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ANALYSIS OF INTEGRAL EQUATIONS ATTACHED
TO SKIN EFFECT

Ivo VrRkoC

(Received September 26, 1984)

The paper is a continuation of the paper [1]. In [1] the detailed description of the
problem is given, the mathematical model of the skin effect is established and also
a numerical method is discussed.

Nevertheless, for the convenience of the reader we formulate the problem again
and sketch the derivation of the mathematical model in the introduction of the present

paper.
INTRODUCTION

We investigate the skin effect of the system of n linear parallel conductors whose
sections Sy, ..., S, are of arbitrary shapes. We assume that the currents passing
through the conductors are sinusoidal functions and have the same radian frequency
. Let y be the conductivity of the conductors and p, the permeability of both the
conductors and the surrounding medium. The value y is supposed to be constant,
to = 4710”7 H/m. We assume that the conductors are under an effect of a planar
magnetic field which is sinusoidal with respect to time ¢ with the same radian frequency
. We assume that the vector of the magnetic induction is parallel to the sections
of the conductors.

Let x, y, z be orthogonal coordinates axes, z being parallel to the conductors, let
J(x, y) be the phasor of the density of the currents, I, ..., I, the phasors of the
currents passing through Sy,...,S,, A(x, y) the phasor of the vector potential
of the total magnetic field.

Evidently only the coordinate A)(x, y) can be nonzero and can be expressed as
a sum A® = AP + A%, where A, is the phasor of the vector potential of the
magnetic field which is induced by the currents while A,,, is the phasor of the vector
potential of the given magnetic field. Obviously

AAP(x, y) = D2 AP [ox* + 24P |0y = — o IP(x, y)

361



and hence

AP (x, y) = pol(2m) f JO(E 1) In dé¢ dn + K;
S

r(x, y; & n)
for [x,y]eS;, i=1,..,n

where r(x, y; &, 1) is the distance between the points [x, y], [¢, 7], S = US,, K; are
complex constants.
Using the second Maxwell equation we obtain

E® = —jwA® + of|oz

where f is the phasor of the scalar potential. Since Af = 0, df/ox = 9f[0y = 0 we
conclude f = kz where k is a constant. The phasor J can be expressed as J® =
= yE®. The above mentioned equations yield

JO(x,y) = yE® = —jyo A9(x, y) + y of[oz =
- jij JOE n) Inr(x, y; &, ) dEdn + ¢; — jyw AZY(x, )
S

for [x,yleS;, i=1,..,n

where
4 = Y9Ho
b

» € =7k — jyokK;.

Finally, the phasors I, fulfil I, = [5 J®(x, y)dxdy, k = 1,..., n.

In the case of one conductor we rewritte the derived equations in the more general
form (1), (2) while in the case of several conductors we use the form (6), (7).

In both cases the existence and unicity of the solution is proved. In the last section
a numerical method is suggested. The numerical method is a modification of the usual
approach which is described in [3], [4], [5]. The convergence of this method is
proved under assumptions slightly different from those used in the first two sections.
Nevertheless, in both cases the assumptions are sufficiently general for applications.
Moreover, if we assume that the coefficients ¢, b, fulfil the conditions of Theorem 2
(Theorem 1) and that the given function h has a modulus of continuity then the
assumptions of Theorems 3 and 4 are satisfied.

1. THE PROBLEM WITH ONE INTEGRAL TERM

Denote by R the n-dimensional Euclidean space, n > 1. Let S be a bounded
and Lebesgue measurable set in R with a positive measure, h(x) a (complex valued)
function defined on S and fulfilling [ |h(x)|* dx < o, q a real number, I a complex
constant and V(r) a real function defined for r > 0 and such that [§ V?(r) r"~' dr <
< oo for every A = 0.
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Setting of the problem: we should find a (complex valued) function f defined on S,
and a (complex) constant ¢ fulfilling

(1) f(x) = jq Lf(y) V(ly = x|)dy — ¢ = h(x) for xeS,

P f S =1,

where j is the imaginary unit.
If a is a complex number then & is its complex conjugate. Re a and Im a are the
real and imaginary parts of a, respectively.

