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Summary. The paper contains the proof of global existence of weak solutions viscous com-
pressible isothermal bipolar fluid of initial boundary value in a finite channel.
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1. INTRODUCTION

This article is inspired by the paper by J. Netas, A. Novotny, M. Silhavy [7]
concerning the global solution to the isothermal compressible bipolar fluid where
Orlicz spaces were used for describing finite entropy and theorems of the compensated
compactness type. I follow in this paper the ideas of M. Feistauer, J. Nedas, V.
Sverak [1], J. Negas, A. Novotny, M. Silhavy [7], M. Padula [9].

The main step in this work is the study of a bipolar fluid in a finite channel. Higher
stress tensor implies the use of higher derivations of the velocity field. The existence
of a global Hopf solution, under general initial data (0, #,) x Q with t, arbitrary
and Q@ = R", N = 2 or 3 is proved.

In the present case, only one new stress tensor is needed, such that the momentum
equations are of the 4th order. So we come to a bipolar fluid. The corresponding
stress strain relations are supposed to be linear.

We suppose that density ¢ on input is g, > 0, the velocity v = v° on input and
output, where v, is extended to the entire Q,.

2. FORMULATION OF THE PROBLEM

We consider the classical state equation
(2.1) p=RoT
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where p, ¢, T are pressure, density and temperature, respectively and R is the uni-
versal gas constant.

The isothermal process means that
(2.2) p=0A, A=const>0.

As usual we denote by v the velocity vector. The continuity equation assumes its
stadard form
(2.3) G Aev) _ g

ot 0x;

i
A standard symmetric stress tensor t;; is considered such that
(2.4) T, = —pdi; + T

The general linear form for r‘fj, with coefficients depending on the temperature T’
only and therefore constant in our case, provided r . are symmetric, is

v 0? ov
25 o=y 206, 4 2pe; — 1.4 5, — 2y dey, + &),
(25) T ox, e =gy, 0 T AGi T dx; 0x; \0x;

see [3].

We shall suppose that y = —3%u, 4 >0, y; > —3%u;, 4y >0, y2 =0, 2¢; =
= 0v;[0x; + 0v;[0x;. We consider further a 3rd order stress tensor t{;. For it we
require symmetry in i, j, then its general form according to [3] is

de;; de
(2.6) = 24 f + 9,0, o U 4 301,40, + 1000, + 740,40, +
k
ey, e % 2%v; 0%v;
+ 750; P50, —F 4+ 9 k y : Yy ——te
Yo%k o, ax, Vs 0x; ¢ 0x; 0x; ! 0x; 0xy, ! 0x; 0%,

We shall restrict ourselves to the case y; = y, = y5s = y6 = y; = 0. The Clausius-
Duhem inequality (see [3])
v + 61:,,k dv; >0
0x; 0x;  0x; 0%
is satisfied for (2.6), (2.5).
Let @ < RV, N = 2 or 3 be a bounded domain with a smooth, infinitely dif-

ferentiable boundary and let @, = (0, t,) x Q be the time-space cylinder.
The momentum equations combined with (2.3) yield

oy e

(2.7) e + e —

— (ovw; + 6,0 — ?j)=0.

.l

In addition to initial conditions for v and g, we suppose that  is a finite channel,
where we have the following conditions: for the input, output and on the upper and
lower sides.
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We suppose that the velocity v need not be equal to zero in two parts of 0Q:
T, = {xeoQ; w <0},

T, = {x€dQ; vv > 0}; and we denote

Topptiow = {x € 0Q; 0QN[T;,, U L,,l},

where v is the outer normal.

Conditions for the velocity are:
(2.9) v=20" on I,,ul,,,
(2.10) v=0 on T

upp+ low *

Conditions for density:
we suppose that

(2.13) 0=10, on Ty,,
(2.14) 0=0, inQfor t=0.

Let us suppose that we are already given a solution ¢, v (¢ = 0) which is suf-
ficienty smooth. Assume that v, is such a function that there exists its extension onto
the whole cylinder Q,, so that this extension is an element of L*((0, T), W?*(Q)).
We shall denote the extension by v, again.

Then we can write

(2.15) v=1"+w,
where
(2.16) w=0 on (0,1t) x oQ.
We assume another boundary condition:
(2.17) e =0 on (0,1) x 0.

Now we shall need apriori estimates.

Theorem 2.1. Let o, v, v° be smooth enough. Then

t
(2.18) J' o dx §J‘ odx + '[ f 0ovYv; ds dt,
D (1) 0J Cinp

(2.19) E o|w]? dx — ! o|w]? dx +
2 Q. 2 R0
0 (]
o[ (Bomr o +myw ) acars
Q: ot axj

+lj (elng — @) dx —ZJ' (elng — @) dx +
Q. R0
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t t
+ AJ J. olnovdv, dsdr + AJ f oln ov?v; dsdr +
0JTinp 0J Four

! o?
+Af gdx-—lf de+ljf94dxdt+
2 R0 0oJ o i

+ J. t{)’ ez(wl,) + 2u eu(W) u(w) +, aeu(W) 6e,,p(w)

0x, 0%,
e, (w )aeu(w)

+ 2py + ey (v°) e(w) +

0x,  0x,
0
+ 2ue;(v°) ey (w) + 7, MB—) ——ae””(w) +
0x;, 0y
0
+ 24, a_eii(” ) e (w) ~0,
0xy 0x;

where Q, = {(x,1), xe Q}, Q, = {(x,0), x € Q}.

