1-—1
—1 0 1 1
0 1 —-1—1
0 —1 i i
1 1 —1 —1
-1 —1 1 1
—1 0 0 —1
1 0 0 |
-1 0 1 —1
1 0 —1 1
0 0 0 —1
0O 0 0 1
0 0 1-1
0 0 -1 1
1 0 0—1
-1 0o 0 1
—1 1 0 —1
1 —1 0 1
—1 1 1 —1

[ay, by, 2], lay, dy, 11, [y, dy, 4], [c,, by, 3]
[ay, by, 2], lay, dy, 1], [cy, dy, 4, [y, by, 3]
see |
see 2
see |
see 2
see |
see 2

[ay, by, 2), [ay, dy, 1], [az, d]) 2], [a,. 1{3, 1],
[y, dy, 4], [c3, b3, 3]

[02- bz= 2], ["z, dZ) 1], [”1, d2, 2], [01, li]- 1],
[(';, ([1» 4], [(‘h ”1, 3]

[(11» b;y 2], [als dl, 1], [02~ d]; 2], [02, dlv 1],
[c,, 112,4], [(‘2, dy, 11, [cy, dy, 4], [ey, by, 3]

[a,, b,y, 2], [”21 dza 1], [ay, dz; 2], [01. dy, 1],
[ey, dys 4), ey, dy, 1), [e3, dy, 4], [c3, by, 3]

see 1

see 2

[(’17 by, 2], [ap flz‘ 1], [('zy ([za 4], [02» dp 1],
[(‘1; 111, 4], [Cl,bl, 3]

[02, bp 2], [a,, dy, 1], [ey, dy, 4], [Cu dz: 1],
[Cz, d}_s 4], [Cz: bzy 3]

see 1
see 2

lag, by 20, [ay, dy, 10, [as, dy, 2], [ay, dy, 1],
[c;, d5, 4], [cs, by, 3], [02: bz, 2], [a2) bu 3]

[U;, /77_‘ 2], [(’2‘ dy, 1], [”1» dp 2], [01, dl, 1],
["1; (Ip 4], [eq, b[» 3], [01’ /71’ 2], [aj’ b:_y 3]

lay, by, 2}, [ay, (/2‘ 1], [a,, dy, 2}, [az; dz; 1],
["z» (/2. 4], [('2, (/|, 1], [“l.» dl, 4], [('1; bl, 3],
[es, bp 4], [es, /’z; 3}, [”z, bz, 2], [02, bp 3]
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22

23

25

26

27
28
29

30

31

32

33
34
35
36
37
38
39
40
41
42
43
4
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DN
~ O~
1 —1
1 —1
1 —1
1 —1
I —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1

SN
~ O~
1 —1
1 —1
1 -1
1 —1
1 -1
1 —1
1 —1
1 -1
1 -1
1 —1
1 -1
1 —1
1 —1
1 —1
1 —1
1 -1
1 —1
1 —1
1 —1
1 —1
1 —1
1 —1
1 -1

KO
~N N
1 —1
0 1
0 —1
0 1
0 —1
1 1
—1 —1
0 —1
0o 1
1 —1
-1 1
0 0
0 0
1 0
-1 0
0 1
0 —1
1 1
—1 —1
—1 —1
1 1
0 —1
0 1

N
~ O~
-1 1
0 —1
0 —1
1 —1
—1 1
0 —1
0 1
—1 0
1 0
—1 0
1 0
—1 0
1 0
—1 0
1 0
-1 0
1 0
—1 0
1 0
0O 0
0 O
0 o0
0 o0

Tab. 1. Continued

Type

It
H

]

—

SR S

[ay, by, 2), lay, dy, 1], [ay, dy, 2], [ay, dy, 1],
[('p d[, 4], [(‘p dzy 1], [('2, dzy 4], [Czy b)_, 3],
legs by, 41 [eys by, 31, [ay, by, 2], [ay, by, 31

see |
see 2

[az: bz» 2], [az, (12, 1], [Czs dy, 4], [cy, {11, 1],
[ey, dy, 4], ey, by, 3], [cy, by, 4], [c3s b,31]

[(11, b[! 2], [a[, ([1, 1], [Cl, d]; 4], [('17 dzy 1]’
[(‘2, dz; 4], [(‘2, bz, 3], [C[a bZ, 4], [clv b[, 3]

see 1
see 2

[al» bl» 2], [‘11: dl, 11, [('2, d),’ 4], [Cz’ sz 3],
[('1, 1)2, 4], [('1, blv 3]