Theorem 1. Let the assumptions formulated above be fulfilled. Then the problem
(1), (2) has a unique solution f(x), ¢ given by

£x) = 19(x) + (1 - j Sf‘"’(y)dy> FO) / j T

where f is a solution of

(3) f(x) — qu‘f\y) V(ly = x|)dy =1 for xeS
s

and f% is a solution of

(4) f(x) = jqu(y) Vi|y = x|)dy = h(x) for xeS.

Remark 1. We shall show that the solutions f(!’, f® exist and are unique.
As usual we denote by L,(S) the set of all complex valued functions fulfilling -
Js [f(x)|?> dx < oo. The set L,(S) is a Hilbert space with the scalar product

(1.9) = [ S (=) ax.

“S

Define an operator T': L,(S) — L,(S) by
T = [y = ey
s

The operator T'is symmetric, i.e. (Tf, g) = (f, Tg).

Remark 2. The number (Tf, f) is real for all f € L,(S) and the eigenvalues of T
are real. (See [2].)
The proof of Theorem 1 is divided into two lemmas.
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Lemma 1. If the assumptions of Theorem 1 are fulfilled, then equation (4) has
a unique solution for every h e Ly(S).

Proof. The homogeneous adjoint equation to {4) is
() C fHiaTr=0.

Assume that this equation has a nontrivial solution f. Thus f is an cigenvector of T
with an eigenvalue j/g (the case ¢ = 0 is trivial). By Remark 2 the eigenvalue j/q
has to be real. We have proved the statement that equation (5) has only trivial
solution f = 0. Since the assumption [}V?(r) r"~'dr < oo for every A = 0 yields
that the operator T is compact the assumptions of Fredholm’s Theorem [2] are
fulfilled and Lemma 1 is a consequence of the theorem and of the statement.

Lemma 2. We have Re [ f"(x)dx = (), f) > 0.

Proof. Multiply equation (3) by f(x) and integrate over S. We obtain (f©, /) —
—jg(Tf OV, fV) = [sf*(x) dx. Since the second term is purely imaginary (Remark 2),
the real part of this equation yields the required relation.

Proof of Theorem 1. We know that f(U, f® exist and are unique. For given ¢ .
the solution f(x) of (1) can be written in the form f = f® + ¢f". By Lemma 2,
[sf®(x) dx # 0 and we can calculate ¢ so that (2) is fulfilled.

2. THE PROBLEM WITH A FINITE NUMBER OF INTEGRAL TERMS

Let a finite number of bounded, disjoint and Lebesgue measurable sets S;, i = 1, ...
..., k, be given. Assume m(S;) > Ofori = 1, ..., k where m is the Lebesgue measure
k

in R. Denote S = {J S;. Let a (complex valued) function h(x) be defined on S and
i=1

fulfil [g|h(x)|*> dx < co. Assume that (complex) constants I;, i = 1, ..., k, and real
constants g, b;, i = 1, ..., k, are given. We assume that b; are nonzero and have the
same sign. The function Vis the same as in the previous section.

Setting of the problem: we should find a (complex valued) function f(x) defined
on S, and complex numbers ¢;, i = 1, ..., k, fulfilling

(6) f(x) - jqi:ibi_[ S V(ly — x)dy — ¢, = h(x) for xeS,,

=1,...,k,

Il
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1
i

p
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Theorem 2. Let the assumptions from the beginning of this section be fulfilled.
Then there exists a unique solution f(x), ¢;, i = 1, ..., k, of (6), (7).

Remark 3. Theorem 2 is valid even if some coefficients b; equal zero.
The method of solving the problem is similar to that used in the previous section.
Denote

Pf@)=ff@)%ﬂvﬂy—x0®u

where the function b is defined by b(x) = b;for xe€ S;, i = 1, ..., k. Similarly we can
define a function ¢(x) by ¢(x) = ¢; for x€S;, i = 1, ..., k. The set of identities (6)
can be rewritten as

(8) f—iqPf—c=h.
Lemma 3. Let the assumptions of Theorem 2 be fulfilled. Then
©) f—iaPf=h

has a unique solution for every h e Ly(S).

Proof. Define an operator

P* f(x) = b(x)f V(ly — x)f(y)dy for xeS.