Proof. Let us prove (2.18) (we denote Q,, by Q,). The proof of (2.18) is based on
the integration of equations (2.3) over @,, the use of Green’s theorem and the
boundary condition

hence

(2.19)

[?—Q+M]dxdt=0,

0.l 0t 0x;

1

Jm [% + ?’(5%)] dx dt =L {J.n [Zf] dx} dr +

Now we write the last integral

(2.20)

't
J ov;dsdt = J‘J. 0ov?v; ds dt +
J 0JCinp

J.J‘ guvdsdt+fj ovv;dsdt.
0J Fous 0J Fupp+iow

We know that the last integral in (2.20) is equal to zero.

Because

(2.21)

(2.22)

3

J J oovfv;dsdt £0,
0JTinp
t

IJ 0ovv;dsdt = 0,
0o Foue

t t
_|_J‘ j gv,-v,-dsdt=J gdx—J~ o dx +f J ov;v; ds dr .
0Joe 2. 20 0Joe
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it follows that

t
(2.23) J edx £ j odx — J. J ovdy, ds dt.
Qe Qo 0J Cinp .

Now we prove (2.19).
Let us multiply equations (2.8) by w, where v = v° + w, and integrate over Q,.
We have

0
0= — (ov;) w; + 9 (oviv; + 84p — i) w; [dx dr.
Lot 0x;

Let us divide the right hand side into three parts.
The first part:

0 0
— (ov)w; + — (ovv;) w;> dx dt =
_[t{ﬁt (ov:) ox (¢ ) }

J
— 81) —ow; + @ vw; + i (ij) vw; + ?& ijwi dx dt .
0: ot ot 6xj axj

We use the continuity equation and obtain

v o(v) + w,)
—L ov;w; + — ow; Jdx dt = ——— ow; +
Jo G Gom)axan < [ (T

0
+ 0o ov;w; |dx dt = Owy ow; dx dt + @igwi dx dt +
0x; _ . Ot , ot

0
+ A7 + wi) o(v] + w))w;dxdt = 1 j‘ 9 (e|w]?) dx dt —
. 0x; 2 ), 0t :

0
_1 gg|w|2dxdt+ ~a&Qwidxdt+
2 ), 0t ., ot

600 6w
-+ ow; —= w; + ow; — dx dr +
. 6xj 6x,-
+ Q@—UW + ov; ?—w)dxdt
A\ 0x; 0x;

= %J.mdw[z dx — %L o|w|*dx — %.[ l@/iw[2 dx dt +

0
+ @—gw dx dt + QUO J—L dx dt +
, Ot 2
2 0 ov?
+1 gijdxdtJr ov] w,-—a~1-)-’—+gij,-idxdt=
2 Jo. 0x; 2. 0x; 0x;
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1 5 1 oy
= - d —_—— 2 -t - b
5 'Ltg|w| X 5 J;O QIWI dx + o 0t ow; dx dt

1 0 . 0
- = x |w]? + Aev;) |w]? ) dx dt + ijwia—v’- dx dt =, 3,
2 )o, \0t 0x; Ox

t J

1 1 wd
=(2.3) Ejn,glwlz dx — Efnoglwlz dx + Q,% ow; dx dt +

(]
+ f Qujw,-zi dx dr.

Xj

The second part:

0
j — (8;;p) w; dx dt=Jl @widx dt=(2.1)lJ‘ @w,-dx dt
0.0 ) 0.0

t xj t Xi ¢ Xi
=Aj @lgwidxdt=lf i(lng)gw,-dxdt:
0. 9x; 0 0. 9%;
—?
—A‘[ Ingg(—e—v‘)—")dxdt= —lf lnga—(g—(u)dxdt=
‘ Xi . 0. Xi

= —lf {lng i(Qu,-) —Inp 2 (Qv?)} dx dt =
R axi axi R

=1 lng@dxdt+}.J‘
ot

Ing 9 (ov?) dx dt =
JO: axi

t

~ »

=1 'ﬁ(glng—g)dxdzju,lj In o -2 (00?) dx dt =
dQ:at Q: 0x;

1

=2| (elng —-Q)dx—l[ (elng— g)dx +
J R o Qo

+ A lng—-a—(gv?)dxdt‘zlj. (elng — @) dx —
JO: axi Qe

—if (ang—g)dx+lff (ov?) In gv; dS dt —
Q0 0J o

* % o
— —v;dxdt =4 ‘,(anQ_Q)dxn

JoJa 0X; RN

r t '
-2 (ang—g)dx+ljj‘ oviv;In o dSdr +
0 0JTinp '

rt

+ 2 f Qu?vilngdeI——,{J‘
Fout

JO

t

J‘ ovdv;dS dt —
Cinp

0
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ljf ovdv;dSdt + A QQ—-—-d dt =
0J Foue . 0x;

=(2.19)(2. zoﬂ»J‘ (elng — @) dx — /If (elng — o) dx +

+

+

+

+

”/0J

prr o~
A Qv?viandet+lfJ ovdv;In o dS dt —
Cinp Coue

o

A Qv?vldet+if de—lj odx +

JOJinp

ptop
A Qv,v,det+lJ' f dxdt
Tinp

JOJ

A (angag)dx——lj\ (elng — o) dx +
Ja.