[a]_’ bz, 2], [azy dz, 1]» [Cp ag, 4], [Cp bl; 3],
[sz bxy 4], [CZ, b)_; 3]

[03» bz, 2], [02, dz, 1], [02, dz: 4], [(‘2, bzy 3],
[Cl, bZ, 4], [Cl, bl, 3], [01, b]; 2], [ap bz; 3]

[Up bl, 2], [al, dl, 1], [C1s dp 4], [Cp bl, 3],
[c;, bl, 4], [Czy bzy 3], [aZs b21 2], [ay, bly 3]

see 1
see 2
see 1
see 2
see 1
see 2
see 1
see 2
see 1
see 2
see 1

see 2



45

46

47
48
49
50

51

52

53

54

55

56

57

58

59

60

6l

63
64

<5
~ O~
1 —1
1 -1
1 —1
1 -1
1 -1
0 —1
0 —1
1 —1
1 -1
0 -1
1 0
1 —1
1 —1
1 -1
1 -1
1 -1
I —1
I -1
1 —1
1 —1

1 -1
1 -1
1 -1
1 -1
1 -1
0 —1
0 —1
0 —1
1 0
1 —1
1 -1
1 —1
I —1
0 —1
1 0
1 -1
1 1
0 -1

1—-1 0 0
-1 1 0 0
1 0 0 0
—1 0 0 0
0 0 0 0
—1 =1 —1 —1
111
-1 =1 —1 —1
[ TS
—1 =1 —1 —1
S B
—1 1 =1 -1
1111
61 —1 —1
0 1 1 1
0 -1 =1 1
o 1 1 1
=1 —1 —1

I 0-—1 1 1 1

1—1—1-—1

Tab. 1. Continued

if

0o

a1 FERL

.
Y

[02, /)1, 2], [02‘ (12» 1], ["2, ({1, 4], [Cl- bl. 3],
[axy b], 2], [01; bz» 3]

[ay, b]: 2], [(11» (Il, 1}, [ey, dy, 4], [f‘z, bg, 3],
lay, b5, 2], [ay, by, 3]

see |
see 2
see 2

[Up by, 21, lay, dy, 10, (e, dy, 2], [ey, 513- 1],
[(‘g_, (l]_s 4], [C;r_, dj, 3], [fly (11- 4], [(‘ls bl‘ 3]

[”2., bz‘ 2], [“2\ ‘Iz; 1], [(‘zs (1_7,» 2], [(‘2, ‘/1‘ 1],
[eg, dy, 4), [ey, dy, 31 [cp, dy, 4], [c3, b5, 3]

[01, b]; 2], [”1, ([1) 1], Iﬂg- (Il, 2], [”2, 113, 1],
[('zvdg» 4], ["23 b]_a 3], [egs dy, 4], [ey, hp 3]

[ay, by, 2], [ay, dy, 1], [ay, dy, 2], lay, dy, 1],
["lv (f], 4], [(‘1, bl, 3], [(‘z, dzv 4], [('z‘ h}_, 3]

[ay, by, 2], lay, dy, 1, [ey, dy, 2], [oy, ds, 1],
[ea, dyy 4], [eq, by, 3, Loy, by, 4], [cy, by, 3]

lay. by, 2], lay, dy, 10, [cy, dy, 20, [0y, dy, 1],
[ey. dy, 4], [ey, bl. 3], [(’2~ by, 4], [(‘2, ,)3_, 3]

[(1{, /’p 2], [U[, dl, l]v [(12‘ ”'1» 2], [azv ‘1'1, ]],
[('2‘ (/2, 4], [('2~ b2~ 3], ["p 52,4], [f'lv bx- 3]

lay, by, 2, las, dy, 11, [ay, dy, 2], [ays dy, 1,
[, dy, 4), [eg, by, 3), [eq, by, 41 [y, b5, 3]

lay, by, 21 [ag. dy, 1], ey, dy, 4], (050 550 3],
ey, by, 4) [eq, by, 3]

[(17_, /)23 2], [02, (]1, 1], ["1, dl, 4], [“1» bp 3],
["z, b], 4], [('3» /72’ 3]
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65
66
67
68
69
70
71

73
74

75

76
71
78
79
80
81

33
34
85
86
87
88
89
90
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1,7,
1,J,