The operator P* is adjoint to the operator P in the sense (Pf, g) = (f, P*g). The
homogeneous equation adjoint to (9) is

(10) f+iaPf=0.
First, we prove a statement that (10) has only the trivial solution. Assume, on the

contrary, that (10) has a nontrivial solution /. Identity (10) can be rewritten as

~

J V(ly = x| f(y) dy = jf(x)/(gb;) for xeS;

(the case ¢ = 0 is trivial). If we multiply this equation by f(x) and integrate over S
we obtain

(.0) =35, [ Vel asfan).

The expression on the left-hand side is real and the expression on the right-hand side
is purely imaginary and nonzero. The statement is proved. Now Lemma 3 is a con-
sequence of Fredholm’s theorem and of the statement (as in the first section).

Let £ be a solution of (9) where h(x) = 1 on S; and h(x) = 0 on the other S,’s
(p=1,...k p+ i). Lemma 3 yields that these solutions exist and are unique.
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Denote

.a"r:j fO(x)dx for p,r=1,..,k,
S

P

and let A be the k x k matrix with the elements a,,.

Lemma 4. We have det A + 0.

Proof. Assume det 4 = 0. Then Az = 0 has a nontrivial solution z. Denote by
k
z; the i-th component of z and /@ =Y £z, Certainly the function f* is again
i=1
a solution of (9) where the right- hand side h(x)is a function which equals z; on S..
We denote this function by h®(x). Moreover, we have

ff“”(x)dx:O for i=1,...,k.
s

Consider equation (9) with h = h®. Multiplying this equation by b, ®(x) and
integrating over S; we obtain

biJ' /P dx — jg f PFO(x) b,7(x) dx = bf J®() dx = 0.
Si Si Si
If we sum these equations over all i’s we obtain
o k
ja [ j Vb = D)6 70 BT ddy = X b | [0 o
sJs i=1 Si

The right-hand side of the identity is nonzero real. The left-hand side is purely imagin-
ary since the integral expression can be written as (Tbf, bf”) and thus is real
(Remark 2). The contradiction proves Lemma 4.

Proof of Theorem 2. The solution f(x) of (6) can be written as f(x) = f®(x) +
k

+ Y ¢; fO(x), where f® is the solution of (9). Since det A + 0 we can calculate
i=1

¢; such that condition (7) is fulfilled.

3. NUMERICAL SOLUTION

Let S; be disjoint, bounded and Lebesgue measurable sets, m(S;) > Ofori =1,...
..., k. The function Vis the same as in Section 1.

Remark 4. If m(S;) = 0 then also the corresponding I; has to be zero.
Definition. A finite system of sets {X,} is called a covering of {S;} if X, are disjoint,
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Lebesgue measurable sets, every X is a subset of some S;, m(X) >0, m(S — U X;) =

= 0 and if in every X, one point x, is chosen. These points will be called distin-
guished points.
The norm of {X,} is defined by

d({X,}) = maxsup {{u — v| :u,ve X} .

Definition. A function e(r) is a modulus of continuity if it is defined for r 2 0,
€(0) = 0, e is continuous and nondecreasing. If, moreover, |h(u) — h(v)| < e{ju — v|)
foru,veS,,i=1,...,k (h a function defined on S) then e is a modulus of continuity
of the function h.

If a covering {X,} of {S,} is given we consider the system of algebraic linear equa-
tions (11;), (12), i = 1, ..., k, for constants f, ..., f,, ¢y, ..., ¢, Where x is the number
of elements of the covering {X,}:

= Xs<S¢

(11y) fo— jqib, Y fsJ V(|x, — y])dy — & = h{x,) forall p
t=1 X,

fulfilling X, <= S; andfor i=1,..,k,
(12) Y fim(X) =1, for i=1,..k.

XscSi
If a solution of (11;), (12), i = 1,..., k, is given we can define f(x) = f, for x € X,,,
f(x) =0 for xeS — UX, and &x) = ¢, for xeS;, i =1, ..., k. We denote by

s
Sol (h,I;,{X,}) the couple [f(x), &x)].
The function f(x) and the constants ¢&; will be considered an approximation of the
solution f(x), ¢;, i = 1, ..., k, of (6), (7).
We shall use Hypothesis (H) in this section:

(H) System (6), (7) with h(x) = 0,1; = 0 for i = 1, ..., k, has only
the trivial solution f(x) = 0,¢; = 0fori=1,.. k.