s

13
y) J ov? In ov; dS dt + /1-[ J‘ ov? In gv; dS dt +
Cinp 0J Fout

JO

" ¢ o’
A de—if gdx+l‘[J‘Q——'dxdt.
Ja, 20 oJa 0x;

The third part:
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t
j i(‘r‘:j)widxdt = —fj thwy, dSdr +
t6x- o

[k atme-[ [0

3 x.l' ¢ x] Bx,

2#%(”) — 714 oo 5,,a—w— 2u,de;; Mil gy dr =
5xl 3x1 a j

60, aw ow; lﬁwj
e; —) -
f f { " ’()< 2ax,-)
ax, 26xj 26x

rt
J {y (61} wi y owy le_,) + 2pe;(v° + w) e,-j(w)} dxdr —
@

Jo 0x, 6x, 0x; 0x;

[t Jd [ov 6w ow;
no (B) 2y, 4 2 O (o)) 2 vk} ds dr +
JoJon 0%, \0x,/ 0x; X 0x;

[ 9 (0v)\ 9 [ow; +
Jo 6xk 0x, axk 6x




2o (,,( 9 (x,)d xdt =
- j ) {ve,,(w) 2 () ) + 1 2 ) 2 ) +
2y ) - )+ 7)) +
# 20 ) + 2 eule?) 2 o) +

0 0 !
+ 21 — €;;(0°) — eyy(w) dr dx — 0 4 v, dS dt
OXy, 6Xk ) o0 ax

0 J

Let us denote the last term by B.

B=f j Tfjk%vdedt.
0J o axj

We know that % = % -
0x; v

This means that

1
B=J‘J‘ 1‘,’Ikawvvdedt
0Joo ov

and we use condition (2.17). It implies that B = 0.
Thus

0
%jntg]wlz dx — %J; e|w]? dx + jata—gti ow,; dx dt +

jg(v + w;)w; —-idxdt—i—/l (glng—g)dx—

J

—AJ (glng~g)dx+ljj Qv?lngvidetJr
Qo 0JFinp

T
+ljj‘ Qv?lngvidet+lJ de——ljv odx +
0 rot Q. Q0

+ ALtQ —Ldxdt +f t{y &2 (w) + 2u e;(w) e f(w) +

Xi

+ Y1 _é;. e”(W) - epp(w) + 2”1 lj(w) ”-(W) +
k

+ 2u eij(v )eij(w) +y e”(v )ekk(w) +

0 0
+ 2111 u(”o) u'(W) + 9 — ey(t?) — ep(w)pdxdt = 0.
0x;, 0xy



The last term in denoted by A4, + B,, where 4, = ((w, w)), By = ((+°, w)) are

scalar products in W*%*Q,R") n W;*(Q, RY), see below and suppose that the
following condition (C) is satisfied:

(C): 00€C'(Q) (¢ = 0o oninputand ¢ = g, for t =0); g, >0,
v, € CY(0),
0 € Lw(l. Ll(ﬂ)) R
w e LI, W**(Q, RY)),
o € LX(I, W9, RY)).

Theorem 2.2. Let us suppose (C), then

t

(2.29) }J‘ o|w]? dx +J‘ olngdx + lj [w]?dt =
2 Q L1 4

0

§hf Q[wlzdxdt+k§l,

where h, k.1 >0, h, k, 1 are constants.

Proof. From (2.19) we know that (we denote Q" by Q,)
! o|w|? dx — 1 o|w]?dx + | ow, o} dx dt +
2)a, 2 J)a, . ot

+J 0v;W; Q——dxdt+ij (elng — ¢)dx —
0: 0 2

J

i t
- (ang—g)dxﬁ-/ljj 000? In gov; dS dt +
J 20 0J Cinp

rt )
+ A J Qv?lngvidet—F/lj odx —
J0J Foue Q.

r

—A| edx + AJVJ‘ Q?xg dx dt +f[((w, w)) + (1% w))]de = 0.

J Qo 0

First we move the known terms to the right hand side

Xj

+AJ (ane—@)dxﬂljf dth+
+j‘0[(w, w)) + ((v° w))] dt + [ o dx =

oJ R

%j Q|w{2dx+j ow; aa‘dxdt+J oU;W; z—dxdt-i-
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(2.25)

(2.26)

(2.27)

(2.29)
Thus

(2:30)

=ij (QIHQ“Q)dx+1f Q]wlzdx+/1f odx —
o 2 Qo Q0

t t
— ,IJ j 000 In gov; dS dt — AJ‘ J ov) In ov; dS dt .
o Cinp 0J Fout

Now let us estimate. From (2.18) we know that

”9”L°°(I,L‘(n)) <k;

o° t
j‘ Qwi‘av?" = C1f ”W“WM(n)J IQI =
Q: 0 @

t
§(2.1s) 61J ”W”WZ'Z(I!) §Homer.ineq. ¢y \/(’) ”W”Lz(l,lez(m) .
0

C—y

ov°
o) w; i
. 0x;

t
éczf
0

yMW+wwmm{

“W”W“(mj |Q| =
Q

é@ﬂwwwwéaﬂmwmmmm,

t

[

[wl* + ((° w)) de =

t
éJ‘ (”W“;Zyz,z(n) + Hvouwz,z(n) []W”Wz,Z(ﬂ)) dt £
0

0

L

0

vy
0x;

<e,.

t
1[ Qlwlzdx-i—/'tj glngdx+J‘
2 Q: Q¢ 0

IIA

< [ (o1 + L1 ) o

[w]?

t
}J‘ Q]w|2dx+/1j angdx—lj
2 0 o 0

dt =

J‘ 0002 In ggv; dS dt —
Cinp

T
- AJV J‘ QU? In Qv; ds dt + él \/(t) ”W”LZ(I,WZ'Z) +
0J Fout

t
T 2y J(O) [Wleramen + €5 f f owaw, dx dt +
0J R

; L (1 1% + suw||2) dt +c.