1,75
1,7,
1,J;
1,Js

I -1-1 1
I -1 -1 0
-1 1 0
I —1 -1 0
I -1 1 0
I —1-1 1
-1 1 -1
I —1 -1 1
-1 1 -1
0—1--1-—1
1 0 1 1
1 —1—1-1
-1 1 1
0—1—1-—1
1 0 1 1
I —1—1-—1
1—-1 1 1
0—1 0-—1
1 0 0 1
1—-1 0-1
1—-1 0 1
0—-1 0-—1
1 0 0 1
1-1 0-1
1—-1 0 1
6—-1 1-1
1 0-1 1

Tab. 1. Continued

N~ Type
~N O~

11
—1 -1
(I
—1 -1
11
—1 —1
1 1 il
-1 —1 A
.
0 —1 i
=
o v .0
0 —1
0 1
1 -1
-1 1
1 -1
-1 1
0 —1
0 1
0 —1
0 1
1 -1
-1 1
1 -1
-1 1
0 —1
0 1

see 32
see 9
see 10
see 9
see 10
see 19
see 20
see 19
sce 20

lay, by, 2], [”1; dl, 1], [ay, dy, 2], [a;, [IZv 1],
[(’3, (12, 4], [f'ls by, 3]

lay, by, 2], [ay, dy, 1], [ay, 45, 2], [ay, dy, 1],
[Cp dxs 4], [Cz, bzy 3]

see 74

see 75

see 11

see 12

see 11

see 12
lay, by, 2], [ay, dy, 1], [c5, d5, 4], [cy, by, 3]
lay, by, 2), lay, dy, 1), [cyq, dy, 4], [c5, by, 3]

see 82

see 83

see 15

see 16

see 15

see 16

see 45

see 46



96

100

101

102

106

107

108

110

1,7,

0 -

SN
~N NN N
1 —1 1 —1
[ —1—1 1
0—1 1 —1
1 0—1 1
-1 1-—1
-1 -1 1
11 1 ¢
I =1 —1 0
1—1 1 0
1 —1 -1 0.
1—1 1 1
1m1 =1 =1 -
11 1 1
ol =1 —1
1ol =1 1
L1 1 1
=1 =1 —1
1—-1 1 1
1 -1 -1 0-
1—1 1 0
1 —1-1 0
L1 1 0
11 —1 1-
I —1 1 -1

Tab. 1. Continued

TP Type
~ O~

0 —1
0 1
1 —1
—1 1
1 —1
11
11
—1 1
1 —1
-1
1 —1
-1 1
1 —1
—1 1
~1 0
10
-1 0
1 o
-1 0
1 o
—-1 0
1 0
-1 0
1 0

see 45
see 46

[azs b2~ 2], [az, dz; 1], [(‘2, ‘12, 4], [CZ’ dp 1],
ley, dy, 4], [eq, by, 31, [ay, by, 2], [ay, By, 3]

[”17 bp 2], [al, d1» 1], ["1, ("1, 4], [Clv ([2) 1],
[Fzy ([2, 41, [CZy bzs 3], [azs bzy 2], [(12, bx, 3]

see 94
see 95

[(12, hz, 2], [Uz, ("’3, 1], [('y ‘[gy 4], [CZ’ (11, 1],
[(‘1, (11» 4], [('1' b], 3]

[(’p/)p 2], [al,dl, 1], ["1» dp 4], [('x, ‘iz, 1],
{(')_» d2,4], [Czsb2,3]

see 98

see 99

see 25

see 26

see 25

see 26

see 29

see 30

sec 29

see 30
[ay, by, 2), [ay, dy, 1], [y, dy, 4], (¢, b5, 3]
laz, by, 2], [ay, dy, 1], [ey, dy, 4], [ey, by, 3]

see 110

see 111

[ay, by, 2], [ay, dl, 1], [(‘2. llz, 4], [('2, hz, 3],
[‘12, bz‘ 2], [ay, bp 3]

[”2, bz| 2], [”2‘ (lzs 1], [l'1~ (/i~ 4], [('1» bl. 31,
lay, by, 2], [ay, by, 3]
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Tab. 1. Continued

-
~
-

1,J,

-
~
~

IJ,

= S X Type

~NN

e 1 —11—1—1 1-—1 0 [ see 114

117 1 —-11—1 1—1 1 O E] see 115
O

[al, bl, 2], [01» d]’ 1}, ey, dls 4], ["1; b[s 11,
[e;, dy, 41, [ey, by, 31, [ay, by, 2], [ay, 43, 3]