Theorem 3. Let the sets S; be disjoint, bounded, Lebesgue measurable with
m(S;) >0 for i=1,...,k let 1, i=1,....k, be given (complex) constants, let
a function h(x) be defined on S and let the function V be the same as in Section 1.
If h has a modulus of continuity and if Hypothesis (H) is fulfilled, then system
(6), (7) has a unique solution.

Theorem 4. If the assumptions of Theorem 3 are fulfilled then for every ¢ > 0
there exists 6 > 0 so that system (11;), (12), i = 1, ..., k, has a unique solution
if the covering {X,} fulfils d({X,}) < & and moreover

lf(x) =J(x)| <&, |ei—a]<e, i=1..k,
where f(x), ¢; is the solution given by Theorem 3 and [ f(x),&x)] = Sol (h, I, {X}).
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These two theorems will be proved simultaneously but the proof will be divided
into a series of auxiliary results.

Theorem 5. (auxiliary). Let Hypothesis (H) be fulfilled. Let the following assump-
tions be fulfilled

(i) a sequence of coverings {X0} fulfils d({XP}) > 0 for r — oo,

(ii) IV IO i=1,..,k r=1,... are complex numbers with limI®" =1,
r—oc

(iti) h®(x), h(x) are functions defined on S having the same modulus of continuity
e(r) and fulfilling h®(x) — h(x) uniformly.

Assume that Sol (h®, I{”, {X}) exists for every r and that there exists a cons-
tant M such that

(13) J [FO(x)|? dx + J [€P(x)]>dx = M,

where [f(’), &™) = Sol (h®, I, {va')}) .
Then such a subsequence of {X{"} can be chosen that the corresponding f®, &
converge uniformly to a sollution f(x), ¢; of (6), (7).

This theorem is proved in Appendix.

Lemma 5. (on regularity). If the assumptions of Theorem 4 are fulfilled, then there
exists 8q > 0 such that the linear system of algebraic equations (11;), (12), i = 1, ...
.k, is regular if d({X}) < &,.

Remark 5. The number 6, is independent of h(x) and I,.

Proof of Lemma 5. Assume, on the contrary, that for every 6, = 1/r there exists
a covering d{X{’} < &, such that the determinant of (11,), (12), i = 1, ..., k, is zero.
Thus this system for h(x) = 0, I; = 0 has a nontrivial solution to which there corre-
sponds a nontrivial f®(x), &(x). Since the system is homogeneous we can assume

L| FOR dx + L]em(x)p dx = 1.

Hence the assumptions of Theorem 5 are fulfilled and there exists a subsequence
of f®(x), &®(x) converging uniformly to a solutlon f(x), ¢; of (6), (7). Since the
convergence is uniform we conclude

j |/(x)|* dx +J‘ e(x)|? dx =1
s s
and we obtain a contradiction with Hypothesis (H).
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Lemma 6. (boundedness). Let Hypothesis (H) and conditions (i) to (iii) be fulfilled.
There exist numbers 6, > 0, M; > 0 such that

J O dx + j EO@I dx < My if (X)) < 5y
N S

where [, 8] = Sol (h®, I{”, {X®}).

Proof. Assume, on the contrary, that there exists a subsequence of {X%} (which
we denote by {X?} again) such that d({X?’}) — 0 and

o ax s | oo ar o ror oo
N s

We can multiply 7@, & by numbers z, > 0, z, — 0 such that

: < L| FOR)? dx + L ESOE dx) _ 1

The multiplied functions belong to Sol(z,h, z,I;, {X"}). Thus the assumptions

of Theorem 5 are fulfilled and at the same time z,I; - 0. As in the previous proof
we can choose a subsequence converging to a nontrivial solution of (6), (7).

Proof of Theorem 3. Consider a sequence of coverings {X{"} fulfilling (i). By
Lemma 5 and Lemma 6 there exists a sequence Sol (h, I;, {X{”}) which is bounded
in the sense of (13). An application of Theorem 5 yields the existence of a solution

of (6), (7).

Proof of Theorem 4. Let f(x), ¢(x) be the solution of (6), (7) given by Theorem 3.
Assume, on the contrary, that there is a sequence of coverings {X'”} fulfilling (i)
so that f®(x), &¥(x) given by (11;), (12) does not converge uniformly to f(x), ¢(x)
for r — oo. Certainly there exist a number &, > 0 and a subsequence of {X{}
(which we denote by {X{’} again) so that

(14) sup {[/(x) = )| + [e(x) = W 2 00 > 0.