&
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Now we use the Gronwall lemma:

f’(t) < Klf(t) + K,,

where
1
f'()= —j o|w|* dt,
2 Ja,
(1) = J o|w]? dx dt,
A OEYEGE: lf olngdx +J [w]?dt <12
o 0
t
1
Sem1)2 c3j e|w|? dxdt + K + cs|w]za w2 +J iﬂwuz dr,
t 0
where

t

K= 1f o|w|? dx + lj olnodx — AJ I 0o0? In ggv; dS dt —
2 o Qo 0JTinp
t t

- AJ J‘ ov? In gv; dS dt + J 2|02 dt + c.
0J Fout 0

For ¢ < 1 we have |4 [q, ¢ln¢ dx| £ ¢s. Thus

f(0) + ZI angdx + 2_[ [w]|? dt < c3j‘ Qlwlz dx dr +
2.

Q.
T S P——

K, =K+ ¢,
S . jMWm+%

Thus

13
(2.31) %L o|w]? dx = ﬂ o|w|* dx + ﬂ [w]* de +

+lj angdx<c3ffgiwlzdxdt+c7.
@ 0J 2

ez1

This implies (use Gronwall lemma) that

1J o|w|* dx — 2¢5 ljtj QIWIZ dxdt £ ¢, .
2)a, 2)ol)a
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Multiply this inequality by e~ 2"

L[ !
{—j J. QIWIZ dx dte_zq'} < cqem 200
2)0la

.[I 1,[- o|w|? dx dr g7 22" Pt O
02J)a o =2 o 2c4 2¢,
Now we multiply by <"

1 c c
(2.32) —J J Q‘WIZ dxdt £ =L e?est — L

2 oJ e 203 2(‘3

(2.33) [0 = EJ o|w]? dx < 2¢, 1J‘ o[w|?dxdt + ¢, <
2)a 2 Jo.

t

€1 2 C7
S 2e5f =L ¥ — L | 4 ¢y = cpe”,
2¢, 2cy

(1) + if ]2 d + zf oln o dx < 265 f(1) + ¢ |
e, @, ¢zl

. 0z

(2.34) ij [w]?*dt + AJ elngdx £ 2¢cycy €* + ¢, -
Q. @ 2

ez1

Let ¢(r) and () be two right continuous (s, 7 > 0) nondecreasing functions
such that

(2.35) o(t) = sups, Y(s)= supt
V() St

o(1)<s

which satisfy the conditions

(236)  ¢(0) =v(0)
¢(o0) = ¢(e0)

The convex functions ®(u) and ¥(v) defined by the relations

237) 1) = f " o(t) e

0

0 b

It

0 .

70 | "(s) ds

are called mutually complementary Young (or ¥ —) functions [2].
A convex function @,(f) will be called the principal part of the ¥-function ®,(r) if

®,(t) = @,(t) for sufficiently large ¢ .
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By L4(Q) we denote the Orlicz class corresponding to @, i.e. the set of all Lebesgue
measurable functions u in Q such that

(2.38) J tD(u) dx < .

The Orlicz space Ly(€) is defined to be the linear hull of the Orlicz class Ly(Q)
with the Luxemburg norm

239 [luflo = inf{h > 0: f O{u()h dx = 1},

240)  [Jully = inf{h > 0: J RCCIEE 1}.

For ||ul|¢ > 1 we have

(2.41) j 0(u(x))[[uflo dx < 1.

Let C(2) be the set of all functions u continuous on  up to the boundary. The
space Co and Cy are defined as the closures of the set C(€) with respect to the
Luxemburg norms ||+ ||e and ||| +|||w, respectively.

The following inclusions hold:

(2.42) Co(Q) = Ly(Q) = Ly(Q) .

Definition. We say that & satisfies the A,-condition if for large values of t we
have

(2.43) da > 0: &(2t) < a (1) -
We use
(2.44) YO) =1 +t)In(L + 1) — ¢,

o) =e —t—1.
Remark.
(2.45) L, is a Banach space [2].
(2.46) Ly, = (Cp)* [2].
(2.47) If ¢ satisfies the 4,-condition, then Ly is separable [2].

Theorem 2.3. If ¥ satisfies the A,-condition, then
(248 G®) = L(@) - L(@).

Proof. See[2]. -
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Theorem 2.4. If ¥ satisfies the A,-condition, then
(249)  Lo(@) = (L))"

Proof. See [2]. -

Of course Cy(R), Cy() are separable Banach spaces. We realize that ¥ satisfies
the 4,-condition, hence

(250)  ClQ) = Ly(@).