Mg 0—11 0—1 1 —1 1

19 1 00—1 1 —1 1—1 =3 lay, by, 21, [ay, dy, 1), [ey, dy, 4, [c, by 1],
0 leg, dy, 41, [e1 by 31, [ayg, by, 2), [ay, dy, 3]
120 0—-11—-1—1 1—-1 1 [J. lay, by, 2], lay, dy, 11, [eg, dy, 41, [az, dy, 1,

[ez, dy, 4, [c3, by, 31, [ay, by, 2], ey, by, 31

121 1 01 —1 1 -1 1 —1 ‘:D [ay, by, 2}, [a,, d,, 11, [c5, d5, 4], [ay, dy, 1],
[Cp dl, 4], [Cp bp 3], [01, bxy 2], [62, b:, 3]

2. From all the vertices constructed in the way described above we choose those
with the smallest x-coordinate and from them the vertex 4 with the smallest y co-
ordinate. Let the ordered triple of numbers associated with the point A be [a,-, b, 2].
As the point A moves in the direction 2, we find in the list of vertices all vertices
different from A, whose x-coordinate is a;, and choose from all of them the vertex
with the smallest y-coordinate. Let it be the point B and let the ordered triple of
numbers associated with it be [a;, b;, k]; then the number k determines the direction
of the subsequent motion of the point B along the boundary of the union UJO,.
If k = 1, the next vertex of the boundary of the union JO; is the vertex (different
from B) with the y-coordinate b; and with the smallest x-coordinate. If k = 2,
the next vertex of the boundary of the union (JO; is the vertex (different from B)
with the x-coordinate a; and with the smallest y-coordinate. If k = 3, the next
vertex of the boundary of the union (JO; is the vertex (different from B) with the
y-coordinate b;, whose x-coordinate is the greatest of the x-coordinates of all vertices
with x-coordinates less than a;. If k = 4, the next vertex of the boundary of the union
UO0; is the vertex (different from B) with the x-coordinate a; and whose y-coordinate
is the greatest of the y-coordinates of all vertices with y-coordinates less than b,.

3. We retain the point A in the list and we delete from it all other vertices obtained
by the above procedure. If after a finite number of steps we again obtain the point A4,
we also delete the point A.

4. If no other vertices remain in the list, then the whole boundary of the union
U0, is constructed.

5. If some vertices remain in the list, we choose an arbitrary one of them, e.g.
M[ec, d, k], and we determine whether it is an interior point of any rectangle O;
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or not, i.e. whether the following inequalities are valid simultaneously:
(1) c—a;>0, ¢c—¢;<0, d=b;>0, d—d; <0

for some ie{l,2,..., n}. If there is an i such that all inequalities (1) are fulfilled,
we also delete the point M from the list. If in the list there is a vertex ¥ such that it is
an interior point of no rectangle 0,, it is again a vertex of the boundary of the union
UO0; and we handle it similarly as the point 4. This situation occurs if the union (J0;
consists of several connected components, and/or it is not simply connected.

6. We repeat this procedure until no point remains in the list.

For a large number of rectangles it is possible to do first some segmentation.

Fig. 5 shows a simple example. 12 rectangles O, ..., O, are given by their vertices

L

15+ 10

J 3 12

1 S L]

104~ 4 L 5 1"

A —

8

J 6

5....
7
| } { e ) . x
0 5 10 15 20 25 30 35 40

Fig. 5. Boundary of the union of 12 rectangles.

D,,....,D,, H,, ... Hy: D1,9], H,[7,13], D,[6,8], H,[9,18], Ds[5,12],
Hy[11,16], D,[8,7], Hu[15,13], Ds[14,9], HJ[18,11], D¢[11,3], H¢[13,8],
D,[12, 1], H,[21,5], Ds[18, 3], Hg[26,10], D,[23,10], Ho[30,13], D;o[33, 11],
H,o[37. 18], D,,[35,9], H,,[41,13], Dy,[39,12], H,,[41, 15].