By the same reasoning as in the proof of Theorem 3 we conclude that there exists
a subsequence of {X} so that the corresponding f®(x), &”(x) converge uniformly
to a solution f(x), &(x) of (6), (7). Inequality (14) yields

(15) sup ([/(3) = J(5)] + [e(x) = ¢} 2 20 > 0.

The existence of two different solutions of (6), (7) is a contradiction with Hypothesis

(H).
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APPENDIX
In this section we shall prove the auxiliary Theorem 5 and inequality (16).

Lemma 7. Let D = diam S. There exists a function &(r) such that & is a modulus
of continuity and

J [V(|ju — y]) - V(v - y|)]2 dy < é*(|lu — v|) for u,veR, |u|,|v]| £ D
s
is valid.

Proof. First we prove a statement: For every ¢ > 0 there exists 6 > 0 such that

A

J‘[V(Iu =)= V(o= y)Pdy <e&® for |u—v| <5, |ul,[v]=D.
S
Let ¢ > 0 be given. There exists a continuous function K(r) such that

JZD(V( r) =V (r)? " tdr < é&*,

0

and since V, is continuous there exists 6 > 0 such that
[V(a) — V(b)] <& for 0 < min(a,b) < max(a,b)<2D,|a — b| <é.
We have

vt = b = o= e = T 0= = v

w0 = o = vl =i ar [ D= o = vl = ey s

=2 Jlas L) = v e ar) e nts) <

< e(2/(a,-y) + ym(S)) for |u—v| <6, |u

v £2D,

B

where a, is the volume of the n-dimensional unit sphere. The statement is proved
and Lemma 7 is its easy consequence.

Lemma 8. There exists a constant M, such that
[FO(x)| < M, for xeS,
where [, 8] = Sol (h, I{, {X"}) is given in the auxiliary Theorem 5.
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Proof. System (11;) can be rewritten as
T = € + K +ja o[ TO0) V(s sy
t S,
Using the Holder inequality,

[P0 = [ + )] +

+ la] max |b,| \/ j JRE RN j TVl = o)

Since h'”)(x) converge uniformly to h(x) and h(x) is bounded, sup [h*(x{")| < co.
By Lemma 7, sup [s[V(|x — y])]* dy < oo. If we take into consideration (13)
xeS

and m(S;) > 0 we conclude that sup |¢®(x{”)| < co and Lemma 8 is valid.
r

Lemma 9. There exists a modulus of continuity e*(r) such that
PO = S = € = X for
x"eS, i=1,..,k where x", x{" are distinguished points of {X{"}.

Proof. We have
f(r)(x;r)) _ f""(xﬁ’)) =

= ) = M)+ 0 TOON IV o) = Vi = oDl

so that similarly as in the proof of the previous lemma

[FO) = T |2 el? = 50

)+
lalmax e[| o0 | D05 =) = v sl ar s
< s = X0 + la max o< — 0.
The statement of the lemma is valid for e*(r) = e(r) + |q| max |b,| M&(r).
.

Proof of Theorem 5. Let S; be the closure of S;. Since S; are bounded the sets
S, are compact.

We define functions f®)(x; i)forxeS;i=1,..,k:
Re f©)(x; i) = min {Re JO(xP) + e*(|x{ — x|): for all
distinguished points x{” of {X®} from S;},
Im f©(x; i) = min {Im fO(x$) + e*(|x{” — x[): for all

distinguished points x{” of {X*} from S;} .
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Remark 6. By Lemma 9 we have f®(xQ; i) = J®O(x) for the distinguished
points x!” from S,

Lemma 10. The functions f®(x; i) are uniformly bounded:
[fO(x; i) < (M, + e*(diam S))) /2 for xeS§;,
and the functions f(’)(x; i) have a common modulus of continuity:
FOCs 1) = 100 ) < el =y for xyeSi, i=1..k,

where e*(r) = \/(2) sup {e*(x) — e*(B) 1« < B + 1, f < diam S;} and diam S; =
= sup {|u — v| :u,veS;}.