Definition. If X is any Banach space, we set X = [X]d while X* will denote the
dual space. Moreover, the symbols (.,.) and |[2 will denote, as customary, the
scalar product and the norm in L,(), respectively. For 1 < p < oo and X a Banach
space will the norm |+|y, we denote by L (I, X) the set of all mappings f: I = (0, t) -
— X which are strongly measurable and such that

(251) f flgdt < o

|
Theorem 2.5. If X is a separable space and 1 < p < oo, then
(L X)* = 1L x%), L4lo1,
p q
Proof. See [10]. -

Remark. This theorem implies that
(2.52) L3I, Co(Q))* = LX(I, Ly(R)).
Definition. Let 1 < p < 0. The space W*?(Q) is the subspace of L”(2) of func-

tions u for which there exists w,e L?(R), o = (ay, a3, 3, ..., %), &; = 0, {ocl =
=0, +oy, +og+ ... +a,l = Ioc] < k, such that V$ € 2(Q),

(2.53) ‘[ D*pu dx = (-1)'“'} o, dx,

olel

ox§t ... oxy

n

where D* =

For 1 < p < oo we put

1/p
@54 ulwere = ( f [, % lodrdx o Jup] dx)
Q 2lal =k
and for p = o©

(2.55) [l = sup ess |u(x)| -l—1 Y supess

sfalzk

o,(x)| - -
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Definition. Let Q@ = R be a bounded domain. Let 1 < p < oo. We introduce
Wk»p(g) =Ekﬂ(?f)li lle,p | -
We shall work with
(2.56) w e L*(I, W>?*(Q, R")),
(2.57) 0 e L¥(I, w**(Q, R")),
(2.58) e C(Q,),
(2.60) 0 €eL”(I,Ly(Q)), 02 0.

The weak formulation of the equation (2.8), (2.4) will be the following:

™ t
@6) - | o0, Zraxdr- J 00 2(0) dx + f (0. 2)) di —
J Q1o at £1) 0
[ 0z;
— | (oviw; + pé;;) —dxdt =0,
J Q1o axj
[ 0z; 0z;
~[Leon@ar | 0T o=
J L0 ° Qto ot Q10 ’ axi

for every ze C*(Q, RY), z(t) =0, v,ze W>*(Q,R") n W, *(Q,R"), #° = v(0),
z = 0on o x (0, 1), ((v, z)) is defined by (3.1) in the next section.
3. A MODIFIED GALERKIN METHOD

First we construct a sequence of suitable approximations. Let us denote ¥V =
= W24 Q,R") " Wy *(Q,R") and for w, z € ¥ let

G ((w2) = j [v (W) eu(2) + 21 es,(w) e(2) +

Q

0 0 0 0
+ 71 — eu(w) — e,,(2) + 2u; — e;;(w) — e;j(z) | dx .
0x;, 0x; 0x;, 0x;

(3.1) is a scalar product in V.
It may be shown that the bilinear form (3.1) is coercive in V.

(32) f [y elzl(w) + 2# eij(w) eij(w)] dx gwe use Korn’s ineq., see [4]
()

ow; ow; 1 /ow,\?
= er(w) + p[— =)+ =) dx Z,50,,2-
_Jn[v ) ﬂ<axj ‘3";) Z(ax,.> pEoE T
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oo (o233 -G

> f (1w} dx = k L(vw + W) dx .
(33) j (2/11 eulo) - () + o e,,<w)£:e,z(w>) dx =

ow 0 0 0
=j <2#1€ij <—> €;j ‘Xv‘) + yien( =) e (X)) dx 2
o 0x;, Xk Xk Xk

I S}
<
\_/
N————
o
=
1\%
E
o
g
o
)
N
=
v
-
e

Now

ow
34 61,8 e;; [ —)e; Vw|? dx =
ey “‘f('(ax) (GRS
3
e, (6w ow y Mo IVWkIZdX>
K= 6xk 2.6.¢6.u; k=1

(2
f { (aw> (j}:) + |Vw,,|2} dx = c68,u1k§1

(we use the coerciveness of deformations, see [4]). (3.2), (3.4) imply that

2

kilwt.2

((w, w)) =2 clj‘n(]w|2 + ]lez + |V2wlz) dx Ywe W'3(Q, R")

(this implies that the bilinear form is coercive in V).
Let (z*);2; be a complete orthonormal system of eigenfunctions in ¥ with the
scalar product ((.,.)), we seek the solution to the eigenproblem in ¥

(3.5) ((w,2)) = A(w,z) VweV, VzeV,

Where (w,z) = J w;z; dx .
a
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We have

(3.6) ((w, 2) = Lw, 2), (2%, 2"} = &, .
Forze LZ(Q, RN) let us put

(3.7) P,z =Y A(z* 2) Z*.
k=1
If
L} = span{z',...,z"} in L?,
V,, = span{z', ..., z"} “in ¥,

then P, is a projector of L? onto L2 and of ¥ onto V... From the regularity of solu-
tions to the linear elliptic problem we get ‘

(3.8) " e C*(2; R")
from (3.6), see [7].
Remark. ‘
v J(2,) Z* is an orthonormal system in L2.

Remark. For the construction of the base for the Galerkin method we have used
the following regularity property of the weak solution to the elliptic problem

(3.9) ueV, feL*(Q,R")

((v, u)) = J‘ v;f;dx forevery veV.