The numbers IJ,, ..., IJg are as follows (we denote the ordered set of numbers
.., 0Jgby1J):1,2=[1, 8,5 =9, =51, -2, =5]; 1,3 = [8, —15,1, -7,
-4, =3,-4, -3]; 1,4, =-1=0,0n0,=0; 1,5, =-7=0,n05=0;
1,6, = —4=20,n0=0; 1,7, =—-5=0,n0,=0; 1,8 =—-11=0,n
NO0g=0;1,9, = —-16=0; N 0, =0:1, 10, = =26=>0,n 0,0 =0;1,11, =
= -28=0,n0,, =0;1,12y = =32=0,n0,, =0;2,3 = [4, -5,6, -8, 1,
-4, —2,2]; 2,4=1[1,-5,6, -8, -2,1,-6,5]; 2,5, =—-5=0,n 05 =9
2,6 =-2=0,n0=0; 2,7, = -3=0,n0,=0; 2,8, =-9=0,n
NO0g =029 =—14=0,005=0;2,10, = =24 = 0,0 0;p = 0;2,11, =
=-26=0,n 0,y =0;2,12, = =30=0,n0,, =0; 3,4= [3, —10,9, —1,
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—3,5,-4,3]; 3,5,=-3=20;n05=0; 3,6,=4=0,n04=03,7, =
=—-1=20;n0,=0; 3,8, =—-T7T=03n0y=0; 3,9, = —-12=0;,n 0, =
=0; 3,10, = =22=0;n 0, =0;3,11;, = =24=0;n0,, =0; 3,12, =
= —28=0;00p,=0;45=[1,-10,4, -4, —6, =2, —=3,2]; 4,6 = [4, -5,
10, =1, —3,4,2,5];4,7, =2=0,n 0, = 0;4,8, = =3 =0, 05 = 0;
4,9, = -8=0,n0,=0;4,10, = = 8=0,0n 0,, =0;4,11;, = —20 =
=0,n0,;=0;412,=-24=0,n 0y, =0;5,6, =1=05n 05 =0;
57, =4=05n0,=0;58=[0,12,8 —1,—4,6, —8,1];5,9, = —=5=
=>0sn0,=0;510, = =15=0;,n 0, =0;5,11; = —=17=05n 0, = 0;
512y = =21 =05n 0,, = 0;6,7 = [1, —10,7, -2, —1,2, —8,3];6, 8, =
= -5=20,n03=0;6,9, = —10=0,n 0y =0;6,10, = —20= Oy N
N0 =0;611; = -22=0,n0,;, =0;6,12, = =26= 04N 0y, = 0;
7,8 =13, —-14,2, -9, =6, =2, =5, =5]; 7,9, = =2=0,n 0, = 0; 7,10, =
=—-12=20,0n0=0;7,11;, = -14=0,n0,; =0;7,12, = —18 =
=0,n0,,=0;809=[3-12,0,—-10, =15, =7, —4, —3];8,10, = —7 =
=03Nn0,0=0;811;, = -9=0,n 0y, =0;8,12;, = —-13=03n 0y, =
=0;9,10, = —-3=0,n0,, =0;9,11;, = =5= 0,0 0,; = 0;9,12, =
=-9=0,n 0y, =0; 10,11 =[2, -8,9, =2, —2,2, —4,5]; 10,12, = =2 =
= 0,00 0,, =0; 11,12 =[2, —6,1, —6, —4, —3,0, —2].

It follows that only 13 couples of rectangles have nonempty intersections and the
ordered 8-tuples of numbers 1, 0, — 1 are associated with them as follows:

) 1, 251, —1,1, =1, =1,1, =1, —1
1, 351, —1,1, =1, =1, =1, =1, —1,
2, 31, —1,1, =1,1, =1, =1, 1
2, 41, —1,1, =1, —1,1, =1, 1
3, 41, 1,1, -1, =1,1, =1, 1
4, 551, -1,1, -1, =1, =1, =1,1
4, 61, —1,1, -1, -1,1,1,1

5, 850, —1,1,—1, 1,1, =1, 1

6, 71, —1,1, =1, —1,1, =1, 1

7, 81, —1,1, =1, =1, =1, =1, — 1
8, 951, —1,0,—1, -1, =1, =1, —1
10,111, —1,1, =1, =1,1, =1, 1
11,1251, —1,1, =1, =1, =1,0, —1

By (1) and Tab. 1 it is possible to compile the list of vertices:

[1,9,2], [1,13,1], [6,13,2], [6,18, 1], [9, 18,4], [9,8,3], [6.8,2], [6,9, 3],
[5,13,2], [5, 16, 1], [11, 16, 4], [11, 12, 3], [7, 12, 4], [7, 9, 3], [5, 12, 2], [6, 16, 2],
[9, 16, 1], [9, 12, 4], [6, 12, 3], [9, 13, 1], [15, 13, 4], [15, 7, 3], [8, 7. 2], [8, 8, 3],
[11,13,1], [8,12,3], [8,13,1], [15,11,1], [18,11,4], [18,9,3], [15 9, 4]
[13,7,4],[13, 3, 3], [11, 3, 2]. [11, 7, 3], [14, 9, 2], [14, 11, 1], [ 18, 10, 1], [26, 10, 4]
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[26,3.3], [18,3,2], [11, 8, 1]. [13,8, 4], [13, 5, 1], [21, 5, 4], [21, 1, 3], [12, 1, 2],
[12,3,3], [12,5, 1], [18, 5, 2], [21, 3, 4], [23, 10, 2], [23, 13, 1], [30, 13,4] [30, 10,
3). [33, 11, 2], [33, 18, 1], [37, 18, 4], [37, 13, 1], [41, 13, 4], [41,9, 3], [35,9, 2],
[35, 11, 3], [35, 13, 1], [39, 13, 2], [39, 15, 1], [41, 15, 4].

From all the vertices with the smallest x-coordinate the point A[1, 9] has the
smallest y-coordinate. From this vertex we start the motion along the boundary
of the union of the given 12 rectangles.

We first find the following vertices of the boundary of the union (according to the
procedure described above): [1, 9], [1,13], [5, 13], [5, 16], [6, 16], [6, 18], [9, 18],
[9,16], [11,16], [11, 13], [15, 13], [15, 11], [18, 11], [18, 10], [23, 10], [23, 13],
[30, 13], [30, 10], [26, 10], [26, 3], [21, 3], [21, 1], [12, 1], [12, 3], [11, 3], [11, 7],
[8,7]. [8.8], [6. 8], [6.9]

When we delete these vertices from the list, we get a new list of vertices: [6, 13, 2],
[9,8.3]. [11,12,3], [7,12,4], [7,9, 3], [5, 12, 2], [9, 12, 4], [6, 12, 3], [9, 13, 1],
[15,7,3], [8,12,3], [8,13, 1], [18,9, 3], [15,9, 4], [13,7, 4], [13, 3, 3], [14,9, 2],
[14, 11, 17, [18, 3, 2], [11, 8, 1], [13, 8, 4], [13, 5, 1], [21, 5, 4], [12, 5, 1], [18, 5, 2],
[33,11,2], [33,18,1], [37,18,4], [37,13,1], [41,13,4], [41,9,3], [35,9,2],
[35, 11, 3], [35, 13, 1], [39, 13, 2], [39, 15, 1], [41, 15, 4].

We test whether these vertices are interior points of any rectangle Oy, ..., Oq,.
The first vertex in the list, which is not an interior point of any rectangle O,, is the
vertex [15,7]. According to the procedure described above we get the following
vertices of the boundary of the hole: [15, 7], [13, 7], [13, 5], [18, 5], [18, 9], [15, 9].

After this procedure, the vertices remaining in the list are [8, 12, 3], [8, 13, 1],
[13,3,3],[14,9,2], [14, 11, 1], [18, 3, 2], [11, 8, 1], [13, 8, 4], [21, 5, 4], [12, 5, 1],
[33,11,2], [33,18,1], [37,18,4], [37,13,1], [41,13,4], [41,9,3], [35,9,2],
[35, 11, 3], [35, 13, 1], [39, 13, 2], [39, 15, 1], [41, 15, 4].

We test these vertices again whether they are interior points of any rectangle O,.
The first vertex in the list, which is an interior point of no rectangle O,, is the vertex
[33, 11]. We get according to the above mentioned procedure the following vertices
of the boundary of the union: [33, 117, [33, 18], [37, 18], [37, 13], [39, 13], [39, 15],
[41, 15], [41, 9], [35,9], [35, 11].

Since we have spent all vertices from the list in this way, the problem is solved.

The above mentioned algorithm can be modified in such a way that after compiling
the list of the vertices of the union, we test all these vertices according to whether
they are interior points of any one of the given rectangles 0;. We omit from the list
all vertices which are interior points of some rectangles.

171



References

[11 A. Rosenfeldand A. C. Kak: Digital Picture Processing, Academic Press, New York— London,
1976,
[2] A. Rosenfeld: Digital Topology, Amer. Math. Monthly, 86, 1979, 621—630.

Sthrn
HRANICA ZJEDNOTENIA OBDLZNIKOV V ROVINE
VAcLAv MEDEK
Pri rysovani masiek integrovanych obvodov sa vyskytuje tloha ndjst hranicu
mnoziny obdiZnikov, ktorych strany patria do dvoch navzdjom kolmych smerov.
V prdci je uvedeny algoritmus na rieSenie tejto tGlohy.
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