Proof. The bound for Re f®(x; i) and Im f®)(x; i) is a consequence of Lemma 8
and Lemma 9. Consider now x,yeS; Let the minimum in the definition of
Re f” (x; i) be realized by a distinguished point x{°, x{” € S;. We conclude

Ref(’)(y; i) — Ref“)(x; i) =
= min (ReJO(x?) = ReJ(s$) + 1?3 -
— (5D — ) K e £ () — o) — (P = ) = el — )

Since this bound is symmetric with regard to x, y and is valid also for the imaginary
parts of f®)(x; i), Lemma 10 is proved.

Since the functions &)(x) are constant on S;, bounded ((13) and m(S,) > 0) we
can choose a subsequence of {X{} such that the subsequence of &*)(x) converges
to a constant c;. Since f®(x; 1) fulfil the conditions of Arzela’s Lemma we can
choose a new subsequence f)(x; 1) converging uniformly to a function f(x; 1).
We repeat this construction for S,,..., S;. We denote f(x) = f(x; i) for xeS,,
i=1,..,k.

Lemma 11. The function f(x) and the constants c,, i = 1, ..., k, form a solution

of (6), (7)-

Proof. First, we denote the subsequence of f (’)(x; i) which converges uniformly
to f(x; i) by f@(x; i) again. By Remark 6 we have f(’)(x;’); i) = fO(x) = fO. Thus
using (11;), we have

k .
FOC ) — iy, b:‘[ FOW ) Vx® — y))dy — & =
t= Se

k
= ) ~Ja

XS,

b Y j [/ 1) ~ 7o 0 V(x& = y]) dy
1 X5
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forx(?e S, i=1, .k and

k
SO i) = ig 3 by j SO (ys 1) Vi(jx — y) dy — & = h(x) + J©,
t=1 Se
where

JO = h(x) = h(x) + (x5 0) = fOXD;0) +

+ jg Yb, f FOs ) [v(x” = v = V(x = yD]dy -

—igYb, ¥ f LrO%ys 1) = £ 0] V(x — y)) dy,
X (M

t X (MeESe

where x{ is the distinguished point of {X{’} in S, nearest to x. Assume for a while
that S = UX!" for all . Then |x — x{”| - 0 for r — co. By (iii), Lemma 10and
s

Lemma 7 we conclude that J® — 0 for r — co. Thus f(x), ¢; fulfil equation (6).
Equation (7) for f(x), ¢; can be proved in a similar way.

It remain to prove that f®(x) converge to f(x) uniformly.

Since f®(x) is constant on X{” and f®(x) = f*(x&) = f,, where x{" is the distin-
guished point in X7, we have

[FO(x) = fO0s )] = e¥(]x = xP)) £ eX(d({XP}) - 0
for r — co. This proves that also f®(x) converge uniformly to f(x). If S + UX")
we put §; = n(UX(" N S;). We have proved that f(x), ¢; fulfil (6), (7) with S; replaced

by S.. But m(S - S8)=0,i=1,...,k and we can extend f(x) by (6) onto S.
Theorem 5 is proved.

Lemma 12. Let the assumptions of Theorem 3 be fulfilled. Then

(1) 1@ = 7] = elje = )+ Jaf ma o e = o) [ 1O

for u,veS;, i=1,..,k.

Proof. Let u, v e S;, then using (6) we can derive
S(u) = f(v) = h(u) = h(v) + iq Zbif SO [V(lu = y) = V(o — DT dy .
i Si
By the Holder inequality and Lemma 7 we obtain the statement of Lemma 12.
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Souhrn

ANALYZA INTEGRALNICH ROVNIC POPISUJICICH
POVRCHOVY JEV

Ivo VrkoC

Clanek navazuje na préci [L], kde je odvozen a diskutovan matematicky model
povrchového jevu. V piipadé jednoho vodi¢e v proménném magnetickém poli je
fazor hustoty elektrického proudu ve vodigi uren rovnicemi (1), (2). V piipadg
vice rovnobéznych vodicii obdrzime systém (6), (7). V prvni a druhé ¢asti ¢lanku jsou
feSeny problémy existence a jednoznaénosti feSeni danych rovnic. V tieti Casti
¢lanku je navrZena numerickd metoda vypoctu feseni a je dokazana jeji konvergence.
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