Q

Theorem 3.1. Let u € V be a solution to (39) Then u € W4’5(Q, R"), ¢ > 0 and
(3.10) lulbws.2co,mv) < €|f [r2cmmy -

Proof. See [7].
By (3.9) one defines the operator </

(3.11) ((w, 2)) = (#w,z) for every zeV.

Its domain of definition is denoted by D(s#), of course Wy*(Q, RV) = D(£). It is
a consequence of Theorem 3.1 that

(3.11) [Wlwemmm < Ful W] i2ame) 5
k, >0, Vwe D(sZ) hence
(3-12) 1P [wa2ca,my < Foi [ AP |20, my S arppm st
< ky[Pustw]iamm S Kol #W]paammy < Ko W]weoa,rn
for every we Wy *(Q,RY), ky ks >0.
Remark. Proof of the property &P, = P, of.
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Proof.
SAP,w=uslY aw;, where a;= &) (wh, w) .
i=1
This implies

AP W =of Yy aw;, =Y 2w, w)w' =Y 1w, w) fw' =
i=1 i=1 i=1

m

=Y A (w, wh) wi,
i<

Aw' = Jwt,

w =Y (w, w) iw',
i=1

P, slw =.i(dw, wh) Aw = .illf(w, whwi.
Thus
(3.13) P,odw = oAP,w.

Due to the interpolation theorem, see [8], we thus have for every v € W;**(Q)
(3.14) 1P lwes < kalWlwor@mry s K> 0.

Let ¢;e C'(I), I = (0, t,) and let us put °

m
w(t, x) = ¥ ei(t) 2'(x)
i=1
and
(e, x) = v° + wn(t, x) .
We suppose that we know the velocity v™ and want to obtain g,,. Let us first look
for g,, € C'(Q,) such that
do 0
3.15 — + — (0,07) = 0.

We suppose that
(3.16) 0m(0, 1) = go(x) € C'(R), 0o(x) > 0 in Q.
Let |
(3.17) x"(t) = —v"(t — 7, x"(x)), x"(0)=x, xeQ.

0., may be obtained by integration along chatacteristics. These characteristics pass
through @, and start either in €, or in/I';,,. Thus it is possible to use the fact that
we know g,, on the sets ,, T;,,. - :
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For te I; where I; = Tand I; = (0,7), 7 > 0, x - x(t) is a local diffcomorphism
of © onto Q and for ¢,, = In g,, we have

o
.(?gﬂv'i".{._gm_&_—_o,
0x;

i

do
3.18 -0
( ) ot 0x;

do,,  Oo do,, 0o, 0x; _ Ov}

3.19 -— 4+ =T+ "= =—(t—-1 x"(1) =
(3.19) ot 0x; ’ ot ox; 0t 0Ox (1 == )

= S (1 - o ().

Hence

0 0

i i m
4 ou(t — 1, x™(z))dt = oot (t = 7, x"(x)) dr.
dt 0x;
Thus

ot x7(0)) = ot — 7, x"(7)) — j i W1 — v, o) e

There is a unique characteristic passing through the point [x, t]. Let us denote
by ¢ the time it takes for a particle of liquid to reach the point [x, t] along this
characteristic from the initial point of the characteristic (i.e. from €, or from I;,,).

(320)  ou(t, %) = ooft — F, x"(D)) exp <- J i g_”l" (t -, x"‘(‘c)) dr,

0 0X;
where x = x™(0).

Theorem 3.2. ¢,, € C(Q)), 0, € W"*(Q,).

Proof. For the sake of simplicity we assume that I';,, is an interval and N = 2

For the proof that o,, € C(Q,) see [11].

First we prove that o,, € W*'*(Q,) and ¢,,€ W' *(Q,), where @, U Q, U S = Q,
and S is the surface described by the trajectories of solutions of the equations

x™(t) = v"(1, x"(t)), xeT;

inp Closed .

For t fixed, t = 7,

oo 000 0X, il
3.21 —2(t, x) = — — exp| — —(t — 7, x™(r) ) dr +
(3.21) 0 ,-( ) 0X, 0x; P Oax,-( ®)

t m
+ 0(0, x"(1)) exp (- f O (¢ — 2, x7(x)) dr) y
0 0x;
t 2,m m
x| = 970 (t-rm, x"'(r)) o (7, x)dr =
o 0x;0x; 0x;
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00 0X Lot
=90 Koo~ [ 2% (¢ = o vn(e)) dr) +
an 6xi 0 axi

+ o0, x'"(t))exp(—- j ' %‘i (t = 7 x"(1)) dt) ‘

0 0X;

t ')2 . m '\X
([ e S ),
o 0x;0x; 0X, 0x;
We assume that g, € C'(Q,), X,/0x; is the inverse matrix to 0x;/0X, = 28, where

x"(7) = v(z, x"()).

(3.22) d (") _ vy 0%
de\ox,) ~ ox, ox,

It implies that dx,/0X; are bounded and continuous functions depending on parame-
ters, see [11]. Further 2~ '(0X,/0x,) is bounded which follows from conversation
of the mass go(X) dX = o(t, x) dx and go(X)/o(t, x) = dx/dX # 0 because g, > 0
and o % 0 (from (3.20)). Thus g, has a continuous first derivative with respect
to x; and this derivative is bounded on Q, and Q, (analogously for dg,,/dt; dg,./0t,
00,[0x; on input).

Thus

(3.23) em€W"'*(Q,) and g, W"=(Q,).

By second, we verify that the surface S is differentiable. We have to verify, see
[13], that |D[ #% 0 where X and t are parameters of the surface and the surface is
described by the following equations:

xlle(X,t),

X, = x(X, 1),

T =1.

Then

Oxy 0x; O\ g0xi 0x
ox  ox ox ox’ ox’

D= =
oy 0xp ot | Ox 0%
ot ot ot ot ot

|D| # 0 because |~| £ 0.
Thirdly; we use the following theorem:
Let 9 W'=(Q,), 9 € W"=(Q,), then € W"*(Q,).
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Proof. See [12].
Only the outline of the proof is presented. We wish to prove that

= , su M
unax1¢ Jfaxl PP ¢
and
[ oPp
g~ fqu as—[ 1,
J axl M, 0Xy
[ 0
iy J sovas—[ 122,
J ‘3"1 J M, x,
and ¥, = —v,.
<l
Fig. 1.
Then
) I3} 0 0
Yy Ty, J T [ o [ g0
e 0x4 M, 0%y M, 0% M, 0% M, 0x;
jfaxi
Thus ¢,, € W"*(Q,). ™

Now, let us look for ™ such that Vt e I,

(3.24) on 200 4 oo O 4 500 e = (a7 2), k=1,..m
2\ 0t 2

0x; X;

(i.e. we suppose that we know g,, and want to obtain #™). This equation is a system
or ordinary differential equations where the unknown is ¢(t). Since ¢, € C*'(Q,),
then ¢ (r)e C'(I).

The initial conditions are

(3.25) Z ¢(0) 25z dx = LU"(O’ x) z4(x) dx .

ei=1
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In the sequel we shall assume that
(3.26) v(0, x) e L*(Q, R") .

Because det fq 0,2}z; dx % 0, we can solve (3.24), (3.25) ﬁnique]y in I. We have
c;€ C'(I). If we start with ¢(¢) in the ball

(3.27) max |e(1) — ¢(0)| £ 1, i=1,2,...,m
[0,2]

we get

(3.28) max [¢(1) — ¢(0)| £ 1, i=12..,m),
[0,a]

(329)  max|e(n)] = K(x).,

provided « is sufficiently small. Thus applying Schauder’s fixed point theorem we
obtain ¢; = ¢; on [0, «]. But for such solutions we obtain

T
(3.30) f 0, dx §J‘ 0o dx +f J‘ 0o02v; dS dt,
Q. o 0J Cinp

(3.3]_) lj lewmll dx — lj Qolwmll dx + jt((vm, wm)) dt +
2 o, 2 Q0 0

0 0
+ 9v7 onWi + 0n(v) + W) Wi 9v; dx dt +
L\ ot 0x

J

+ A (lengm—gm)dx—lf (omIno, — g,) dx +
Je. 20
rt
+ 2 J 0,00 In ,v; dS dt +
JO0JTinp
rt
+ A J 0,0 In g,v;dS dt + lj 0 dx —
Tout @

JO

~ t (‘)UO
-2 gmdx+lJ‘J'gm ~dxdt=0.
Jao oJa  0X;

Now we estimate as in the previous section.
We obtain

t
(3.32) lj gmlw"‘lz dx +J o, 1n g, dx + clf [wm]? dt £
2 Ja, 2. 0

é CZJ‘ Om
t

Now we denote by M the set of the maximal o’s. M is closed, which follows from
(3.32) and M is open as follows from the theory of ordinary differential equations,
see [11]. This implies that o = 1.

w"‘lz dxdt + c3 < cy, €1,€3,€3,04>0.
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4. THE LIMIT PASSAGE

Lemma 4.1. Let B be a Banach space, B; (i = 0, 1) reflexive Banach spaces.
Let By =< B = B, (= < denotes a compact imbedding), 1 < p; < . Let W =
= {v,ve L™(I, B,), dv|dt e L"(I, B,)}. Then W = = L™(I, B).

Proof. See [6].

Main theorem. Let (2.2), (2.5), (2.57), (2.59) be satisfied. Then there exists

(4.1) 0eL”(I, Ly(R)), 020 ae.in Q,,

(4.2) ve LI, W*(Q)) n W, (2, RY)),
do 2 -3,2

(4.3) - e LI, W™ 33(Q)),

(4.4) é (v) € LA(I, W™>%(2, R"))

satisfying (2.3), (2.8) in the sense of distributions and being such that (2.6) holds.
Moreover we have

(4.5) lellew.L.n < j 00 dx,
Q9
1
(4.6) > lelo]eea.cron + [Wlizamwe2@.r) +

+ lsupessj elngdx £ h; (hy =0).
I Q.

Proof. Let 0 < k <2 and let W*2(Q), W§?(Q) be the usual Sobolev spaces
with fractional derivatives, see [2]; let ¥* = ¥V, where the closure is taken in
W*2(Q, RY); naturally the traces are zero for k = } only.

Since
@7) W@ e WiRQ) ce WQ) e C@) © C@) for
N2 <k, <k <2
we have
(4.8) Ly(Q)cc W Q) e W Q) cc W HHQ);
obviously
49 W) < GQ),
hence

(4.10) Ly(Q) = (W5 (Q)* N2 <k.
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It follows from the interpolation theorem (see [8]) that

(4.11) sup || P,0llwk2amyy < hyy hy >0 (0 k £2),
veVk
where o]y 2ry) S 1

and

(4.12) sup [|Pyv]| iy < by, hy >0 (0 £ k £2)
ve(Vk)*
lollge = 1

(P;, is the dual operator to P,,).

Lemma 4.2. Let 0 < k < 2. Then for ¢ > 0 there exists 1, such that for 1 = I,
we have |[u — Pullyi o rvy, < & provided |ully,z.0.rv) < 1.

Proof. Let us assume the contrary. Then there exists ¢, > 0 and P, I; - oo and
[us llwoz2@.rv) < 1 such that [lu,, — Py u, Jwoez@.rw) 2 &o- Since Wg*(Q,RY) c =
< < W§*(Q, RY), we can assume u,, — u strongly in Wy'*(Q, R"), hence P u, — u
strongly in Wy'?(€, RV) which is a contradiction.

Let g,,, " be an approximate solution from Section 3. Then there exist subsequences

(denoted again by (¢™)yr=y, (V")m=1) such that

(4.13) 0n — 0% — weakly in  L*(I, Ly(Q)) = (L*(I, Co(R)))*,
(4.14) o™ — v weakly in  L*(I, W>3(Q)),
o 2,.m 2
(4.15) o, Loy Oy OV T M
0x; 0x; Ox;0x;  0x;0x;

weakly in L*(Q,).
Due to (3.30) and (4.8) we obtain

(4.16) lom|Leamw-ro@y < €15 >0, N2<ks2

(@m € LOO(I’ L‘P(Q)) < LOO(I’ W"“z(g))‘
For N = 2,3 we have

(417) ”UMHC"(ﬁ,RN) b cZ”")m”WZ'Z(ﬂ,RN‘) , Cp > 0
(Sobolev imbedding),

hence

(4.18) lomt™ | 2a Le@rryy S €35 €3> 0

=

< "y ! j onth

Q

sup J‘ 00"}
1?2l Le(@,RNEL | J o

el ol & [ [l < o)
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It follows from (3.15) that

90m

(4.19) >

§C4, C4>0

L2(1,W - 32(2,RN))

<<@ ’ W> T J‘ Qm;,in 6—w—l dx ’
ot a 0x;
|5 e lelwec lea =

09 m ow
= w _cmax]vilmax
ot a a |0x

J

IA

sup
lIwllw3.2s1

clo" w2

and this implies dg,,[/0t € L*(I, W™%?)).
Due (o Lemma 4.1, ¢, ¢ sirongly in LX(1, W=>4(@), By (85), (418) we ge

00" = ov in LY I, W™ 2%(Q)).

Also

(4.20) lemt™ |2 w-ro@pyy < €55 ¢s >0, N2 <kf2,
hence by (4.12)

(4.21) 1Po(emt™ 2w -+ 2@y < €6, €6 > 0.

According to (3.31), g,|v"|? is bounded in L*(, L'()), therefore

(4.22) ”Qm]”mlznvu,w-2»2(n,RN>> = ”le”mlzuwu,vm» Sc¢g, ¢;>0.

By (3.24), (3.14), (3.32), (4.16), (4.22)

é Cg, Cg >0
L2(I,W ~32(Q,RN))

(4.23) Hg;w::@mm

holds.
Thus, by Lemma 4.1, Pj(o,v™) — a strongly in L*(I, W~ 2*(Q, R")). Let z e
e L¥(I, W3 *(Q, RY)). Because of Lemma 4.2 for m sufficiently large, k < 2, we have

t t
(4.24) J [Pnz = z|ie@mm dt < CZJ\ Iz[w22@,m T,
0 0

hence for [§ |z]g2.20.rv dt < 1, it follows that

m~—* o0

t
(4.25) lim J‘ 4[ (Pr(0mt7) — 0u07) z;dx dz = 0
0J 2

uniformly with respect to z.

Therefore, g,v™ is a Cauchy sequence in L*(1, W~ >2(Q,R")) and g,0" - a
strongly in L*(1, W~ >*(Q, R")). But g,v™ — gvin D'(Q,) in the sense of distributions,
hence a = gv. Therefore due to (4.22)

(4.26) 0nUTV] — @uw; weakly in  L*(I, W™ **(Q, RY)).
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It follows from (3.24) that for every ¢ e C*(Q,, R") satisfying ¢(t) e V,, for every
te[0, T] and ¢(T) = 0, we have

0¢; . .
f Qvi%dxdt+f Qvivjz¢‘dxdt+/l'[ g%dxm:

Xj . 0Xj

= 'f;((v, ¢))dt — J neoﬁ?cﬁi dx

_J. Qo¢i(0)dx~J‘ Qad)idxdt—'[ Qvia¢i=0,
20 . ot .

and

Xj

Due to the density argument (2.61) holds and (2.8) is satisfied in the sense of distri-
butions. The continuity equation is obviously satisfied in the sense of distributions. g
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Souhrn

GLOBALNI RESENi IZOTERMICKE STLACITELNE BIPOLARNI TEKUTINY
NA KONECNEM KANALU S NENULOVYMI VSTUPY A VYSTUPY

SARKA MATUSU-NECASOVA

V praci je dokazina globalni existence slabého feSeni vazké stladitelné izotermické bipolarni
tekutiny smiSené pocateéni okrajové ulohy na koneéném kanalu.
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